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ABSTRACT. We consider an equation

(1) -y"(z) +q(z) y() = fz), =zER,

where f(z) € Lp(R), p € [1,00] (|flloc := C(R)), and 0 < g(z) € L{*°(R). By
a solution of equation (1), we mean any function y(x) such that y(z),y’(z) €
AC™¢(R), and equality (1) holds almost everywhere on R. In this paper, we
obtain a criterion for the correct solvability of (1) in Ly(R), p € [1, 00].

§1. INTRODUCTION

In this paper, we consider a Sturm-Liouville equation

(1.1) =" (z) + q(x)y(zx) = f(z), =z €R,
where f(z) € Ly(R), p € [1,00] (||f]loc := C(R)), and
(1.2) 0 < 4(x) € L(R).

By a solution of equation (1.1), we mean any function y(z) such that y(z),y'(z) €
AC"¢(R), and equality (1.1) holds almost everywhere on R. Throughout this sec-
tion, we assume all of the above conventions are fulfilled. Our goal is to find the
requirement for ¢(x) which guarantees the correct solvability of (1.1) in the given
space L,y(R),p € [1,00]. We say that equation (1.1) is correctly solvable in L,(R)
if assertions I) and II) hold:

I) for every f(x) € L,(R) there is a unique solution of (1.1) y(z) € L,(R);

IT) there is an absolute positive constant c¢(p) such that the solution of (1.1)

y(z) € L,(R) satisfies the inequality

(1.3) 1Yllp < @) [1fllp, f(2) € Lp(R).

Let us emphasize that in I) and II) there are no additional requirements to y(x) (as,
for example, some boundary conditions on + oo (see [I], [2]), or specific representa-
tion of y(x) (see [3])). Thus I) and II) hold or fail depending only on the properties
of ¢(z). In particular, if one replaces (1.2) by the stronger condition (1.4),

(1.4) 0 <e<q(zx) € LY(R), ¢ = const,
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then equation (1.1) is correctly solvable in L,(R) for all p € [1, 0] (see Theorem
1.2 below). Therefore, the question of whether I) and II) hold only arises when the
graph of g(x) is not separated from the number axis; for example, as in the cases

a), b), ¢):
a) q(z) = el +el*lsinel®; b) q(z) =2cos*27z|?, 6> 0;

(1.5) 1 1
¢) q(z)=(1+2%)  +06(1+2?) cosel®l 0] < 1.

We now present the main results of the paper, Theorems 1.1 and 1.2.
First define auxiliary functions d(z) and ¢*(x). We temporarily suppose that
together with (1.2), ¢(x) also satisfies (1.6):

x o)

(1.6) / q(t) dt >0, /q(t) dt >0 forall z € R.

Fix z € R and consider equation (1.7) in d > 0;

z+d

(L.7) F@) =2 Fa)™a [ a(e) ac
x—d

For every = € R equation (1.7) has a unique finite positive solution [4]. Let d(z) be
the solution of (1.7) for x € R, ¢*(x) &t d=%(z). The function ¢*(z) is continuous
for z € R [4] and is a Steklov type average [5] with step d(z) for the function ¢(t)
at point ¢ = x, because (1.7) immediately implies

z+d(z)
(1.8) q () = = / q(t) dt, =€ R.

z—d(z)

The functions d(z), ¢* (x) were introduced by M.O. Otelbaev [7].

Theorem 1.1. Equation (1.1) is correctly solvable in L,(R), p € [1,00], if and
only if condition (1.6) and (1.9) hold together:
def

* * der . *
(1.9) % >0, @ = inf ¢ (z).

In particular, one of the following assertions A) and B) holds:

A) for all p € [1, 0] equation (1.1) is correctly solvable in Ly(R);
B) for all p € [1,00] equation (1.1) is not correctly solvable in Ly(R).

Note the following feature of Theorem 1.1 which is important for its applications:
the function ¢*(x) can be computed only for some particular g(z).

At the same time, in order to apply Theorem 1.1, instead of the values of ¢*(x),
it suffices to know their two-sided estimates (sharp by order). Such inequalities
can be obtained for a sufficiently large class of functions g(z) (see §4). Moreover, a
useful complement to Theorem 1.1 is Theorem 1.2, which is equivalent to Theorem
1.1.
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Theorem 1.2. Let p € [1,00] be given. Equation (1.1) is correctly solvable in
L,(R) if and only if there is a € (0,00) such that

(1.10) w(a) >0, qola) Y inf / q(t)dt.

Corollary 1.2.1. Let q(x) € Li(—00,0) or q(x) € L1(0,00). Then for all p €
[1,00], equation (1.1) is not correctly solvable in Ly(R).

See §4 for more details concerning the techniques for application of Theorems
1.1 and 1.2, where we study equations (1.1) with coefficients (1.5). Finally, we
stress that the equivalent Theorems 1.1 and 1.2 are different in what concerns
applications.

Criterion (1.10) is expressed in terms of the function ¢(z) and not of its average
q*(x) (see (1.9)), and is therefore more convenient for checking correct solvability
in L,(R) of concrete equations (1.1) (see §4). At the same time, criterion (1.9) is
applied more often than (1.10) when studying general properties of the solutions
of (1.1) or objects related to (1.1). See proof of the “sufficiency part” for Theorem
1.1 in §2 and [1], [2], [3], [], [5] for more details.

§2. PROOF OF THE FIRST CRITERION

In this section, we prove Theorem 1.1 (the first criterion). Throughout the sequel,
we denote by ¢ absolute positive constants which are not essential for exposition
and may differ even within a single chain of computations.

I. Proof of Theorem 1.1 for p € [1,00). Necessity. For some p € [1,00), let
equation (1.1) be correctly solvable in L,(R). To verify inequalities (1.6), assume
the contrary: let one of the integrals (1.6) be zero for some x = x¢. Set zo = 0,

oo

(2.1) /q(t)dt =0.

0

Let us introduce a cutting function ¢(z) € C§°(R) such that supp p(z) = [-1, 1],
¢(z) =1 for |z < § and

1 1
(2.2) 0<p(x)<1 for 3 <lz| < T
Denote 75, = Hgo(k)(a:)Hc(R), k=1,2,and 7T =7 + To.
Let us also introduce functions ¢, (z), n = 1,2,...,yo(x), and a set U:
x —nb >
on(z) =¢ (T) ,n=1,2,..., yo(z)= Z:lgon(x), x € R,

(2.3) ~
U= U Supp ¢n (*)-

n=1

2 2
Clearly, supp p,(-) = [nﬁ -2 nf+ "T} and supp ¢, (+) Nsupp pm(-) = 0 for n #

m. Therefore, in (2.3), the sum representing yo(z) contains at most one nonzero
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summand or equals zero. Hence

(24) ) = gjlson(x)" -3 [90 ( ‘”)] W (@), v € R,

n
n=1

From (2.1) and (1.2), it follows that g(z) = 0 almost everywhere on Ry. Hence
almost everywhere on R we have

(25) @)+ d(@)o(a) = fole), z € R
In (2.5), fo(x) € Lp(R) since (2.4) implies

e’} 0 n2
1olly = D llehlly < er? )~ — < oo,
n=1 n=1

Since (1.1) is correctly solvable in L, (R), there is a solution of (2.5), zo(x) € L,(R).
Since g(x) = 0 almost everywhere on Ry, we have

(2.6) —yo () = fola),x € Ry z0(z) = yo(x) + 1 + 2z, © € Ry
' c1 = const, ¢y = const.

—z5(z) = fo(x), v € Ry
But yo(x) =0 for z € Ry \ U, and therefore
(2.7) zo(z) = ¢1 + cox, xe R\ U.

Assuming that in (2.7) |e1] + |co| # 0, we get a contradiction:

oo MOH4TIN 41
o> alpz>. [ (o
n=1 né44-1n2
o MOH4TIR41
= Z / le1 + coxlPdx = 0.
n=1 nb44—1n2

Hence ¢1 = ¢ = 0= yo(z) = 2z0(x), = € R4. But then
n6+8_1n2
0o > |l follh = e(p)llzollh = e()llyoll? = c(p) D / ldt = oo,
n=l 6_g-1,2
a contradiction. Hence inequalities (1.6) hold. Let us now check (1.9). Fix x € R
and consider a Cauchy problem

(2.8) y'(t) = q()y(t), t € R,
(2.9) y) |, =1 YO |,_,=0
We need some auxiliary assertions.

Lemma 2.1. Under conditions (1.2) and (1.6), the solution y(t) of problem (2.8)
- (2.9) satisfies the following relations:

(2.10) y(t) > 1, signy'(t) =sign(t —xz) for tE€ R,
t x+s
euy M)y 2 [ ou@aas, oo

0 z—s
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(2.12) L<y(t) <4 for te [m _ @) d(x)} 7

(2.13) ly'(t)] <

-2 o 4D

Proof. Relations (2.10) can be viewed as a particular case of Lemma 3.1 of [4]. To
prove (2.11), one has to integrate (2.8) twice: first over [z — s, + s], s > 0, then
by s € [0,t], t > 0; one of them has to use (2.9). Consider (2.12). As already
mentioned in §1, under conditions (1.2) and (1.6) the function d(x) exists and is
defined uniquely for all x € R. Let

M(t) = max{y(z +t), y(x —t)}, t > 0.

Then for ¢t € [O, @} from (2.11), (2.10) and (1.7), we obtain

t T+s

MO et 000220 s L[ [ atewterdsas
0 z—s
z+t o+ 4P
<1+ 800 [a@ae <1+ 5 aw) [ aeas
r—t x—@
z+d(z)
g1+MT(t) d(z) / g(€)de =1+MT“) = (2.11),
z—d(x)

To prove (2.13), we integrate (2.8) over [z,t],z < t taking into account (2.9), we
obtain y(t); the estimate for |y/(¢)| now follows from (2.12) and (1.7):

t

y'(t) = / qOw(E)de, = <1,

xT

t z+d(x) g
"t) <4 <4 = —.
swol<afagi<a [ o=
z z—d(x)
Inequality (2.13) for ¢ € [z — d(z), z] can be proved in a similar way. O

Turn to (1.9). Fix € R and introduce a function
t—ux

(2.14) 2(t) = d(z)? Py ( a0 ) y(t), t € R.

Here y(t) is the solution of (2.8) — (2.9). A straightforward computation shows that
z(t) is a solution of (2.15) with the right-hand side f1(¢) given in (2.16):

(2.15) —2"(t) + q(1)=(t) = fi(t), w € R,

(2.16)
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Below we estimate the norms || f1]|, and ||z||, using Lemma 2.1 and the property

of ("):
oG =+ t— n|P
= [ inerased [ oawr e (G5)] | wora
d(f) d(z)
I+d(4w) . 7P
d(z)?P~! — '(4)[Pdt
o [ awr e ()] | we
x—d(i")
I%ﬁdgﬂ I%ﬁdgﬂ
_ dt dt
(217) < ecd()¥ Unyom | G agym ( Se<e
x_d(;) x_d(;)
x+%
P 2p—1 t—a\ | P 2p
(2.18) sl = [ @ e (o7 )| OPd < ed@ < oo

From (2.17) — (2.18) it follows that z(¢), f1(t) € L,(R). Then, since equation
(1.1) is correctly solvable in L,(R), we have inequality (1.3) with y(t) = z(¢),
f(t) = f1(t), t € R. Now, in addition to (2.18), we estimate |/z||, from below. By

Lemma 3.1 and the definition of ¢(+), for t € [x - %,x + %} , we obtain the

following relations:

A0 = a1 (525 )t

d(x)

(2.19) s .
= [zl = / |2(t)|"dt > d(x)*.

_d(=)
8

()P ry(t) 2 d(a)*

Now, (2.19) and (1.30) imply
(2.20) c”ld(z) < |lzllp < c@)llfrllp = d(2)* < e1(p), © € R,
From (2.20) it follows that ¢*(z) = d(x)"2 > ¢!, z € R.

Remark. Test function (2.14) was first used in [8] with another purpose (see also
[7, ch.VII, §7].

II. Proof of Theorem 1.1 for p = co. Necessity. Let equation (1.1) be cor-
rectly solvable in C(R). To verify inequalities (1.6), assume the contrary: for some
x = xo one of the integrals (1.6) equals zero. Suppose that (2.1) holds. Let us
introduce functions ¥, (x), n=1,2,...,9o(x), and a set Uo

x—n®

wn(x)—n%< n2 >7n—1,2,...; Jo() = Y (), z € R,
n=1

(2.21) .
Uo = | supp von ().
n=1
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Then, as in I, we obtain (2.22) and (2.23):

(222) ) = niw;;(a:) = e (%5 ”)] = —fow), z€ R

n2

n=1

(2.23) —(@) + q(@)jo(@) = fola), x € R.

Clearly, fo(x) € C(R) since
6 "
T—n
()]
C(R)

Hence there exists a solution zo(x) € C(R) of equation (1.1) with the right-hand
side fo(z), = € R. Then

— i (x) + q(2)Fo(x) = fo(z), = € R} {go(x) — 20(x) + co + 1z
- =
— 2z (x) + q(z)z0(x) = fo(x), 2 € R z € R.

< 19 < 00.

I folle(r) = supn®
n

(2.24)

In (2.24), co, ¢; are constants. Since go(z) = 0 for z € R\ Up and llzollcry < o0,
we have ¢; = 0. Furthermore, for x,, = n® from (2.24), it follows that

20(n%) + ¢o - llzollc(ry + Icol
2 )

~ 2 6
r)=n“=z2s(n’)+co=1=
o() o(n”) 0 2 = "

a contradiction. Hence inequalities (1.6) hold.
Now to prove (1.9) for p = oo, one must repeat, word for word, the corresponding
argument from I.

III. Proof of Theorem 1.1. Sufficiency. To prove the “sufficiency part” of
Theorem 1.1, we use assertions from [4], [6]. Let us introduce necessary definitions
and facts.

Theorem 2.1 ([4]). Suppose that (1.6) holds. Then there exists a fundamental
system of solutions {u(x),v(x)} of the equation

(2.25) 2"(x) = q(z)z(z), =€ R,
such that

(2.26) V' (z)u(x) — v (z)v(z) =1 for =z € R,

Let G(x,t), z,t € R, be the Green’s function
221 o= {0 2
corresponding to (1.1).
Theorem 2.2 ([A]). For G(z,t) one has the following representation:
(2.28) Gte.t) = Voo (-3 [ s )
21Jz p(€)

where z,t € R, p(z) = G(z,1) ‘t:x: u(z)v(x).
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Remark. For the proof of (2.28) under conditions (1.2) and (1.6), see [4].
Theorem 2.3 ([4]). Suppose that (1.6) holds. Then for x € R one has inequalities

d(x) d(x)

(2.29) — Sela) <

N W

(see (1.7)).
Theorem 2.4 ([4]). Suppose that (1.6) holds. Then (2.25) has no solutions z(x) €
L,(R), p € [1,00], apart from z(x) = 0. If, moreover,

(o)
(2.30) H<oo, H et sup/ G(z,t)dt
T€ERJ—

then assertions 1) and II) from §1 hold.

Thus, according to Theorem 2.4, in order to prove Theorem 1.1 it is sufficient
to check that the inequality (2.30) is fulfilled subject to (1.6) and (1.9). The latter
follows from the relations

s [~ Gl —sup [~ Vi (<3| [ 15|) @

o0
9
< exp <——\/q t— > =y <09,
2%m3/ o (45)7/2

which are based on (2.18) and (2.29). O

§3. PROOF OF THE SECOND CRITERION

This section contains a proof of Theorem 1.2 (second criterion) which is based
on Theorem 1.1. Below we also use Lemma 3.1.

Lemma 3.1. Suppose that (1.6) holds. The inequality n > d(z) (0 < n < d(zx))
holds if and only if

r+n x+n
(3.1) 2<0n / q(t)dt 2> / q(t)dt
z—n r—n

Proof. Necessity. Let n > d(z). Then [z — d(z),z + d(x)] C [z — n,z + 7], and
therefore

z+d(z) x40
2 =d(x) / q(t)dt <n / q(t)dt.
z—d(z) r—n

Sufficiency. Let (3.1) hold. Assume the contrary: n < d(z). Then [z — 7,z +n] C
[z — d(z),z + d(z)], and therefore

z+n z+d(z)
2<y [awa<aw) [ awi->
=N z—d(z)

a contradiction. O
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Proof of Theorem 1.2. Necessity. Suppose that equation (1.1) is correctly solv-
able in L,(R), p € [1,00]. Then by Theorem 1.1, conditions (1.6) and (1.9) hold.
This implies that go(a) > 0 for some a > 0. Let us prove this ad absurdum. Thus
let go(a) = 0 for every a > 0. Fix a sequence {a,}52; such that 0 < a1 < a2 <

<y < L nllrréoan = 00. Then for every n =1,2,..., there is x,, such that
Tntan
(3.2) an, / q(t)dt < 2.
Tn—Aan

Let us now fix some € > 0. Clearly, a,, > ¢~! for some ng = ng(g). Then by (3.2),

Tpgte ! Tng+ang
(3.3) é / q(t)dt < ap, / q(t)dt < 2.

Tpg—e ! Tng = Ang

By (3.3) and Lemma 3.1, we get
d(2n,) > et =2 > q" (wn,) = q; =0
(see (1.9)), a contradiction.

Proof of Theorem 1.2. Sufficiency. Let qo(ag) > 0 for some ag > 0. Then, clearly,
(1.6) holds. We choose a, satisfying conditions a > ag, ago(ag) > 2. Then the
following relations hold:

z4-a T+ao
(3.4) a / q(t)dt > a / q(t)dt > aqo(ap) > 2, = € R.
z-a z—ao
From (3.4) and Lemma 3.1 we conclude that d(z) < a for x € R. Then ¢*(x) > a2
for x € R and therefore ¢j > a~2 > 0. It remains to use Theorem 1.1. O

§4. EXAMPLES
In this section, we consider equations (1.1) with coefficients (1.5).

Example (1.5a). Application of Theorem 1.1. As we mentioned (see §1), to
apply Theorem 1.1, we need some additional information on properties of ¢*(x).
Such information can be derived from assertions such as Theorem 4.1.

Theorem 4.1. Let (1.6) hold and assume that q(z) can be represented in the form
q(z) = q1(z) + g2(z), = € R, where ¢1(x) is continuous for x € R, q1(x) > 0 for
r € R, ga(x) € L°(R). Let A(z) = [0,2q1(z)~/?] and
t
1
(4.1) hi(z) = sup /[q1 (x+8) = 2q1(x) + q1(x — s)]ds|,

V@1 (z) teA()

0

T+t
1

. ho(z) = su 2(8)ds| .
42 0= a2 | w0

If hi(z) — 0, ho(z) — 0 as |x| — oo, then
(4.3) g () < g*(x) <ecqi(xz) for x€R.
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Remark. Theorem 4.1 was obtained in [5] under an additional assumption: gz) > 1
for x € R. Its proof (see [5]) is also valid under the assumptions made above.

To apply Theorem 4.1 to Example (1.5a), we set ¢1(z) = el*!, go () = el*! sinel®!,
Since the functions ¢1(x), ¢gz2(x) are even, below we only consider the case x > 0.
Let us verify that hi(x), ho(x) tend to zero as x — oo.

Since ¢1(z) > 1 for z > 0, we have A(x) C [0, 2]. Therefore, the following Taylor
expansions converge for all > 0:

t t
hi(z) = e */? sup /[ewrS —2¢% + " %)ds| = e*/? sup /[eS +e % —2]ds

teA(x) ] teA(x) 2

t

4
= e*/? sup /[824-8—-1-...]618 g%—>0f0rx—>00,
e

12
teA(x) 0
4t
ha(x) L su e sine’ds| < — 0 forz— oo
= —0F —_— — 00.
2 ex/2 tEA%)z) — ex/2
x—t

Hence (4.3) holds. In our particular case, we can rewrite it as follows:
(4.4) ctell < ¢*(x) < cel®!, z € R.

From (4.4) we obtain ¢ > 0 (see (1.9)). Therefore, by Theorem 1.1, equation (1.1)
with coefficient (1.5a) is correctly solvable in L,(R) for all p € [1, x0].

Example (1.5a). Application of Theorem 1.2. Let a > 1. Then we have the
following obvious relations:

z+a z+a

inf / [e”t + e sine t]dt = inf / [e! + e sin e']dt
<0 x>0
r—a r—a
cos ¥t — cose® @ 1
= inf *T¢ |1 —e 20 — > -
>0 erta -2

Hence go(a) >  for a > 1 (see (1.10)), and it remains to apply Theorem 1.2.
Example (1.5b). Let 6 > 1. For x > 2a, a > 1, we get

z+a r+a
0 1 [ 6t9 tcostfdt
(1+COSt )dt=2a+§ T
r—a T—a
9 9 RS
1 sint? |z+4a —1 sint
=2a+ 5 01 |x7a 0 / 0 dt
r—a
> 9 1 1 2a > 94 |1 2 > 1
00— o= — = —— >2a|1l—— —.
- (3a)l=1  af-1  af ~ al =2
z+a
Furthermore, the function F(z) = [ (1 + cos|[t|?)dt is continuous and positive on
r—a

[0,2a], and therefore it attains its minimum Fy > 0. Then F(z) > min {1, Fy} >0
for x > 0.
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The case z < 0 can be considered in a similar way. Hence for § > 1, (1.10)
holds and equation (1.1) is correctly solvable in L,(R) for all p € [1,00]. Now let
6 € (0,1). Set z,, = [(2n+ 1)7]*/?, n=1,2,.... For any a > 0, we get

Tn+a T Tn+a
JIn(a) def / (14 cost?)dt = / (14 cost?)dt + / (1 + cost?)dt
no u n- n
(4.5) =2a+ /[cos(mn —2)? + cos(zn + 2))dz

0
=2a — /{cos[(:cn —2)% — 28] 4 cos[(zn + 2)? — 2%]}dz.
0

From the binomial Taylor expansion, it follows that

(4.6) an(2) def (xn + z)e - :cfl = Hzxfl_l + O(:cfl_Q)),

(4.7) Bn(2) (2 — 2)0 — 2 = —02201 + O(a2).

Clearly, a,,(2) — 0, 8,(2) — 0 as n — oo for any fixed a > 1. Therefore, using the
Taylor expansion of cosine, we obtain from (4.5) and (4.6) — (4.7):

=2 [ [o- QA(2) +BAe) | ah@) + M), ],

2! 4!
0
K 0243
< c/[ai(z) + B2(2)]dz < % — 0 for n — oo.
0 n
Hence by Theorem 1.2, we conclude that for § € (0,1) equation (1.1) with coefficient

(1.1) cannot be correctly solvable in L,(R) for all p € [1, c0].

Example (1.5c¢). In this case, g(z) — 0 as |x| — oco. Hence for any fixed a > 0,
we get
z+a xz+a
lim / q(t)dt =0 = inf / q(t)dt = go(a) = 0.
|z|—o0 TER

r—a r—a
Therefore by Theorem 1.2, equation (1.1) with coefficient (1.5d) cannot be correctly
solvable in L,(R) for all p € [1, oc].
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