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ABSTRACT. We study the Cauchy problem for the nonlinear degenerate para-
bolic equation of second order

u = ulu—7|Vu|? in Q= RN x RT,

u(z,0) = uo(x) in RN,

and present regularity results for the viscosity solutions.

1. INTRODUCTION

We study the Cauchy problem for the equation

(1) uy = ulu —y|Vul> in Q=RN x RT,
with the initial data
(2) u(z,0) = uo(x) in RV.

Here « is a nonnegative constant and the initial function ug satisfies ug € C(RY)N
L>®(RYN) and up > 0 in RY.

Equation () arises in several applications in biology and physics [1] 2] [3]. It is
degenerate parabolic at the points where u vanishes. Therefore the Cauchy problem
(@), @), in general, has no classical solutions. The weak solutions are defined as
follows:

Definition 1. A function u € L>°(Q) N L%, ([0, +oc]; H},.(RY)) is called a weak
solution of (), @) if u > 0 almost everywhere in Q and

(3) /RN qu(O)dx +//Q(U¢t —uVu -V — (1 + 7)|VU|21/))dxdt —0

for any 1 € C11(Q) with compact support in (2.

In [2] a weak solution is constructed by the well-known viscosity method: let
we(x,t) be the unique solution in C%1(Q) N C(Q) N L°(2) of the Cauchy problem
with equation replaced by

(4) up = ulu — y|Vul|? + eAu
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where € > 0 (see [4]). Then
(5) Ue = We + €

is a classical solution of the Cauchy problem with ug replaced by ug, = up + €.
Since ue(x,t) is nonincreasing with respect to e,

(6) u(z,t) = l%ue(xvt) = g%we(xvt)

is well definded for all (z,t) € Q.
It is proved in [2] that u is a weak solution of (), ().

Definition 2. The weak solution of (), (2)) constructed by the vanishing viscosity
method is called the viscosity solution.

Let u(x,t) be the viscosity solution of (), [@)). Then it is proved in [2] that
N=1=ueC)
and

v > %N =uecC(Q)nch(Q).

So, it is natural to ask what the smoothness of w isif N > 2 and 0 < v < % One
result in [2| shows that if

N>20<~<1,

then w is not necessarily continuous in Q.

In this paper, by using the method developed in [51 [0, [7], we study the regularity
of the viscosity solution of the Cauchy problem (I), (2) for v > v2N —1, and obtain
certain conditions under which wu(z,t) is Lipschitz continuous. We also show that
for 4 < V2N — 1 this method will meet difficulty except for special cases.

The method is to apply the maximum principle to obtain uniform estimates after
some suitable transforms to the original equations. A similar idea was also used by
P.Z. Mkrtychyan to different problems. The readers may refer to the references [§],
[9] for the details.

2. THEOREM AND PROOF
The main result is the following.

Theorem. If v > V2N — 1, |V(u(1)+%)| < M, where M 1is a positive constant,
o + (v + Da+ & <0, then the viscosity solution u(z,t) of equation (I), (@)
satisfies |V(u't2)| < M in Q.

Proof. We may add a small positive perturbation € to the initial data (2) and the
“viscosity ” term eAu to the right-hand side of equation (), and then resolve the
Cauchy problem for this new strictly parabolic equation with positive initial data
and obtain the approximated solutions wu.. If u. satisfy some regular estimates, then
there exists a subsequence u,, converging uniformly as ¢, — 0T, on any bounded
region, to the solution u of the Cauchy problem (), (). This technique is standard.
For simplicity, we omit the details and only give the uniform estimate.
Let
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From () we obtain that

N N
wy = Z Ug; [UIIAU + U(Z ul’il’jwj) - W(Qw)l’z]

N
= 2wAu+u Z (Ue,Ueia;)e; — ui%] - 272 Ug, Wy,
) —
N
(8) = 2wAu+uAw —u Z uz, z; — 2 Z Ug; Wy, -
4,j=1 i

Set
(9) 2= f(u)w.
Then
(10) Wz, = (f_l)xf,z""f_l
and
(11) Waiwr = (F 7 Daiwiz + 200 s 2as + 7 20

These imply that

(12) Aw= 1Az —2f72f Zux1zx7 +2( fIQf ff”) 2 f_; Au.
i=1
So from (B)), (@) and (I2) we get
ze = 2f(w)wAu —uf(u Z us u)(uAu — 2yw)w
i,5=1
+ fw)Aw—27f(u Zuxwx
N
= wlAz— 2f tuf +27) Zumzx
i=1
4 12 2 1" 2 !
i
N
(13) + 2zAu—uf(u) Z uixj
ij=1
We choose in ([13)
(14) flu) =u®.
Since
al 1
(15) doul, > N(A“)Q’
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then from (I3)), (I4) and (I3

N

2zt <ulz —2(a+7) Z Uy, Zas
i=1

a+1
(16) +2a(a+ v+ Du" 12 + 22Au — (Au)?.
For v > /2N — 1, if « satisfies
N
(17) a2+(7+1)a+3§0,
then
a+1
(18) 20(a 4y + Du" 122 + 22Au — UN (Au)? <0

Therefore from (I6) and (I8) we have

N
(19) 2 < qu—Q(a—i—’y)Zumzm.

i=1
By applying the maximum principle to [Id)), we have |z|s < |20]co. From (@), @)
and () we get |V(u!T2)| < M provided |V(u(1)+5)| < M where « satisfies (I71)
and M is a positive constant. ([l

By the Theorem, we can easily draw some conclusions about the smoothness of

wif v > V2N — 1.

Corollary. Under the same conditions as in the Theorem, the viscosity solution
u(z,t) of equations M), @) is Lipschitz continuous with respect to x and Hélder
continuous with exponent % with respect to t in 2.

Proof. From the construction of the viscosity solution u(z,t), we know that it can
be approximated from above by the classical solution u.. So from the Theorem,

(20) lug,| < Mu™2% < My,

where M; > 0 is a constant.
The Hoélder continuity in ¢ follows directly from a result by Gilding [10].

O
Remark 1. Since v2N —1 < %, the result improves the continuity result for v > %
in [2].
Remark 2. The smoothness of u if 0 < < v/2N — 1 remains an open problem. By

the above approach it can only be solved for very special cases.
From (I3) we find that if f(u) satisfies

(21) I -2t >

then
N

)22+ 22Au — uf(u) Z ui% > 0.

i,5=1

4uf/2 2Uf” 2,)/]('/
ER ERE

(22) (
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Thus we have from ([3)) and (22) that

N

(23) ze <ulz — (2f tuf’ +2) Zuxzm
i=1

Applying the maximum principle to (23], we have |z|s < |20|co. Therefore we may
have

N
(24) flu)d uz, <M
i=1
when
N
(25) fluo) Y ug,, < M.
=1

If we can find some other f(u) satisfying (2I), we may hope to get some new
estimates. However, it is not successful. In the special case of (2Il) when it turns
to be an equation, we may set

dln f(u)

26 F=——=.

(26) T

Then

N

(27) W?F = u?F? + yuF + 5
Set again

28 h(u) = uF(u).

(

It turns out to be

dh du
(29) oON— Dz —
(h+ 251)? 4+ 2GR
If v < V2N — 1, the solutions of 21I) are given by
(30) flw) :u_WTH|cos(ozlnu—|—c)|_17
where
_ 2
2o -+ 1)
4
But (25) can only be satisfied for very special uy.
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