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ABSTRACT. We show that a new notion of a spectrum of a function u €
L>® (R4, X) (X is a Banach space), defined by B. Basit and the first author,
coincides with the Arveson spectrum of some shift group, provided w is uni-
formly continuous. We apply this result to prove a new version of a tauberian
theorem.

In the last decade there has been an extensive study of the problem to determine
the asymptotic behaviour of a bounded and uniformly continuous function u : Ry —
X (X a Banach space) via tauberian theorems; cf. [3L[7] for accounts of this theory
and its applications to evolution equations. There are mainly two approaches to
this problem: the operator theoretical approach by Cy-semigroups and -groups and
the approach by harmonic analysis (Fourier transforms). In both approaches, the
tauberian conditions are of spectral type. It is the purpose of this note to show
that two spectra from both approaches actually coincide, and that in this sense
the two approaches are equivalent. We also restate the main tauberian theorem
from [20 B, [7] in a form which is similar to Loomis’ theorem about almost periodic
functions, as it is stated in Katznelson’s book [9] Theorem 5.20 and Ex. 7, p.169]
(see also Loomis’ original article [10]).

We will denote by S the semigroup of translations on BUC (R4, X) equipped
with the topology of uniform convergence (i.e. S(t)u := u(t+-)), and the infinites-
imal generator of S will be denoted by D.

Definition 1 ([2]). A set £ C BUC(Ry, X) is called S-biinvariant if the following
conditions are satisfied:

(i) € is a closed subspace of BUC(R4, X),
(ii) if t > 0 and w € &, then S(t)u € &,
(iii) if t > 0 and v € BUC (R4, X) is such that S(¢t)u € £, then u € £.

It follows from condition (iii) that every S-biinvariant subspace £ contains the
compactly supported functions and therefore, by closedness, the space Cy(R4, X).

Received by the editors February 7, 2000 and, in revised form, August 2, 2000.

2000 Mathematics Subject Classification. Primary 47D03; Secondary 47A10, 40E05.

Key words and phrases. Spectrum of a function, Arveson spectrum, Cp-group, Fourier trans-
form, tauberian theorem.

Part of this work was done while the first author visited the Charles University of Prague. He
is grateful for the warm hospitality and the financial support. The second author is supported by
grant No. 201/98/1450 of the Grant Agency of the Czech Republic, grant No. 166/1999 of the
Grant Agency of Charles University, and grant No. CEZ J 13/98113200007.

(©2001 American Mathematical Society



676 RALPH CHILL AND EVA FASANGOVA

Examples of S-biinvariant subspaces &€ C BUC(R4, X) are Cy(R4, X), the space
AAP(R4, X) of all asymptotically almost periodic functions, and the space of all
FEberlein weakly almost periodic functions W(R4, X). See [2 [3] Bl [] for these
concepts and more examples.

For an S-biinvariant subspace £ C BUC(Ry, X) we will denote the quotient
space by BUC(R, X) /¢, the quotient map by Il : BUC (R4, X) — BUC(R4, X) /¢,
and the quotient semigroup defined by S/¢(#)Ilu := I1S(¢)u by S .. The quotient
semigroup S, is well defined since S leaves £ invariant.

Lemma 2. The operator S;g(t) is an isometric isomorphism for all t > 0.

Proof. Let t > 0. Then the operator S, (t) is surjective since II and S(t) are
surjective. In order to see that it is isometric, we let f € BUC(R; X). By definition

157e @Il = [US(®) ]| = inf [IS(?)f - 9o
Given g € £ we put
g(s =), s>t
f(s) = f(t) +9(0), 0<s<t.

Then S(t)g = g € £, and the S-biinvariance of £ implies g € €.
From this we obtain first that S(t) is surjective from € onto &, so that

. _ _ . _ < _ _ .
If [|S(8)f = gllo = L [SE)f = SW)glloc < LIS = glloo = |[TLS]]
Second, we obtain

1S(t)f —glle = iglgllf(t+8)—g(8)l\

= max (sup If(t+s) =gl [1f() — 9(0)|>
s>0

_ nmx(iguf@+s>_g@+s) gﬁJuw>—g@n>

I
0
= sup | f(s) = g(s)l = [|f = glloe
s>0

which implies
i — > i — = .
i (150 — gllc = it I ~ gl = 117

[l

By Lemma 2] the semigroup S, extends to a Co-group of isometries. We denote
its generator by D ¢.

Definition 3 ([, [7]). Let £ be S-biinvariant and let v € L>®(R4, X). We define
the spectrum of u with respect to £ by

Spﬂghr (u) :=={n€R : forevery e > 0 there exists f € L'(R) such that
suppf C (n —e,n+¢) and fxulg, & E};
here fxu(t) :== [;° f(t — s)u(s)ds and f(o) := fjoos e~tes f(s)ds.
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Definition 4 ([1],2, B]). Let T be a bounded Cy-group on a Banach space Y. The
local Arveson spectrum of some y € Y with respect to T is defined by

SpM(T()y):={neR : forevery e > 0 there exists f € L*(R) such that
suppf  (~n— 2, —n+2)and [ T (s)uds £ 0),

—00

whereas the Arveson spectrum of T is defined by

Sp(T):={neR : forevery e > 0 there exist y € Y and f € L'(R) such that
suppf € (-n e —n+e) and [ f(s)T(s)yds £ 0).
— 00

It follows immediately from Definitions [3] and [ that the spectra defined there
are closed subsets of R.

By definition of the Arveson spectrum of a group 7" on a Banach space Y we
have the following equality:

sp™(T) = (J Sp™(T()y)

yey

(here, the proof of the inclusion Sp*(T") > Uyey Sp(T'(-)y) is elementary and for
the opposite inclusion one has to use a partition of unity argument).

Moreover, it is well known (cf. for example [8, Proposition IV.3.18]) that the
Arveson spectrum of a Cy-group T coincides, up to a factor ¢, with the spectrum
of its generator B, i.e. we have

(1) i-$pA(T) = o(B).

(Note that the definition of the Arveson spectrum in [8] differs from ours, but it
can be shown, using e.g. the Wiener-Lévy theorem ([11] Section I.3.1]), that the
two definitions are equivalent up to a factor —1.)

The following is the main theorem of this note.

Theorem 5. Let £ C BUC(Ry, X) be S-bitnvariant and let u € BUC(Ry, X).
Then

Spg* (u) = Sp™ ((S/e)mmu)

where (S/¢ )t is the restriction of the quotient S;g of the shift semigroup S to the
closed linear span of the complete orbit of Ilu, i.e. to Span{S,s(t)Ilu, t € R} C
BUCRy, X)e.

Proof. For s <0 we define an operator S(s) on BUC(R4, X) by

[ w(0), t+s<0,
S(s)v(t) { o(t + 3), t+s>0. teRy,ve BUCR,, X).

Then S(—s) is an isometric right inverse of S(s) for all s > 0, and for all s € R the
S-biinvariance of £ implies

(2) S/ (s)Ilv = I1S(s)v.
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Moreover, by definition of the quotient group and by linearity and continuity of
II we have

(BUC(R+, X)/¢) span{S/e(t)[lu : t € R}
(3) = span{llS(t)u:t € R}
= IIspan{S(t)u :t € R}.

Hence, for any v € span{S(t)u : t € R} and any f € L*(R) the following integral

belongs to (BUC(R., X)/g)nu:

+00 Foo too
/ [(5)S)e(s)lvds = / F(8)ILS(s)v ds = H/ f(s)S(s)v ds

. - .
- H[wfu—owwwmn@
= ([ st [ st o) as)
= H(g*v)lr,-

In the last step we have used the property Co(R4,X) C £ and we have put
9(s) = f(=s).

Now, if n € SpHSh (u), then for every € > 0 there exists g € L'(R) such that
suppg C (n —e,n+¢) and (g*u)|r, & E. By the above equation this implies, for
f(s) = g(=s),

+oo
/ f(5)Se(s)Iu ds # 0.

— 00

Noting that supp f = —supp § we therefore obtain 7 € SpA((S/g)Hu).

If, conversely, n € SpA((S/g)Hu), then for every ¢ > 0 there exist an f € L(R)
and, by density, an element v € span{S(¢t)u : ¢t € R} such that

supp f C (-0 —&,—n+¢)
and
+oo
[ f(5)S)e(s)IIv ds # 0.

By the above equation again this implies (g« v)|r, & £, and it remains to show
that this is equivalent to (g x u)[r, & €. To prove this last step, we proceed by
contradiction. Suppose that (g+u)|r, € . Let first v := S(s)u (s € R). Then the
function

+o0o
(gx0)(t) = A ot - 2)(S(s)u)(2) dz

+oo
/ gt + 5 — 2)(S(x)u)(0) dz
- @«+@*wuwy/gu+s—awumm»m

0
= (g*u)(t—l—s)—i—/ g(t+s—2)(S(z)u)(0) dz
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restricted to Ry is in & since £ is S-biinvariant and fgo g(-+s—2)(S(2)u)(0) dz €
Co(R4,X) C £. By linearity we obtain the desired conclusion for any v in the
span{S(t)u : t € R}. Hence, n € SpHSh (w). O

The following known result may be obtained directly from Theorem Bl and equa-
tion ().

Corollary 6. Let £ and u be as in Theorem [0l Then
1 Sp]§+ (’LL) =0 ((D/E)Hu) )

where (D/g)Hu is the part of the generator of the quotient group S,¢ in the space
span{S,¢(t)lu : t € R}.

Remark 7. There is an analogous statement of Corollary@lin [6] page 321] (see also
[T, proof of Theorem 3.4]) for functions defined on the line. The relation between
[6] and Corollary [6 can be described as follows.

For a given S-biinvariant space € C BUC(R, X) weset &1 := {u € BUC(R, X);
ulg, € €}. Then & C BUC(R, X) is closed and translation-invariant in the sense
that & = {f(t+-) : f € &1} for every t € R.

Extending functions u € L>® (R4, X) by 0 on R_, it is easy to check that

Spe " (u) = SpF, (u).
where the line spectrum with respect to & is defined as in [5] 6] by
Sp§1 (u):={n€R : forevery ¢ > 0 there exists f € L'(R) such that
suppf C (n—e,n+e) and fru & E}.

Hence, Corollary [@ follows also from [6] and [I]. Note that by this approach
Corollary [6] appears to be weaker than the statement in [0, page 321], since not
every translation-invariant space &5 C BUC(R, X) comes from an S-biinvariant
space in the above way. A simple counterexample is the space & = {0}.

Using our characterization of the spectrum Sp?r (u) we can reformulate the
tauberian theorems [, Theorem 1.19] and [2 Theorem 2.3] (where a different,
larger spectrum is used; cf. equation (#)). Let us point out that the countabil-
ity condition from [2, [7] is dropped; we rather state that under some ergodicity

condition the spectrum SpEJr (u) does not contain an isolated point.

Definition 8 ([I]). Let u € BUC(R4, X) and n € R. We say that u is uniformly
ergodic at n if the following limit (called mean) exists in BUC(R4, X):

o0
M,(u) := lim a/o e~ (TG () dt.

a—04

We call u totally uniformly ergodic if it is uniformly ergodic at any n € R.

It follows easily from the definition that if u is uniformly ergodic at 7, then the
mean is an exponential function:

My(u)(s) = ¢ My (u)(0), s € Ry.

Moreover, on its maximal domain, the operator M, is a projection onto the eigen-
space N (in — D).
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Theorem 9. Let u € BUC(R4, X) be totally ergodic. Let € C BUC(Ry, X) be

S-biinvariant and such that it contains M, (u) for everyn € R. Then Sp§+ (u) does
not contain an isolated point.

Proof. By contradiction, suppose that SpHSh (u) is nonempty and contains an iso-
lated point n. Then in is an isolated point of o ((D/g)nu) by Corollary [@, so it
is an eigenvalue by Gelfand’s theorem [4], [3l Corollary 4.4.9], [8, Theorem B.17]
(the assumptions are satisfied due to Lemma ). Let w € (BUC(Ry, X)/g)nu be
a corresponding eigenvector. Then

Sie(tyw = e"w, t €Ry.

By equation (B), we find a sequence (wy,)nen C span{S(t)u : t € R} (where S(t)
for t < 0 is defined as in the proof of Theorem El) such that lim,,_, o, Hw,, = w. This
yields

lim IIS(t)w, = lim S/g(t)Iwy,

n—oo n—oo
= Setw = "w

e lim ITw, = lim II(e"w,)

n—oo n—oo

uniformly in ¢ € Ry, and hence

o0
la / @O (S(t)w, — ¢Mawy) di|
o |
< a/ e~ dtsup ||[TIL (S(t)w, — ™ wy,) ||
0 >0

converges to 0 as n — oo, uniformly for a > 0. So

+oo
0 = lim lim o / e (T (S(t)wy — eMMwy) dt
0

a—0+ n—oo

+m . .
= lim lim a/ e~ (atmity (S(t)wn — €™w,) dit
0

n—oo a—0+

(o]
= lim (n lim « / e~ TS (Hwy, dt—Hwn)
0

n—00 a—0+
= lim IIM,(w,) — @ = -1,
n—oo

where in the last step we have used that M, (wy,) € span{M, (S(t)u) : t € R} =
span{S(t) (M, (u)) : t € R} C £. This is a contradiction to W being an eigenvector.
(|

If for u € BUC(R4, X) we define the spectrum (see [2], [3, Section 4.4])
(4)

Sp™+(u) := {n € R: @ has no holomorphic extension to a neighbourhood of in},

where © denotes the Laplace transform of u, then the following result from [2] is a
corollary of Theorem [9.

Theorem 10 ([2, Theorem 2.3]). Let v € BUC(Ry,X) be totally ergodic. Let
& C BUC(R4, X) be S-biinvariant and such that it contains My(u) for every n €
Sp™+ (u). If Sp™+(u) is countable, then u € £.
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Proof. By [7, Lemma 1.15, Lemma 1.16], we have Spﬂghr (u) C Spﬂé;’ (u) C Sp™+ (u),
and M, (u) = 0 for every n ¢ Sp™* (u), so that the assumptions of Theorem [ are
satisfied.

Hence, Sp§+ (u) does not contain an isolated point. Since the spectrum Spﬂgh (u)
is at most countable by assumption, it must be empty, since every nonempty, closed

countable subset of R contains an isolated point. The claim u € & follows from [5]
Theorem 4.2.6] or [7, Lemma 1.15]. O
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