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SOLUTIONS TO A CLASS OF SCHRODINGER EQUATIONS

YANHENG DING

(Communicated by David S. Tartakoff)

ABSTRACT. We establish existence and multiplicity of solutions to a class of
nonlinear Schrodinger equations with, e.g., “atomic” Hamiltonians, via critical
point theory.

1. INTRODUCTION AND RESULTS

Consider the Schrédinger equation

.d
(1.1) i = Ap+ Gyla, ),

where A stands for a Schrédinger operator in L*(R?), and G : R® x C — R a
nonlinear coupling with G(x,0) = 0 and G(x, e*u) = G(z,u). We are interested
in existence and multiplicity of solutions of the form

o(t,x) = eMu(x) with we HY(R®).
Substituting it in (1.1) one sees that u satisfies

Au — du + g(z,u) = 0,

®) u € HY(R3),

where g(z,u) := Gy(x,u). In this paper we deal with the following Schrédinger
operators:
e The Schrédinger operator with Rollnik potentials

A1 = —-A + V(l‘),

that is, for any e > 0, there is an expression V. =V; + V5, € R + (L*), where R is
the class of real functions W satisfying

W (x)||W
R3 xR3 |z —yl

and (L), indicates the class of real functions W satisfying ||W]|. < €. Suppose
that V(z) < —ar=2%¢ for r := |z| > Rp some Ry and a > 0, ¢ > 0.

Received by the editors August 15, 2000.

1991 Mathematics Subject Classification. Primary 35Q55; Secondary 58E55.

Key words and phrases. Schrodinger equations, multiple solutions, critical point theory.

This research was supported by the Special Funds for Major State Basic Research Projects of
China.

(©2001 American Mathematical Society

689



690 Y. H. DING

e The Hamiltonian of the helium atom

2 2 1
Apim A —Ap— = - = 4 1
raffraf o —
where r; = (21,29, 23) € R? and A; = S0, %.

e The general “atomic” Hamiltonian of the form

Ay :—;(_%_%) +;(Vinj " Iriirﬂ)’

a system consisting of the nucleus of mass M and m electrons of masses pi1,- - , fim
after the center of mass motion is removed.

Recall that the operator A = A; (i = 1,2, 3) is selfadjoint with D(A4;) C H?(R?).
Moreover, the bound state energies o(A4;) N [Ao, Ae) is an infinite set (cf. [13]),
where A\ := info(A), Ac := infoess(A) (0(A) and oes5(A) denote the spectrum
and essential spectrum). Assume first that g satisfies the following superlinear
hypotheses:

(91) g(x,u) = o(Ju|) uniformly with respect to z as u — 0;

(¢92) there exist v > 2, ¢ > 0 such that 0 < vG(z,u) < ug(z,u) whenever u # 0
and G(x,u) > 6 whenever |u| = 1;

(93) there are p > 2 and ¢ > 0 such that

l9(@,u+v) = g(z,uw)| < e(1+ [ulP* + [v[P~)[o].
For obtaining multiple solutions we assume g is odd in u, that is,

(94) g(x, —U) = _g(x7u)'
In the following, for any A < A, let A/(\) denote the number of all eigenvalues
of A which are less than A and counted in multiplicity.

Theorem 1. (i) Assume (g1) — (¢93). Then (S) has no nontrivial solutions if A <
Ao, and has at least two nontrivial solutions if X € (Ao, Ae).
(i1) Assume (g1) — (93) and (g4). Then (S) has at least N (\) pairs of solutions.

Next consider the case where g(x,u) is sublinear with respect to v € R. Assume

(g5) g(x,u)u > 0, and there are 1 < o < 8 < 2, ¢1,¢9 > 0 such that |g(z,u)| <
cr (Jul*=! + [u|?~1) and 2G(z,u) — g(z, uw)u > colul®.

Theorem 2. (i) Assume (g5) holds. Then (S) has no nontrivial solutions if A <
Ao, and has at least one nontrivial solution if X € (Ao, Ae).
(it) Assume (g4) — (g5) hold. Then (S) has N'(X\) pairs of solutions.

A typical example satisfying the above hypotheses is g(z,u) = |u[P~2u. With
this nonlinearity, the above results conclude that the problem (S) has N()\) pairs
of solutions provided p € (1, 2) U (2, oo0) and A € (Ag, Ae). Clearly, if p = 2, (S)
has solutions if and only if A — 1 is an eigenvalue of A.

The problems looking for stationary solutions to Schrodinger equations have
been studied extensively via variational methods. We refer, e.g., to [10] for Hartree-
Fock equations, [5] for Schrédinger operators of atoms and molecules, and [I], 3],
[, 6], [8], [12], [14] for the Schidinger operators with continuous (periodic etc.)
potentials. We also mention that a similar problem of semilinear elliptic equations
on bounded domains was studied in [2], [7]. The arguments used below extend to
higher dimensions and more operators.
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2. THE SUPERLINEAR CASE

Fix A < ¢ and set Ay := A—\. Let E* be the subspace of L?(R?) spanned by all
eigenfunctions corresponding to negative eigenvalues of Ay, and let E° := ker A,.
Then dim E* = N(\) and L? = ETY @ E°® L~ ,u = u* +u® + u~, where L~
denotes the orthogonal complement of Et @ E° in L?. Let E := D(]Ax|'/?) be the
Hilbert space with the inner product

(u,v) == (|A,\|1/2u7 |A,\|1/2v)L2 + (UO,’UO)Lz

1/2

and norm ||u|| = (u,u)'/?, where (-,-)r> denotes the usual L?-inner product. There

is a decomposition

)E:EJFEBEO@IT7 v=ut+u’ +u”
with E~ = L™ N E, orthogonal with respect to both (-, )2 and (-, -). Since D(A) C
H?(R3), E is embedded continuously in H!(R?), hence continuously in L‘(R?) for
all t € [2,6] and compactly in L! _(R3) for all t € [1,6).

Now, let E, be the Banach space of the completion of C§°(R?®) in the norm

lull, = ([lull®+ |u|12,)1/2. Here and below by | - |, we denote the usual LP-norm.
By the Sobolev embedding theorem E, = E if p € [2, 6]. In general, E, embeds
continuously in L*® for all s € [p, 6] (resp. s € [2, p]) if p € (1, 6) (resp. p > 6). It
is clear that E, possesses the direct sum decomposition

E,,:E*@EOEBE;, u=u"+u’ +u"

where E is the completion of C5°(R*) N L~ under the norm | - ||,. Throughout
this section we assume (g1) — (¢3) and fix E, with p > 2 from (g3). Define

) = Bw) = 5 (I = 1) = [ Gl

Under the assumptions, I € C'(E,,R) and solutions of (S) can be found as critical
points of I. It follows from the assumptions that, for any & > 0, there are C., C. > 0
such that

(2.1) Colul” —elul®* < G(z,u) < elu|* + CLlulP  for all (z,u).

Since dim(E* @ E°) < oo and v > 2, the following lemma clearly holds.

Lemma 2.1. I is bounded from above: sup I(E) < co. In addition, there is R > 0
such that sup I(E,\Bgr) < 0.

Using (2.1) one gets easily the following

Lemma 2.2. If A > X, there is p > 0 such that p := infI(S}) > 0 where
Sy :=0B,NE*,

Recall that a sequence (u,) C E, is called a (PS). sequence if I(u,) — ¢ and
I'(up) — 0. I is said to satisfy the (PS). condition if any (PS). sequence has a
convergent subsequence.

Lemma 2.3. [ satisfies the (PS). condition.

Proof. Let I(u,) — ¢ and I'(u,) — 0. A standard argument shows that (u,,) is
bounded (cf. [8] or [E], [I5]). We can suppose, without loss of generality, that
Up, — u. Since dim(E+ @ E°) < oo, ud + u;} — u® +uT. It remains to show that
U, — U .
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Set wy, = u, —u. Then w, — 0 and w,(z) — 0 a.e. in x since E, embeds
compactly in L? . Observe that

(' (un) = I'(w) wn = [Jwif |* = Jlwy ||* /}Rs (g(z, un) — g(z,u)) wn,

w;, || T, Un) — g(T,u))w, =o(l).
(22) ol + [ (ot na) = sl ) = o(1)
Write

[ ol = sy, = [ gta.w,)w,

+ [ (g, +10) = glavw,) =~ o)
Fix ¢ > 0. By assumptions it is easy to verify that there is ¢. > 0 satisfying
|9(2, wn +u) = g(z, wn) — gz, w)| < elwnlP™H + ce (Jul + [ulP 7).
Set 2:={z € R®: |u(x)| < 1},0Q°:= R\, and
£ = (I, wa +u) = g, wn) — gl u)| = ™)

where (a)* := max{a, 0}. Then f: < 2c.|u| on Q and fS < 2c.|u[P~! on Q°. The
Lebesgue theorem then implies [,,(f£)* — 0 and [,. (f2)P" — 0 wherep’ = p/(p—1).
Therefore,

lim sup / 19, wn + 1) — gl wn) — gl w)| |wnl
Q

n—oo
1/2
< limsup (( L) +e|wn|£> < e
n—oo Q
and
lim sup l9(z, wn +u) — g(z, wn) — g(x,u)| [wy]

n— o0 Qe

A 1P
< 1imsup ((/ (ffl)p ) |wn|p + 5|U1n|£> < ce,
n— 00 Qe

where c := sup,, [w,[). We obtain

/Rg (g(2, un) = g(,u)) wn = / g(@, wp)wy, + o(1).

R3
Substituting in (2.2) yields

w12+ [ gtavwau, = of0)
R3
Since g(z, wy)wy, > 0, it follows that u, — u~. O

Now we are ready to prove Theorem 1.

Proof of Theorem 1. (i) Assume (g1),(g2) and (g3) hold. Remark that if u is a
nontrivial critical point of I, then

(2.3) I(u) = I(u) — %I'(u)u > ’YT_Q » G(z,u) > 0.
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If A < Ao, then sup I(E) <0, so I has no nontrivial critical points by (2.3).

Let A € (Mg, Ae). By Lemma 2.1, I is bounded from above. In virtue of Lemma
2.3 T satisfies the (PS).. In addition, it follows from (2.1) that there exist r,e > 0
such that

supI(0B, N(E~ @ E°)) < —e <supI(E~ @ E°) =0
and
0=inf (B, NE") <e<infI(0B,NET).

Therefore I has at least two nontrivial critical points via the well-known “three
solution theorem” (cf. [9]).

(i) Assume (g4) also holds. Recall that I is even and bounded from above,
satisfies the (PS)., 1(0) = 0, and inf I(0B, N ET) > p. Now an application of
a Clark’s theorem (see [LI, Theorem 9.1]) to —I yields that I has at least N'(X)
distinct pairs of critical points. [l

3. THE SUBLINEAR CASE

In this section we always assume that (g5) holds. It follows that
(3.1) crlul® < G(z,u) < g (|u]* + |u|ﬁ) for all (z,u).

We consider the functional defined on E,
1, _ 1
I = @)= [ Gl + g | = P
]R3

Then J € C'(E,,R) and critical points of .J are solutions of (S).

If A < )Xo, E* = {0} and clearly J has no nontrivial critical points. Therefore
we fix A € (Ao, Ae) from now on. Note that J is unbounded from either above or
below.

Since dim(ET @ E°) < oo and 3 < 2, it follows from (3.1) that

(J1) There is R > 0 such that sup J (E*T\Bg) < 0;

(J2) There is p > 0 such that g := inf J(S,) > 0.

Let {e, : n € N} be a normal orthogonal base of E_, Y, := span{ey,---,e,}
and E, := ET®E°®Y,,. Note that dim E,, < co. Set J,, := J|g, , the restriction of
Jon E,. A sequence (uy) C Eq, un € Ey, is called a (PS)* sequence if J(u,) — ¢
and J) (u,) — 0. J is said to satisfy the (PS)% condition if any (PS)* sequence has
a convergent subsequence.

Lemma 3.1. J satisfies the (PS)% condition.

Proof. Let u,, € E, be such that J(u,) — ¢ and ¢, = ||J,(un)|| — 0. It follows
from (g5b) that

1
Hun) + eullinle > [ (Goua) = Goua)un ) = chunl,
R

(3.2) fnla < e (1+ ul] /7).
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By the Holder inequality

[t < [l )

R3
- —1
< ¢ (lunla™ oo+ fun 5 et 1)

and so, since dim Et < oo,

/Rg l9(, un)uf | < e (lunlla™ + llunll™) [t .

Therefore,
e / o un)ut — I (un
]RS
< e (1 [lunl20) [l
or
(3.3) i < e (1 + a2 -

Moreover, since
o I = 20 ) + ot =2 [ Gl

<o (14 flun 207,
one has
(3.4) ug || < e (U llunl571)

Hence, in virtue of (3.2)—(3.4), (uy) is bounded. We can suppose u, — u and
ud +uf — u® +ut.
Let P, : E, — FE, denote the projection. Then

To(un) s = Pan) = [ gl un) iy = P+ (= Po”)

- / 914 ) (i — 1) + (i, g — ™)+ 0(1)
R3
or
/ 9, un)t, = / g un ) — i |2 + (i, u™) + o(1).
R3 R3
Thus
limsup/ g(:c,un)ung/ g(z,u)u.
]RS

n— o0 R3

On the other hand, by a Fatou lemma,

liminf/ g(:c,un)unZ/ g(z,u)u.
R3

n—oo R3
Thus
/ (X, Up )ty — g(x,u)u.
RS RS
We obtain ||u,, || — ||w~ ||, which implies u,, — u~. O

Similar to the above arguments one can prove the following lemma.
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Lemma 3.2. J and J, satisfy the (PS). condition.

Proof of Theorem 2. It follows from (J;) and (J2) that J has the Mountain-Pass
geometry [L1], [15]. Since J satisfies the (PS). condition for all ¢, J possesses a
critical value ¢ > pu, hence conclusion () follows.

Next we prove conclusion (ii). We write gen(A) € NU{0, oo} for the Krasnoselski
genus of a symmetric subset A of FE,, that is, gen(A) is the least integer k such
that there is an odd continuous map A — S*~1. If no such map exists, then
gen(A) := co. Let n® := dim E° and set

n:={AC E,\{0}: A closed, symmetric, gen(A) >n +n°+k},

cp = sup inf J(u).
Aelp u€A

If AT}, then AN E*T # 0 (see [11]). Hence
g < JET) < oo
Since gen(S, N E,) = n+n" + N'(X), one has S,N E, € I} for k =1,--- ,N(}\),
and consequently by (Jz)
cp > inf J(S,NE,) > pu.

Since J,, satisfies the (PS). condition, ¢}! is a critical value of J,, for k = 1,--- , N(X).
Clearly I'z,; C T’} and one has

Ch = Oy
Therefore, letting ¢} — ¢, as n — oo (along a subsequence), we have
ey <<,

and, by (PS)%, ¢ is a critical value of J.

It remains to show that if ¢ = ¢ = -+ = cg44, then gen(K(c)) > j + 1 where
K(c) :={u€ Ey: J(u)=c,J (u) =0}. For this goal we note that, since J(0) =0
while ¢ > ¢ > 0, 0 & K(c). The continuity of genus implies that there is § > 0
such that gen(Nss(K(¢))) = gen(K(c)). Invoking (PS). we have ,0 > 0 and @ € N
satisfying

| J ()| > o forall ue (J,)TE\ NZ, n>n,

where Nj = N5(K(c)) N E,. By a standard deformation argument we choose ¢ > 0
and construct a sequence of odd homeomorphisms h, : E, — E, which maps
(Jn)e—e\IN§" into (Jp)eye (see [15H]). Now choose a n > 7 large so that

c—eg/2<cpy; <o <cp <ctef2
Choose A € I'y, ; with
inf J(A) > c—e/2.
If gen(K(c)) < j, then

gen(A\NP) > n+n’+k + j — gen(K(c)) > n +n’ + &,

that is, A\N} € I'}'. Therefore h, (A\N§") € I'} and, consequently,
c+e <inf J(ho(A\N§)) < cp <c+¢e/2,

a contradiction. O
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Remark 3.3. There is a three-body system with two-body potentials, V' = Vp1(z) +
Voz2(y)+Viz(z—y), so that the number of bound states E(v) of A, := —A,—A,+vV
has the following property: There is an increasing sequence 0 < v; < vy < ---
so that E(v) = oo if v € [v1,10] U [vs,vu] U -+ and E(v) < co if v € T :=
[0,21) U (v2,v3) U---; see [13]. All the previous existence and multiplicity results
can be established for the equation (S,) obtained from (S) with A replaced by A,
in parallel.

Theorem 3.4. Let v € T. (a) Assume (g1) — (¢3). Then (S,) has no nontrivial
solutions if A < Ao, has at least two nontrivial solutions if A € (Ao, Ac), and has
N(X) pairs solutions if (g4) also holds. (b) Assume (g5) holds. Then (S,) has no
nontrivial solutions if X\ < g, has at least one nontrivial solution if X € (g, Ae),
and has N'(X) pairs solutions if (g4) also holds.
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