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AN EXPRESSION OF SPECTRAL RADIUS
VIA ALUTHGE TRANSFORMATION
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(Communicated by Joseph A. Ball)

ABSTRACT. For an operator T' € B(H), the Aluthge transformation of T is
defined by T = |T|2U|T|2. And also for a natural number n, the n-th Aluthge

transformation of T is defined by ﬁl = (’1/“;;/1) and ﬁ =T. In this paper, we
shall show

lim || T, = r(T),
n—oo

where r(T) is the spectral radius.

1. INTRODUCTION

As a characterization of the spectral radius, it is well known that lim [|7"| w =
n—oo

r(T). This result is very famous and quite useful. On the other hand, Aluthge [I]
defined a transformation T of T by T = |T|2U|T|2, where T = U|T| is the polar
decomposition of T T is called the Aluthge transformation of T'. Many researchers
have obtained their results by using Aluthge transformation, for example, [1], [2],
3], [, [6], [7], []]. It is easily obtained that ||T|| > ||T]| > r(T) = r(T).

Recently [9], as a generalization of Aluthge transformation, for each natural
number n, we defined a transformation i: of T by

Tn: (T’;L\;/l) and ﬁzf

We call ﬁ the n-th Aluthge transformation of T'.
In this paper, we shall show another characterization of the spectral radius by
using n-th Aluthge transformation as follows:

Theorem 1. Let T € B(H). Then lim |T,| = r(T).
n—oo

2. PROOF

In what follows, a capital letter means a bounded linear operator on a complex
Hilbert space H. An operator T is said to be positive (denoted by T > 0) if
(Txz,x) > 0 for all z € H. To prove Theorem [Il we prepare the following results.
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Theorem A ([5]). Let A and B be positive operators, and X € B(H). Then
IA*X B*|| < [[AX B> X'~

holds for all o € [0, 1].

Lemma 2. For a natural number n and k =0,1,--- ,n+1, let
nl(n — 2k +1)

2.1 Dy=———/—¥#——/—.

(2.1) TR T K=k + 1)

Then the following assertions hold:

(i) nDo =1 for all natural numbers n.
(ii) wDk + nDit1 = nt1Dg+1 for all natural numbers n
and k=0,1,--- n.
(iil) 2n+1Dn = 2nt+2Dn+1 for all natural numbers n.
(%]
(iv) Z(n —2k+1),D =2",
k=0
where [5] is the largest integer satisfying [5] < 5.
-2 D
(v) tim P26+ DnDr

n—00 2n

Proof. (i). By (1)), we have

= 0 for all positive integers k.

nl(n+1)
Dy=—7—"2==1.
0T 0+ 1)

(ii). By (21), we obtain
nl(n—2k+1) nlln—2k—-1)

Eln—k+1)!  (k+1Dl(n—k)!
n{(k+1)(n—-2k+1)+(n—-k+1)(n—-2k—-1)}
(k+ Dl(n—k+1)!

_ nl(n+1)(n—2k)
C(k+D(n—k+1)!
 (n+Dn—-2k) D

T+ D(n—k+1)y MR

(iii). By (il) and 25,41 Dn+1 = 0, we have

nDk + nDkJrl

an+2Dn+1 = 2n+1Dn + 2n11Dny1 = 2n41Dn.

(iv). We shall prove (iv) by induction on n.
(a) The case n = 1. By (2.]), we obtain

3]
(1—2k+1),Dyp =2,Dy = 2.
k=0

(b) Assume that
(7]

(2.2) (n —2k)p_1Dy = 2" 1.
k=0
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(c-1) The case n = 2m + 1 for m = 1,2,---. Then [2] = [251] = m. Hence we
obtain
m
> (n—2k+1),
k=0
= (n+1),Do + Z(n — 2k + 1), Dy
k=1

=Mm+1)n1Do+ > (n—2k+1)(n-1Dk—1+ n1Dg) by (i) and (ii)
k=1

m m
=(m+1Dn1Do+ > (n—2k+1)y 1Dp 1+ Y (n—2k+ 1), 1Dy
k=1 k=1

m—1 m
=Y (n—2k- 1)n_1Dk+Z(n—2k+1)n_1Dk
k=0 k=0
m—1
=2 (n—2/<;)n,1Dk—|—(n—2m+1)n,1Dm
k=0
m—1
=2 (n—2k)pn—1Dp+2,_1Dp, byn=2m+1
k=0

(n—2k), 1Dp=2-2""1=2" by (2.2).

Il
e

o
Il
=]

(c-2) The case n = 2m+2 for m =0,1,2,---. Then [2] = m+1 and [25}] = m.
Hence we obtain

m—+1
> (n—2k+1),Dy
k=0
m—+1
=(m+1)nDo+ Y _ (n—2k+1),Dy
k=1
m+1
=(n+1)n1Do+ > (n=2k+1)(n-1Dx1+ n-1Dx) by (i) and (ii)
k=1
m—+1 m—+1
=+ 1n1Do+ > (n—=2k+1)y 1 De1+ Y (n—2k+ 1)1 Dy
k=1 k=1
m m+1
=> (n=2k=1), 1Dx+ Y _(n—2k+1), 1Dy
k=0 k=0

23 (0= 2k)n 1Dk + {n—2(m+1)+ 1} 1D i1
k=0
=2.2""1=2" by (2.2) and ,_1Dpmi1 = 2ms1Dmy1 = 0.
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(v). We remark that

[e3%

(2.3) lim — =0 holds for fixed a > 0.
n—oo 21
(a) The case k = 0. We have
1),D 1
fm EDeDo o 0D g o),
n—00 n nooo 9n+1
(b) The case k = 1. We have
L (n=DnDi 1 (n-1)°
T T e S0 WY

(c) The case k > 2. For sufficiently large n,
(n—2k+1),Dy  nl(n—2k+1)?

0< =
= on 2 kl(n —k+ 1!

k-1
~nn—1)---(n—k+2)(n—2k+1)>
N 2nk!
ML) ok e
- 27 k! - o2n

Hence we obtain (v) by (23).
Lemma 3. Let T € B(H). Then
IT < T T ¢
holds for all natural numbers n.
Proof. Let T = U|T| be the polar decomposition of T'. Then we have
= 1 1 1 _ 1
1T = (T |zU|T|2)"| = T2 (U|T)" " U|T 2|
< ITI@ )" UIT|IFIWIT)" V> by Theorem A
= [T T

Lemma 4. Let T € B(H) and m = [§]. Then

, D D , D nD,
712_”0 772_”1 . HT”72]€+1H w2nk HT”meJrl ”2"’”

Tl < 1T = |7

Proof. We shall prove Lemma Hl by induction on n.
(a) |T]| < || T?||7 holds by Lemma B3l
(b) Assume that

n—1Do 2 n—1D1
on—1 ||T"— || on—1

[T |l < (1T

(2.4)
noilk |Tm2m

1—1

on—1

e X HT”72]€

where m = [25=].
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(c-1) The case n = 2m +1 for m = 1,2,---. Then [2] = [2%5%] = m. Hence by
(24), we have

P

ITall = I(T)nsl

~apn=ilo  ~ o n—1D1
< 7)==

on—1

SRR s e e

~o n—1DPm— ~ n—1Dm

ST T e
1 R nolml

< (||T”+1||2||T" YE) T (I E e E)

n—1Dp_1

X oo X (||Tn_2k+3||%||T"_2k+1||%) PYE

n—1D

n—1-k
% (||Tn—2k+1 ” 1 ||Tn—2k—1|| %) on—1

= e
xoo (IEITRE) T TR
_ ||T’n+1 n— 1 0||Tn 1 n—1DPo+n—-1D1
X~.~><|| 27T ||T S
= ||T"Jrl "l T 2k41) 20k ||T2 nDm

by (i) and (ii) of Lemmal[2 and the last inequality holds by Lemma [3]
(c-2) The case n =2m+2 form =0,1,2

,1,2,---. Then [2] =m+1 and [%51] = m.
Hence by (24), we have
1Tl = 1(T)

~n n—1Do 9 n_1D1
< [T ==l

on—1

X o [T 2R e P2k

T T
n—1Do n—1D1
< (“T”‘Fl”%”Tﬂ*lH%) on—1 (HTn,l”%”Tn,:g”%) on—1

n—1Dk_1

"o x (||T”*2’“+3||%||T"*2k+1||%)2”7’1

n—1Dp

% (||Tn—2k+1|| b2k H%) T

n—1DPm—1 n—1DPm
1 1 n—1 1 1 n—1
X x (||T5||f||T3||f) (i)

= P

n—1Dotn_1D1

_ 1+ n_1D
><-~-><||T"_2k+1 n—1D k21ﬂ n—1Dg

n—1Pm_1+n_1Dm n—1Dm
37 I

..HT3

1T
77L+1

| 7|

by (i), (ii) and (iii) of LemmalZ, and the last inequality holds by Lemma[3]

o (i

O
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Lemma 5. Let {a,}52, be a sequence satisfying lim a, = a, and for each natural
n—oo

number n, let {on k}1_, be a positive sequence satisfying

(2.5) Op1+ - Fonr+-+ap, =1 for all natural numbers n

and lim oy, =0 for firted k =1,2,---. Then
n—oo

lim (o101 + -+ + ap g + - - + appan) = a.

n—oo

Proof. For any € > 0, there exists & > 0 such that |a, — a|] < ¢ and
apilar —al + - + anilar —a| < e for all natural numbers n > k by the as-
sumptions lim a, =a and lim «j, ; = 0. Then we have

n—o0 n—o0
[(@n,1a1 + + Qn k@K + O k4 1@k 41 + + Q@) —
=|api(a1 —a) + -+ an k(ar — a)
+ appr1(art1 —a) + -+ apn(a, —a)| by (2.5)
<apilar —al+ -+ aprlar —al
+ o kr1larsr — al + - + anplan — al
< apilar —al+ -+ apilag — al
+{l—(ona1+---+ank)te by (2.5)
< 2e.
([l
Proof of Theorem [1l Let m = [%]. Then by Lemma[4, (iv) of Lemma [2land Arith-
metic mean-Geometric mean inequality, we have
r(T) = (L) < |Tull < 77 77

%’1 L HTn—2m+1

nDj
T

nDm
o

HTn—Qk-i—l

< (n + 1)nDO
> on

||Tn+1 ”1+1 + (n _2ln)nD1

(n -2k + 1)’ﬂDk ||Tn72k+1
n

_1_
n—1

HTn—l

1
n—2k+1

(n—2m+1),D

4ot o ™| 2mA L |
—r(T) asn— o
by lim ||T”||% =r(T), (iv) and (v) of Lemma Pl and Lemma [ O
n—oo
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