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ABSTRACT. We use Bernstein’s technique to show that for any fixed ¢, strong
solutions u(t, z) of the uniformly parabolic equation Lu := a%/ (O)uz,z; —ut =0
in Q are real analytic in Q(t) = {x : (t,z) € Q}. Here, Q C R%t! is a bounded
domain and the coefficients a/ (t) are measurable. We also use Bernstein’s
technique to obtain interior estimates for pure second derivatives of solutions
of the fully nonlinear, uniformly parabolic, concave equation F(D?u,t)—us = 0
in @, where F' is measurable in ¢.

0. INTRODUCTION

In [B], Bernstein introduced a method for estimating the maxima of the moduli
of derivatives of any order of solutions of linear parabolic equations, under the
assumption that the solution and all known functions of the equation are sufficiently
smooth. This technique is outlined in §3.11.4 of [Lal, §4.17 of [LSUJ, §§5.2-5.4 of
[K1], and §8.4 of [K2]. In the simple linear setting Lu := a% (t)ug,o; — uy = 0, the
equation can differentiated any number of times in z and so any derivative (in z)
of a solution is again a solution. Note that any difference quotient of any order
(in z) of a solution is also a solution. We assume that the equation is uniformly
parabolic; i.e., there exist constants 0 < A < A with A[¢|? < a¥(¢)&€; < A€]?, Wt
and V¢ € RY. We assume only that the a%(¢) are measurable functions of t. By
applying Bernstein’s technique, we show that any strong solution of Lu = 0 in @ is
real analytic in . This is a generalization of a result which appears in [M], namely
if u(t, x) satisfies Au—wu; = 0 in @, then for any fixed ¢, the mapping x — u(t, z) is
analytic. From our result and estimate (1.1) below, it follows that if u is a solution
of Lu = 0 in Q, then for any fixed ¢, any second order derivative D?u(t,) is locally
Lipschitz continuous in x (see Corollary 1.4).

In [B], Brandt uses only the maximum principle applied to finite difference quo-
tients of solutions to prove that second derivatives of strong solutions of Lu :=
a¥ (t)ug,o; — uy = f, where f(t,z) is Holder continuous in z (with exponent
a € (0,1)) are themselves locally Holder continuous in z. In [L], Lieberman uses
a Campanato space argument to show that second derivatives are actually locally
Holder continuous in both ¢ and . When f = 0, the local Holder continuity of D?u
in (¢,x) is an immediate consequence of applying the Holder continuity of solutions
(see [KS] and §4.2 of [K1])) to solutions D?u. Again, these results imply that strong
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1056 JAY KOVATS

solutions of Lu = 0 in @ satisfy a 01203 (Q) estimate, where a € (0, 1), while our
result implies strong solutions satisfy a C’IQOC1 (Q(t)) estimate, for any fixed ¢.

The fully nonlinear equation F(D?u,t) —u; = 0 is uniformly parabolic if there
exist constants 0 < XA < A such that
(0.1) NIN|| < F(M + N, t) - F(M,1) < A|N]|
VM,N € R? with N > 0, where for B € Rdz, IB|l = \/tr(BBt) = ( i bfj)l/Q.
Under the assumption that F'(M,t) is smooth and concave in M € R% and mea-
surable in £, we can apply Bernstein’s technique to obtain interior estimates on pure
second derivatives of solutions of the equation F(D?u,t) — u; = 0. This is possi-
ble, since under these assumptions, any derivative of a smooth solution will be a
solution to a linear parabolic equation with measurable coefficients, while any pure
second derivative will be a subsolution of the same linear equation. This was done by
Krylov in [K1], [K3] for more general parabolic equations F(D?u, Du, u,t, ) —u; =
0, using (in [KI]) a variation of Bernstein’s technique called the monitored maxi-
mum method. This estimate was the key step towards proving the W21 2 solvability
of fully nonlinear equations when F' is only measurable in ¢. (See §§5.4, 6.5 of [K1],
84 of [K3].)

Our notation is standard. (See, for example, [GT], [K2].) We remind the reader
that for a point zo = (to,z0) € R¥,Q,(20) = (to — p*,to) x B,(xo), while for
a function v, [v|o,g = supg [v]. We adopt the convention that repeated indices
indicates summation from 1 to d, so that, for example, a¥b7* = Zf,j=1 abit =
tr(AB).

1. LINEAR EQUATIONS WITH TIME-MEASURABLE COEFFICIENTS

Theorem 1.1. VQ,(z0) CC Q and any multi-index o, any C™ (in x) solution u
of Lu = a" (t)ug,s, —us = 0 in Q satisfies

Nla la
(1.1) |D%u(z0)| < <%) [0:Q, (20) where N = N(d, \, A).

Proof. We apply Bernstein’s technique. Take any zo = (o, zo) € @ and p > 0 such
that Q,(z0) C @ and take a function ¢ € C?(Q,(20)) with 0 < » <1, =0 on
0'Qp(20), p(z0) =1 and

Ny

p?’

N N
D% < 2 lpe] < =,

|Dy|? <

B

where N = N(d). Consider, in @Q,(z0), the function w = 2 |Dul? + Cu?, where
the constant C' will be determined later. By standard approximation techniques,
we may assume a* (t) € C°°. Our estimate (1.1) is independent of this smoothness.
Then in Q,(20), since u and each u,, are solutions

Lw = 2|Du|2akj(t)90x] Pay T+ 2<p|Du|2 (akj(t)sozjzk - Spt)
+ SSoakj (t)SO:cj Z Uy Uy, + 2302akj (t) Z Ug ), Uz;x;
i i

+ 247 Z Ug, [akj () gz,2, — Uast] + 2Ca™ ()t U,
i
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+2Cu (™ (t) sz, — wr)
= 2|Du|2akj(t)90x] Pay T+ 2<p|Du|2 (akj(t)sozjzk - Spt)
+ 8paki (t) ¢z, Z U, Uy, + 2302akj(t) Z Ug,; ), Uiz, + ZC’akj(t)uxkuxj

> 2|Du| A|Ds0|2+2s0IDU|2( 1)z, — 1)

— 8pA|Dg| - |Du| - | D?ul| + 2% \|| D?ul|? + 2C\|Dul?
> 2| Dul*A|D|* + 20| Dul® (0™ (t)pa,, — @t + CA)

— 8¢A|Dy| - |Dul - [| D?ul| + 2¢° || D?u|?

= /\Zuz i = AID?u]?.
7'7

In the second to the last inequality we have used Cauchy’s inequality and the fact

that |afzpy;| < \/aFixgzj/akiygy; for any z,y € R%. First choose C so large

that |a% (t)p., 2z, — @t] < Q Observe that |aijgaxixj — ol <A - |1D?¢|| + |oe| <

Adlp# + é\; = (Acll/2 + 1) So C > i—;VQ(Adl/Z +1) will do. By Young’s inequality
Ve > 0 we have

since 0 < ¢ < 1 and Y @ () ug,2,Uziz, > D A D(uz,)|?
; i

2 2 2 2 2 | PlIDu|?
Lw > 2|Dul*A|Dp|” + ¢|Du|*CX — 8A (5|Du| |Do|” + f)
+ 20| D?ul|?
Cp? 8A
> |Dul?|Dg|? <2>\ 8Ae + Tp> + ©?|| D?ul? <2>\ - ?>
Cp? 8A
> IDUI2|D<P|2< L )w D2l (22 - 22)
Now choose ¢ st C;\Vp — 8Ae = =52 This gives
C)\p 128A2N
Lw > |Dul?|Dy|? D?ul* | 2X —
w DuPIDP S + Dl (22— T

Finally, choose C so large that 2\ — 128A% N > 0. Observe that for

C\p?
2N 1/2 64A2N
C—max{)\—pQ(Ad +1)7)\27p2 5
we have Lw > 0 in Q,(20). Hence by the maximum principle sup w= sup w
Qp(z()) 8,Qp(20)
and so
Ni(MAd
|Du(z20)]?> < C sup u? = ¥ sup u?,
Qp(20) P Qp(20)

which gives (1.1) for |a| = 1. So assume our claim is true for |a| = k. We verify
it holds for |a| = k+ 1. Fix zp € Q and p > 0 such that Q,(z0) C Q. Then
Qp%(zo) C Qp(20) C Q and a = B + ¢;, for some ¢ = 1,...,d, where |3| = k.
Moreover for z € Q o ( 0), we have Q Lo () C Q,(20) and hence by the inductive
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hypothesis

N
|D%u(z0)] = |(Du(z0))s.] < 71D uloiq_y z0)

(#)

N Nk '
< (%) : (kk—fl> |U|0;Qp(20)

O
Lemma 1.2. Any strong solution u = u(t, ) of Lu := a" (t)ug,o, —uy = 0 in Q is
C*® in z.

Proof. For our solution u, consider u€, the mollifier (in x) of u. For any fixed ¢ and
any

(u)e(t, ) = (ur)(t, x) = (@ (t)uz,a,) (¢, @)
aij (t) (uxixj)e(t’ J)) = aij (t) (ue)xa‘,ﬁc;’ (t7 J?),

and hence u€ is a C* (in z) solution of Lu® = 0 and hence by Theorem 1, for any
e

. N[\ Nla[\ "
(1.2) D% <zO>|s(7) ooy < (T) fulna:

That is, for any «, the sequence {D*u¢} is uniformly bounded and equicontinu-
ous. By the Arzela-Ascoli theorem, it has a subsequence {D“u¢} (by relabelling
if necessary) converging uniformly on compacta of @) to some continuous function
v = v4. Hence V¢ € C'(‘)al(Q(t)), where Q(t) = {z : (¢t,x) € Q}, integration by parts
gives

e—0

—1)lel u(t,z) D¥€(x) dz = lim(—1)!¢! u(t,x) D% (x) dx
(1) /Q@ (t.2) D°¢() da = lim(~1) /Q(t (t,2) D¢ (a) d

)
—tim [ Do)t ) () da / o(t, ) () dx,
=0JQu Q(t)

that is, D*u = v in the weak sense. But (1.2) and the fact that {D%u‘} — v
implies v € L% (Q), ie. u(t,-) € W™(Q(t) = CloI=11(Q(t)). Since a is

arbitrary, u(t,-) € C*(Q(t)). O

Theorem 1.3. If Q C R4 is a bounded domain, any solution u(t,x) of Lu :=
A (£ Uz o, —ur = 0 in Q is real analytic in x.

Proof. By Lemma 1.2, we know u is C* in z. Fix any point zg = (f9, zo) € Q. We
will show that u can be represented as a power series (in z) in a neighborhood of
zo. So set p = Ldist(z9,d'Q). Observe that for z € Q,(20), Q,(2) C Q2,(20) C Q

let]
and hence for any such z, by Theorem 1 we have |D%u(z)| < (%) [ulo;Q,(z) <
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Nlaf |1 Nl \1*! ’
(T) |]0;Qs, (20) = (T) M. By Taylor’s theorem, for any k > 1 we have

u(tvil,') _ Z Dau(tmxo) ((E . xo)a + Z Dauo(jmg) ((E o xo)a’

al
la|<k—1 la|=k

where £ = vz + (1 — )z for some v € (0,1). Since (t9,&) € Q,(20), we have
x|
|D%u(to, &) < (M) M. Observe that the second sum on the right goes to

zero as k — oo for |z — xg| < since by a strong version of Stirling’s formula,

TNe
k ef k!
k < B We have
|Dau(t0,£ la 1 N|a| P la|
Z a! — @[ < Z ! M(ZNde)
la|=k |a\ K<
|a|\0¢|
2de Z !
|| =k
|a|ve\a|
2de |Zk 27]' a'
|ov|!
(2d)k\/ 27 §|:k
M
d)F d®—0 ask — o0
and so u(t,xr) = > W(m — xp)*. O

«

Corollary 1.4. If Q C R js q bounded domain, any solution u(t,z) of Lu =
a (£ ug,o; — ug = 0 in Q has locally Lipschitz second derivatives (in x). That is,
for any fized t, u(t, ) € CZQOCI(Q( )) and for any (t,x),(t,y) € Q and i,j =1,...,d,
we have

Ny
(1'3) |U'961:C7 (t,l‘) - u:cmcj (tvy)l < F ' |u|0§Q ' |J) - yl?

where Ny = Ni(d, A\, A) and p = 3 min{d., ,d.,}, where d., = dist((t,z),0'Q).

Proof. Fix (t,z),(t,y) € Q. Denote these points zg, z, respectively and set p =
$min{d.,,d.,}. Then either z, € Q,(z5) or 2z, ¢ Qp(2z). If 2y € Q,(25), then
ze = (t,€) € Qp(2z), where § = vo + (1 — )y and v € (0,1). Hence Q,(z¢) C
Q25(22) C Q and so by the mean-value theorem and Theorem 1.1, we get

|u$i$]‘ (t,l‘) - uﬁca‘,ﬁcj (tay)| < |D(u$ i T j )( )| |J? - y|

N3\* N3\*
< () bl =vi< (5F) Tuina 1o ot
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On the other hand, if z, ¢ Q,(2z), i.e., |z —y| > p, then since z, € Qq,, (2.) C Q,
Theorem 1.1 gives

|u1il’] (tv LE) - uwﬂj (ta y)| < |u1LIJ (ta (E)| + |ul’il’] (ta y)|
|z —yl - p

<1 l<ﬂ>2 ul0;Qu.. (2) <&)2 ulo;Qu.. (2 )]
=5\ Qs (20 i, iQa, (2y
<! [<E> julosg + <E> |u|o.Q] = M il
T \4p ’ 4p ’ 2%

so in either case we get (1.3). O

2. SIMPLE FULLY NONLINEAR EQUATIONS
WITH TIME-MEASURABLE COEFFICIENTS

In what follows we assume that the nonlinear operator F(M,t) is smooth and
concave in M € R? and measurable in t. Since F is differentiable in M , our

uniform parabolicity condition (0.1) now reads
5 5 OF
(2.0) AE]" < Fi (M )& < AJE[7, where Fjj = ——
8mij

while the concavity of F' in M implies N* - D?F(M,t) - N < 0,V¥YN € }RdQ, ie.

2
Fij,kl(Ma t)Niijl S 0, Where Fij,kl = %
Lemma 2.1. Let u be a smooth solution of the equation F(D?*u,t) —u; =0 in Q,
where F(0,-) = 0. Then there exists a linear operator L = a% (t,x)%;xj - %,

with NE|? < a'(t,2)&& < A|€|?, such that Lu < 0 and Vle| = 1,Lu. = 0 and
Luee >0 in Q.

Proof. Differentiating the equation u;(t,x) = F(D?u(t,x),t) with respect to any
vector |e] =1 gives

(ue)e(t, z) = Fyj (D2u(t,x),t) (ue)xixj = a" (t,z) (Ue)xazxj-

Thus Lu, = 0 in @Q, where a%(t,z) satisfies (2.0). Differentiating the equation
again with respect to e (omitting the obvious argument (D?u(t,z),t) ) and using
the fact that F' is concave gives

(uee)t(ta LE) = Fij,kl (ue)xkxl (ue)xix] + F’L] (uee)zizj S Fij (uee)zixjv

which gives Lue. > 0 in Q. Finally, to conclude Lu < 0, observe that since F' is
concave, so is g(r) = F((1—r)D?u(t, z),t). Hence Vr we have g(r) < ¢'(0)r + g(0).
In particular for r = 1, g(1) < ¢’(0) +¢(0), which from the equation and F(0,t) = 0
gives 0 < —a" (t, T)ug, a2, + Uy O

For fixed p > 0, we define Q” := {20 € Q : Q,(20) C Q}. We now prove the
interior estimates for pure second derivatives of solutions of F(D?u,t) —u; = 0
in Q, where F(0,-) = 0. For a proof of this for fully nonlinear constant coefficient
elliptic equations, see §9.1 of [CC]. In §85.2-5.4 of [K1], as well as §4 in [K3], Krylov
proves this result for more general parabolic equations F'(D?u, Du,u,t,z) —u; = 0,
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under additional assumptions on F', using a variation of Bernstein’s technique he
calls the monitored maximum method. This interior estimate for u.. led to interior
estimates for ||us]|z2, || D?ul/L2, which in turn led to the W;* solvability of fully
nonlinear equations when F' is only measurable in ¢t. The proof of this was based
on the C%% solvability for functions F which are smooth in t. (See §§5.4, 6.5 of
[K1].)

Theorem 2.2. Let u be a C* solution of the concave equation F(D?*u,t) —u; =0
in QQ, where F' € C2(Rd2) and F(0,-) = 0. Then there is a constant N = N(d, A, A)
such that Ve € R? with |e| = 1

N
(2.1) lude lo;@r < p |uo:q-

Proof. For fixed p > 0, recall Q” := {20 € Q : Q,(20) C Q} So take any zp =
(to,x0) € QP and take a function ¢ € C%(Q,(20)) with 0 < ¢ < 1,9 = 0 on
9'Qp(20), ¢(20) =1 and

Ny

N
7 2

|Del* < D%l < lpel < =,

%)=
e}

where N = N(d). As in Theorem 1.1, for a constant C' to be determined later,
consider, in @ ,(zp), the function

v =% (ul)? + Cu.

In Q,(20)N{tee > 0}, for L := a'(t, x)%;x,—a%, we have, since Lu, = 0, Luge > 0
i0Tj
by Lemma 2.1

Lv = 2u2,a" 00, 00, + 20u2, (07 Qa,a; — @) + 8PUcea™ 0p Ueea,

+20%07 Ueeq Ucea, + 207 tce (07 cea o, — Uecet)
+ ZCaijuexj Ueg, + 2CU, (aijuexixj — uet)

> 2ul,a” 04,00, + 20ul, (07 0u,0, — 1) + 80U P Ucer,
+ 2020 e Ucer; + 20T ey Ueq,

> 202 A\ D|? + 2pul, (a7 u,0;, — 1) — 8AQUce| D] - | Duce|
+ 202 A| Dttee |* + 2C N\ D |2

> 202 A D|* + 2pu2, (a7 pu,0; — o1 + CX) — 8A¢Uee| Dep| - | Duce |
+ 202\ Duce|?,

since 0 < ¢ < 1 and uee = Du,-e < |Du,|. First choose C' so large that |aijg0mxj —

. /
il < G Observe that |alipy,s, — i < [A|l - [ D% + s < AN 4 5 =
%(Adl/2 +1). So C > i—;\fz(Adl/2 + 1) will do. By Young’s inequality Ve > 0 we



1062 JAY KOVATS

have

2 24 ¢*|Duce|? 2 2
Lv > 2u \|Dy|? + ou?,C\ — 8A (Eu |Do|” + f) + 20" A Duee|
9 9 8A
=u? | Dp|? (2X — 8Ae) + pu?, CX + ©?|Duce|? | 2\ — —

2 CA\|Dy|?p? 8A
W2 Dgf? (2 — 8Ae) + LeeCMDELO" | 2y 2 (2)\ - ?>

N
Cp? 8A
2 |Dgl? (2/\ —8Ae+ — ) + %[ Duee|* (2)\ - ?)
CAp? 8A
> u?, | Dy)? (_p - 8A€> + ©?| Dugel|? (2/\ - —)
N €
Now choose ¢ st C’\p — 8Ae = =55, This gives
128A2N
2 C 2
Lv > uee|D90| + 2 |D 6€| <2)‘ C/\ 2 )
Finally, choose C so large that 2\ — 1208§} N > 0. Observe that for
2N . 19 64A%N
C:ma,X{)\—pz(Ad/ +1)7Tp2 s

we have Lv > 0 in Q,(2z9) N {uee > 0}. But in Qp(zo) N {tee < 0}, v = Cu2 and

since Lu, = 0, an easy calculation gives Lv = CL(u2) > 2C)\|D(ue)|2 > 0. Thus

Lv > 0 in Q,(20). Hence by the maximum principle sup v = sup v and so
Qp(z()) 8/Qp(20)
(uf)?(20) < C sup u? = W sup u? < Nl supu? and since zg € QP was
Qp(20) Qp(20) Q

arbitrary, we have
No
(2.2) supul, < —= sup |ue|.
Qr P Q

Finally, to get an estimate for |u|, we apply Bernstein’s technique to the function
w = p?u+ C(M —u)?
in Q,(20), where M := |ulo;q, (). By Lemma 2.1, Lu, = 0, Lu < 0 and hence

Lw = 2“3‘1”90% $Pa; + 290’“5 (aijSOxixg - Sot) + 8¢ueaij50ziuewj + QSDQGUUEI Uex;

+2¢%u, [aijumﬂj — uet] + 2Caijumiumj —2C(M — u) (aijum% — ut)
> 2ula" a0, + 20Ul (a7 uin; — 1) + 8pUca” Py, Uea,
+ 2302aijuex] Ueg; + 2Caijuxiuxj
> 2uZN Do|? + 2pu? (0 pu,z; — ¢1) — 8A|D| - [ue| - [D(ue)|
+20°A|D(ue) |* + 2CA| Duf?
> 2u2A|D|? + 2pu2 (a7 gy, — @1 + ON) — 80A|Dp| - [ue| - [D(ue)|
+ 20N D (ue) |

since 0 < ¢ < 1, |ue| < |Du| and [0 ¢z, teq;| < /0700, 00,7/ 0T Ucq, Uen, <

A|Dg| - |D(u.)|. First choose C' so large that |a”¢,,., — ] < $*. By Young’s
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inequality Ve > 0 we have

2 2 2 2 2 ¢2|D(ue)|2 2 2
Lw > 2u A Do|* + puZCA — 8A <5ue|Dga| + T) + 20" A D(ue)|

2 A
> u?|Dyl|? <2>\ —8As + C]A\,p ) + @ |D(u.)|? ( A — 8?)
2 A
> el (- - SAe) D) (20 ).

Now choose € st C’\p — 8Ae = =55, This gives

. D) (m—

128A%N
Lw > u2|D<p|2 8 )

CAp?

Finally, choose C so large that 2\ — 126§fp > 0. Observe that for

2 1/2 64A%N
C:maX{)\—pz(Ad +1)7Tp2 s
we have Lw > 0 in Q,(2z0). Hence by the maximum principle sup w= sup w
Qp(z()) 8,Qp(20)
and so u2(z) < C sup (M —u)? = W sup (M —u)? < %(|U|0;Q)2~ Since
Qp(20) Qp(z0)
zo € QP was arbitrary, we have

2N

N-
(2.3) |tuelo.Qr < 72|U|O;Q-

Note that by (2.3) with £ in place of p, we have |ue|0;Q§ < %|U,|0;Q. Now by (2.2)
using the domains Q° C Q% C Q we have

<—| lo, <=2 2 2Ny |
supu < U e < . ulo,Q = U|0;Q-
Qr o= p f p?
O
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