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INTERPRETATION OF THE DEFORMATION SPACE
OF A DETERMINANTAL BARLOW SURFACE
VIA SMOOTHINGS

YONGNAM LEE

(Communicated by Michael Stillman)

ABSTRACT. In this present paper, we provide an interpretation of the defor-
mation space of a determinantal Barlow surface via smoothings.

1. INTRODUCTION

Let (y1, Y2, Y3, y4) be a coordinate of P2, and consider a D5 = (b, a) action on P3
via
b:(y1,y2,Y3,Y1) — (ey1,€2y2763y3764y4)7
a (Y1, Y2, Y3, ya) — (Y4, Y3, Y2, Y1)

where € is the primitive 5-th root of unity. In [CI], Catanese studied a four-
dimensional family of surfaces that are double coverings of Zs-quotients of the
Zs-invariant symmetric determinantal quintics. We will refer to these Zs-quotients
of the Zs-invariant symmetric determinantal quintics as determinantal Godeaux
surfaces. Inside of this four-dimensional family, there is a two-dimensional Ds-
invariant symmetric determinantal Godeaux surface. After providing a twisted
Zo-action on the double cover, we have a two-dimensional subfamily of the moduli
space of Barlow’s example [B]. We will refer to these surfaces as determinantal
Barlow surfaces. Let ¥ be a Ds-invariant symmetric determinantal quintic surface
in P2 and let o : Y — X be a double cover. Consider a commutative diagram

Z=Y/({b) —— B=Y/(b,ao)

(1.1) l
X =Y/{b,o) =%/(b).

In diagram (1.1), X is a Ds-invariant determinantal Godeaux surface, and B is a
determinantal Barlow surface. By the construction of a Ds-invariant determinantal
Godeaux surface, there is an extra involution. The fixed divisor of this involution
is a —3-curve Dx (P! with Npi|x = Op1(—3)) without passing through four nodes
(the double cover Z — X is branched over these four nodes). So the preimage of
Dx in Z is two disjoint —3-curves, D1, Ds. Since a-action fixes each point on Dy

Received by the editors May 10, 2000 and, in revised form, October 17, 2000.

2000 Mathematics Subject Classification. Primary 14J10, 14J17.

This work was supported by grant 1999-2-102-002-3 from the Interdisciplinary Research Pro-
gram of the KOSEF and by the Sogang University Research Grants in 2000.

(©2001 American Mathematical Society
963



964 YONGNAM LEE

and Do, Zs-action of Z — B interchanges Dy and Dy. So these two —3-curves go to
a —3-curve Dp in B without passing through four nodes (the double cover Z — B
is branched over these four nodes) [B]. By parameterizing Zs-invariant symmetric
determinantal quintics with 20 nodes, we can easily see that the general element of
those set do not have the preimage of Dx. This argument shows that the natural
map of H*(Tx) — H*(Np,|x) is surjective. Therefore we have two directions of
the first order deformation space induced by the cohomology of H(N Dx|x)- In
this paper, we will prove that the surjectivity of the map of H'(Tx) — H'(Np,|x)
produces the surjectivity of the map of H'(Ts) — H'(Np,, ) by the lifting of the
first order deformation space to the commutative diagram (1.1) and the vanishing
of H2(Tz) = 0. This vanishing was proved by Catanese-Le Brun [CI] and by the
author [L] independently. Then we provide an interpretation of the deformation
space of a determinantal Barlow surface via smoothings:

Theorem. Consider a determinantal Barlow surface. Then the extension of the
two-dimensional family of the determinantal Barlow surface, in the recovering six
directions, can be interpreted as follows:
(1) one independent smoothing direction for each of the four nodes of B,
(2) two independent directions corresponding to the global smoothings induced by
the surjectivity of the map H'(Tg) — H*(Np,5)-

Throughout we work over the complex number field C. The notation here follows
the standard textbook [HI.

2. PROOF OF THE THEOREM

Let V be a smooth projective surface and D a smooth curve in V. There is
a natural map n : Ty — Npjy induced by the composition of the maps Ty —
Tv|p — Npjv. Define Ty, p by the kernel of the map of n:

(2.1) 0— Ty,p — Ty = Npjy — 0.
The short exact sequence (2.1) induces the long exact sequence
0 — H(Ty,p) — H*(Tv) — H*(Npyv) — H' (Ty,p)

(2.2) — HY(Ty) — Hl(ND\V) — HQ(Tv,D) - HQ(TV)'

In the long exact sequence (2.2), each cohomology group relates the first order in-
finitesimal deformation or obstruction:
(2.2.1) H°(Npjy) classes the first order infinitesimal deformation of D in V and
the obstruction lies in H*(Np)y),
(2.2.2) HY(Ty.p) classes the first order infinitesimal deformation of the pair (V, D)
and the obstruction lies in H?(Tv,p),
(2.2.3) HY(Ty) classes the first order infinitesimal deformation of V' and the ob-
struction lies in H2(Ty ).

We also have the commutative diagram of the obstruction maps in (2.2):

(
H°(Ty) —— H°(Npyy) —— HY(Ty,p) —— H'(Ty)
(23) obll onJ/ ob.

_n Hl(NDW) —— H*(Ty.p) —— H*(Ty).

3

The next lemma is easily obtained by the commutative diagram (2.3).
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Lemma 1. (1) Assume that the natural map n : H'(Ty) — H'(Npy) is surjec-
tive. Then obs = 0 implies that obs = 0.

(2) If Hl(NDW) =0, then obs = 0 if and only if obs = 0.
The definition of Ty, p induces a short exact sequence:
(2.4) 0 — Ty (Ip) — Ty.p — Tp — 0.

It is interesting to find the cases when the natural maps n : H'(Ty) — H'(Npy)
ort : HY(Ty p) — H'(Tp) are zero or surjective.

Definition 2. A simple normal crossing surface X (a projective surface with nor-
mal crossing, and each irreducible component is smooth) is smoothable if there is
an analytic disc A in C and a projective flat family of varieties 7 : X — A whose
central fiber is X, and a general fiber X; = 7 !(¢) is smooth for ¢ # 0. Then
m: X — A is called a smoothing of X.

Denote by T4 and T the local and global deformation objects of Lichtenbaum-
Schlessinger, respectively. In the case of reduced local complete intersection, we
have

T = Ext'y (Qx, Ox), T = Exty(Qx, Ox).

Since X is normal crossing, X is locally embedded in a smooth variety X and we
have

O—>IX/I)2(—>QX|X—>QX—>O

where IX/I)Q( is locally free Ox-module. Therefore T)Q( =0.
There exists a spectral sequence EY'? = HP(X, Ext% (Qx, Ox)) and Eo, goes to
Exth 1 (Qx, Ox). Also, there is a local-global exact sequence ([Gid], §7.3)

0 —HY(X,TY) — BExt} (Qx,0x) — H(X,Extl (Qx, Ox))
_)Hz(XvT)(}) - EXt%((QXaOX) - Hl(ngxt}((vaox))v
so the following long exact sequence holds:
(2.5) 0— HYTY) —» T — HY(TY) — HX(TY) — T% — HY(T%).
The space H*(TY) classifies all “locally trivial” deformations of X, i.e. for which
the singularities remain locally a product, and its obstruction lies in H*(T%). So
if there is a smoothing of X, then T, — H°(T%) is not zero. Let D = Sing X. If
there is a smoothing X of X, then Ty = Op(FE) for some effective divisor E. In

addition, if X is assumed to be smooth, then T% = Op. In general, T is not Op
[F], §2]. For example if X =V Up W, then T} = Np|v ® Npjw-

Definition 3. Let X be a simple normal crossing variety. Assume T% = Op for
D = Sing X. Then X is called d-semistable.

We consider the simplest case: X =V Up W with T)l( >~ Op. Then there are
relations between T, and Tv,p, Tw,p by definition of T%.

1
(2.6) 0—T% — Tv,p ®Tw,p sttt Tp — 0,

(2.7) 0 — Ty (-D) ® Tyw(-D) — TY — Tp — 0.
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Then the map H°(Npjy ® Npjw) — H?*(Tv) & H*(Tw), that is a composition
of the map HO(ND‘V ® Npw) — H?(TY) and the maps induced by the exact
sequences (2.6), (2.1), can be obtained via the following natural maps [DE].

Let wy be the obstruction class of the extension of the first-order neighborhood
of D in W to the flat model, which is in Hl(NE|W ® Tp). The splitting of the
exact sequence of 0 — Tp — Tw|p — Npjw — 0 is the same as wy = 0. Consider
the natural map

H°(Npjv ® Npjw) @ ww — H' (Npjy ® Tp)
H'(Npjv ® Tv|p)
(Tv),

induced by the exact sequence 0 — Ty — Ty (D) — Ty (D)|p — 0. The other
direction is exactly the same as this. Then the next lemma is easily obtained by
the observation.

—>H2

Lemma 4. Assume that the exact sequence 0 — Tp — Tw|p — Npyw — 0 splits
and that H?*(Tyw) vanishes. Then the map H°(T%) — H*(Ty) ® H*(Tw) is zero.
In particular, if W is a ruled surface and D is a section in W, then the map
H(TY) — H*(Ty) ® H*(Tw) is zero.

The next example in [PP] shows that the vanishing of the above map is not
enough for the obstruction map to be zero even for a d-semistable case.

Example 5. Let V' be a smooth projective surface and D a smooth curve in V.
Choose an element 7 € H'(Npy). Since H'(Npy) = Extl((’)D,NDW)7 7 corre-
sponds to a vector bundle £ of rank two over D by the extension

0— Npy —&—0Op —0.

Let W = Pp(€) and let X = V Up W. Then X satisfies d-semistability by its
construction. In [PPl §2], Persson and Pinkham prove that the image of the
map H°(T%) — H*(Ty.p), induced by the composition of the maps H°(T%) —
H2*(TY) — H*(Ty,p) + H*(Tw,p) — H?*(Tv,p) where the last map is the projec-
tion, is same as the image of n in H?(Ty,p) induced by the exact sequence (2.1).
Therefore if 77 is not in the image of the map n : H'(Ty) — H'(Npy), then there
is no smoothing of X.

Lemma 6. In Ezample 5, if we assume that the map H*(Ty) — Hl(ND‘W) 18
surjective, then the obstructiom map H°(T%) — H*(TY) is zero if and only if n is
the image of n for n € Hl(NDW).

Proof. Since W is a ruled surface, we have the vanishing H?(Ty ) = 0. Then the
assumption implies that H2(Tw,p) = 0 by the exact sequence (2.1). Since W is a
ruled surface, the map H(Ty) — H*(Tp), induced by the splitting of the exact
sequence (2.1), is surjective. This splitting also applies to the surjectivity of the
map t : HY(Tw.p) — H'(Tp) induced by the exact sequence (2.4). Therefore
H?(T$) = H*(Ty.p) by the exact sequence (2.6). O

Lemma 7. In Ezample 5, if we assume that H*(Ty) = 0, then X has a smoothing
if and only if n is the image of n.
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Proof. 1f X has a smoothing, then the map H°(T%) — H?(T%) is zero. So 7 is in
the image of n by the argument in Example 5. Assume that 7 is in the image of
n. So there is an element § in H'(Ty) such that n(f) = 5. Since H*(Ty) = 0, we
have the #-direction deformation of V' i.e. there is a flat family = : ¥V — A with
771(0) = V and 6 corresponds to the extension 0 — Ty — Ty |y — Oy — 0. Blow
up D in V; then we have a smoothing of X. O

Example 8. Let V7, W; be smooth projective surfaces. Assume that o : V; — Wy
is a double covering branched over a finite disjoint union of irreducible smooth
curves. Assume that there is a smooth curve D in W outside of branch loci. Write
o~ YD) = Dy + D2, D= D, for i = 1,2. Then the analytic neighborhood of D in
W1 is isomorphic to that of Dy in V4, in particular Npjy, = Npw,. For convenience
we also write Dy = D.

Choose a nonzero element 7 in H'(Npp,) = H'(Npjw,). Construct Wy =
Pp(E) where £ corresponds to the extension sheaf of n (Example 5). Let X =
ViUp Wy and Y = Wy Up W5, Then one may guess the following statement: X
has a smoothing if and only if Y has a smoothing. But this is not true in general
by the next example.

Example 9. Choose a smooth curve C' with g(C) > 2 and a finite morphism
f : C — P!. This induces a finite morphism f and a commutative diagram

CxD —L . pPlxD

l l

f

L P!

where D is a smooth curve with g(D) > 2. Then f is branched over finite fibers
D+,...,D,. Choose a fiber Dy such that Dy is outside of {D;,...,D,}. Let
Vi =C x D, W; = P! x D. Since we choose Dy outside of the branch loci,

Npovi = Npgjw, = Op,-

Choose a nonzero element 7 € H'(Op,). Construct Wy = Pp,(£). Then X =
Vi Up, W2 has no smoothing by Lemma 10 and Example 5, but Y = W; Up, Wa
has a smoothing by Lemma 11.

Lemma 10. Let C, D be smooth curves of genus g > 2, and let X = C' x D. Then
the map n : H'(Tx) — H'(N¢|x) is zero.

Proof. Tt holds that H'(Tx) = HY(Tc)®H'(Tp). The map n restricted on H'(T¢)
to H 1(NC| x) is derived from the splitting of the long exact sequence of 0 — T —
Tx|c — N¢jx — 0. Also, the map n restricted on HY(Tp) to Hl(NC|X) is zero
since D lies on the fiber of X — C. O

Lemma 11. In Example 9, Y = Wy Up, Wa has a smoothing. And the natural
map n: H (Tw, ) — H'(Npyw, ) is surjective.

Proof. Choose any n € H'(Np,w,) = H'(Op,). Consider a trivial family W of
Wy = Pp,(€) where £ corresponds to an extension sheaf of 7. Blow up the central
fiber; then we have Y = Wj Up, W3 in the central fiber. So Y has a smoothing.
By Lemma 7, 5 is in the image of n. (|
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According to the above example, the same analytic neighborhood of the double
curve is not enough to determine whether a smoothing exists or not. Let us go back
to the question in Example 8. Let o : Vi — Wj be a double covering branched
over C' where C consists of a finite disjoint union of smooth curves. There is a
relation between the cohomology of the tangent sheaf of V3 and the cohomology of
the tangent sheaf of Wy [C2]:

(2.8) 0 — 0.(c"Qw, (Kv,)) — (v, (Kv,)) — Oc(Kw,) — 0
and it holds the long exact sequence by Serre duality

0 — H(Tv,) — H°(Tw,) ® H°(Tw, (—L)) — H*(Oc(C)) — H' (Ty,) — ...
where 2L ~ C. In particular, H%(Ty,) = 0 implies that H?*(Tw,) = 0.

Proposition 12. Consider Ezample 8 under the assumption H?(Ty,) = 0. Let C
be a branched divisor. Assume that D = P! or L itself is effective for 2L ~ C.
Then we have the following :
(1) If X has a smoothing, then' Y has a smoothing.
(2) If Y has a smoothing and the preimage of n in H'(Tw,) goes to zero in
HY(Ncyw,), then X has a smoothing.

Proof. Since we have the vanishing H?(Ty,) = H?(Tw,) = 0, the smoothability of
X and Y is determined by the image of the following natural maps by Lemma 7:

ny : H'(Ty,) — H (Nppv,) n2: H' (Tw,) — H' (Npyw, ).

Since D = P! or L is effective and since D is outside of the branched divisor C, we
have 0.0* Npjw, (=L) = Np|w, -

From the commutative diagram (in the diagram, the vertical map is induced by
the dual sequence of the exact sequence (2.8))

O x TV1 —_— O« ND|V1
(2.9) 0.0"Tw,(=L) —— 0.0"Npjw,(—L) = Npw,
Neyw,
the following commutative diagram in the long exact sequence of cohomology holds:
H'(Tv,) —— H'(Npv,)
(2.10) HY(Tw,) ® H'(Tw, (-L)) — H'(Npjw,)
H*(Noyw,)

By the splitting of the eigenspaces of Zs-action, the maps of H'(Tw,(—L)) —
H'(Npjw,) and of H'(Tw,(—L)) — H'(Ncjw,) are zero. Then the proof is ob-
tained by the commutative diagram (2.10) and Lemma 7. O

By Proposition 12, we finish the proof of the Theorem.



(B]
[c1]
[C2]
[CL]
[DF]
(F]
[Go]
(H]
(1

[PP]
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