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ABSTRACT. Let D be a division ring and let V= D" be a finite-dimensional
right D-vector space, viewed multiplicatively. If G = D® is the multiplicative
group of D, then G acts on V and hence on any group algebra K[V]. In
this paper, we completely describe the semiprime G-stable ideals of K[V], and
conclude that these ideals satisfy the ascending chain condition. As it turns
out, this result follows fairly easily from the corresponding results for the field
of rational numbers (due to Brookes and Evans) and for infinite locally-finite
fields (handled in Part I).

INTRODUCTION 11

This is a continuation of [PZ2]. We use the notation of that paper, as well as
the material from sections 1 and 2. In particular, this paper begins with section 3.

We recall that if V' is a multiplicative abelian group, then K[V] denotes its
group algebra over the field K. Furthermore, if A is a subgroup of V', then there
exists a natural epimorphism K[V] — K[V/A] and we let w(A;V) = wk(4;V),
the augmentation ideal of A in V', denote its kernel. Thus, w(A; V) is the K-linear
span of all elements of the form (1 — a)v with a € A and v € V. If G is a group
which acts as automorphisms on V, then G also acts on K[V], and it is clear that
A is a G-stable subgroup of V' if and only if w(A; V) is a G-stable ideal of K[V].

Now suppose that D is a division ring and let V' be a right D-vector space. Then
G = D* acts on V and hence on the group algebra K[V], when we view V as a
multiplicative group. The goal of this paper is to determine all semiprime G-stable
ideals of K[V], and our main result is

Theorem B. Let D be an infinite division ring and let V' be a finite-dimensional
right D-vector space. Furthermore, let G = D® act on V' and hence on the group
algebra K[V]. Then every G-stable semiprime ideal of K[V] can be written uniquely

as a finite irredundant intersection ﬂle w(A;; V) of augmentation ideals, where
each A; is a D-subspace of V.. As a consequence, the set of these G-stable semiprime
ideals is Noetherian.
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As we will see, this follows fairly easily from two special cases, namely the field
of rational numbers (due to Brookes and Evans in [BE]) and infinite locally finite
fields (handled in Part I). We note that if D is finite, then D is a finite field, and the
description of the G-stable ideals of K[V] is essentially contained in Lemma 2.1.
In particular, there are G-stable ideals not contained in the augmentation ideal
w(V; V) and there is no uniqueness result. In the case of infinite-dimensional vector
spaces, we have at least

Corollary C. Let D be an infinite division ring and let V' be a right D-vector space
of arbitrary dimension. Let G = D® act on'V and hence on the group algebra K[V].
Then every G-stable semiprime ideal of K[V] can be written as an intersection
N, w(Ai; V) of augmentation ideals, where each A; is a D-subspace of V.

3. DIVISION RINGS

For convenience, we say that a division ring D has property (x) if for any finite-
dimensional right D-vector space V and any field K, every D®-stable semiprime
ideal of K[V] can be written as a finite intersection ﬂle w(A;; V) of augmentation
ideals, where each A; is a D-subspace of V. We start with a trivial remark.

Lemma 3.1. Let D be a division ring and let V' be a right D-vector space.

(i) The group algebra K[V] is semiprime unless char D = char K = p > 0.

(ii) If charD = char K = p > 0, then w(V;V) is the unique semiprime ideal
of K[V]. Hence, this case need not be considered when deciding whether D
satisfies property (x).

Proof. If charD = 0, then V is a torsion-free abelian group. Hence any group
algebra K[V] is prime and consequently semiprime. If char D = p > 0, then V
is an elementary abelian p-group. In particular, if char K # p, then K[V] is von
Neumann regular, by [Pl Theorem 1.1.5], and consequently also semiprime. Finally,
if char K = p, then w(V;V) is both a nil and a maximal ideal. Hence it is the
unique semiprime ideal of the ring. In particular, the (x) condition is automatically
satisfied in this case. O

Next, we list a few basic observations.

Lemma 3.2. Let D have property (x) and let V be a right D-vector space.

(i) D is infinite.

(ii) If V is finite dimensional, then every D®-stable semiprime ideal of K[V] can
be written uniquely as a finite irredundant intersection ﬂle w(A;; V) of aug-
mentation ideals, where each A; is a D-subspace of V.

(iil) If V has arbitrary dimension, then every D®-stable semiprime ideal of K[V]
can be written as an intersection (|, w(A;; V) of augmentation ideals, where
each A; is a D-subspace of V.

Proof. (1) If D is finite, then so is any finite-dimensional D-vector space V. If
char K # char D, then the principal idempotent e of the semisimple group algebra
K|[V] is centralized by D*®. Hence the ideal eK[V] is a D*®-stable semiprime ideal
not contained in w(V; V).

(i) Any finite intersection of augmentation ideals can be reduced to an irredun-
dant intersection. Since D is infinite, all D®-sections of V are infinite, so uniqueness
follows from Lemma 1.4.
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(iii) If I is a semiprime ideal of K[V] and if W is any finite-dimensional subspace
of V, then I N K[W] is a semiprime ideal of K[W]. Thus, by (x), I N K[W] is a
finite intersection of augmentation ideals, and Lemma 1.9 yields the result. O

Our goal is to prove that every infinite division ring D satisfies (). To this end,
we first show how to lift this property to certain extensions.

Lemma 3.3. Let F be an infinite field and let n > 1 be an integer. Then for
every integer k > n, there exists an n X k matriz My, over F such that all n x n
submatrices of My, are nonsingular.

Proof. Tt clearly suffices to show that, for each & > 1, the vector space F'™ contains
a set Sy of distinct vectors {vq,va, ..., v} such that every n of these are linearly
independent. We proceed by induction on k, starting with a basis .S,, of ™. Then,
having found Sy = {v1,v2,... , vk}, choose vi+1 not contained in the union of the
finitely many (n — 1)-dimensional subspaces of F™ spanned by the subsets of Sj, of
size n — 1. Note that, since F is infinite, this union is properly smaller than F™.
Clearly, Sk4+1 = {v1,v2,... , Uk, Vk+1} also has the required property. O

In the following, we let F' be a field and D an F-division ring. By this we mean
that F is contained in the center of D.

Lemma 3.4. Let D be an F-division ring, let V' be a right D-vector space, and
assume that K[V] is semiprime. If F' has property (x) and if A is an F-subspace
of V, then

ﬂ w(A; V) =w(B; V)
zeD*
where B is the largest D-subspace of V' contained in A.

Proof. Let I denote the above intersection. Then I is a D*®-stable ideal and certainly
I D w(B;V). Thus, via the D*-homomorphism K[V] — K[V/B], it clearly suffices
to assume that B = 1 and then to show that I = 0. Note that each w(A;V)* =
w(A*; V) is a semiprime ideal by Lemma 3.1(i), and hence I is also a semiprime
ideal of K[V].

Suppose, by way of contradiction, that I # 0. Then we can choose a finite-
dimensional F-subspace C of V with I N K[C] # 0. Thus, since this intersection is
a nonzero F'*-stable semiprime ideal of K[C] and since F has property (%), we can
write N K[C] = i, w(Ci; C), where Cy, Cs, ... , C,, are nonidentity F-subspaces
of C. By Lemma 3.2(i), F' is infinite.

We first note that for each y € D, there exists j € {1,2,...,n} with CJV C A.
This is clear for y = 0 since C}J = 1. Now suppose that y # 0 and note that

w(C¥;CY) = (INK[C))" =Y N K[CY] =T N K[CY]

n
Jj=

CwlAV)INK[CY] =w(ANCY;CY)
by Lemma 1.1(i) and the fact that I is D*-stable. Thus, since all F'*-sections on
the F-space CY are infinite, Lemma 1.4 implies that w(C';-’; CY) Cw(ANCY;CY),
for some j, and hence that C;’ C ANCY C A, as required.

Since B = 1 and C; # 1, we know that [[ _,. Cf € A. Thus, for each i,
there exists z; € D® with C7* ¢ A. Now take k = n? and form the n x n? matrix
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M = [fr ] over F, given by the preceding lemma, with the property that each nxn
submatrix is nonsingular. For each column subscript s, let y; = Z:=1 zr frs € D.
Then, as we observed above, there exists a subscript s’ € {1,2,...,n} satisfying
CYr C A. Since there are n? choices for s and only n choices for s', it follows that
there exist n distinct column subscripts s having the same value s’. For convenience,
let us assume that C7* C A for s =1,2,... ,n.

Let us temporarily revert to additive notation for the D-vector space V. Then
for each ¢ € C1, we have

ZcxrfryszcyseA forall s=1,2,...,n.
r=1

We view this as a system of n linear equations in the n unknowns cx,., with matrix
of coefficients N = [f 5], the first n columns of M. Thus, since det N # 0 and since
A is an F-space, we can solve for each cz, and conclude that cx, € A for all c € C
and subscripts r. In particular, we have Cix1 C A and, since this contradicts the
definition of x1, we conclude that I = 0. O

One can extend the above result from division rings to certain F-algebras con-
taining “mostly” units. Namely, let R be an F-algebra and let V' be an R-module.
Then R*®, the group of units of R, acts on V and hence on K[V]. To apply the
preceding argument to this situation, we need to know that if z1,z9,... ,z, € R®,
then

{(fisfoseov s fn) € F™ | fiwn 4 fozo + -+ + fozn € R}

is not contained in a finite union of proper subspaces of F". For example, this holds
if R is semilocal, that is, a ring having just finitely many maximal one-sided ideals.

Lemma 3.5. Let D be an F-division ring. If F' has property (), then so does D.

Proof. Let V be a finite-dimensional right D-vector space and let I be a D®-stable
semiprime ideal of K[V]. In view of Lemma 3.1(i)(ii), it suffices to assume that
K|[V] is semiprime. Since I is F'*-stable, it follows from (x) and Lemma 3.2(iii)
that I is an intersection of augmentation ideals of the form w(A; V) with A an F-
subspace of V. But [ is D®-stable, so I can be written as an intersection of ideals
of the form (N, . p. w(4;V)*. By Lemma 3.4, each of these latter intersections is an
augmentation ideal w(B; V) with B a D-subspace of V. Thus I is an intersection
of suitable w(B; V). Finally, since dimp V' < oo, we see that V has a finite-length
composition series as a D®-module. With this, we can conclude from Lemma 1.6
that I is a finite intersection (), w(C;; V'), where each C; is a D-subspace of V. O

Next, we show that property (*) is inherited by division subalgebras. Part (ii)
of the following is almost entirely notation.

Lemma 3.6. Let D C FE be division rings.

(i) If S is a finite subset of E® and if D is infinite, then there exists a D-linear
functional \: pE — pD such that \(1) =1 and \(S) C D°.

(ii) LetV be a right D-vector space and let W =V ®p E be the natural extension
of V to a right E-vector space. If \: pE — pD is a D-linear functional
with A(1) = 1, then the map A: W — V given by v ® e — vA(e) is a group
homomorphism which is the identity on V. =V ® 1. Hence A determines
an algebra homomorphism A: K[W| — K[V] which is the identity on K[V].
Furthermore, A(a®) = a™®) if a € K[V], e € E* and \(e) € D°.
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Proof. (i) We can assume that 1 € S. Now H = Hom(pFE, pD) is a right D-vector
space and, for each s € S, H; = {\ € H | A\(s) = 0} is a proper D-subspace. Since
D is infinite, |H : H,| = oo and it follows from [P| Lemma 4.2.1] that we can choose
pe H with g ¢ |J,cq Hs. Thus A\ = p(1)~* has the required property.

(i) We note that W = V ®p E is the natural extension of V to a right E-
vector space and we identify V' with V ® 1. Since A\: pE — pD is a D-linear
functional, the map V' x E — V given by (v,e) — vA(e) is bilinear and balanced.
Hence, it determines an additive homomorphism A: W =V ® E — V given by
A(v ® e) = vA(e). Then A is the identity on V =V ® 1 since A(1) = 1, and in
multiplicative notation, A determines an algebra homomorphism A: K[W] — K[V]
which is the identity on K[V]. Finally, if e € E*® and A(e) € D®, then A(ve) =
Al(v®1)e) = Alv ® e) = vA(e), and this translates in multiplicative language to
A(v®) = v, Consequently, A(a®) = a*® for all a € K[V]. O

With this, we can prove

Lemma 3.7. Let D C E be infinite division rings.
(i) Let V' be a right D-vector space and let W =V @p E be its natural extension
to a right E-vector space. Suppose I is a D®-stable ideal of K[V] and let
J = Y ecpe I°K[W] be the E®-stable ideal of K[W] generated by I. Then
JNK[V] =1 and VINK[V] =TI
(ii) If E has property (%), then so does D.

Proof. (i) Certainly, J N K[V] D I. For the reverse inclusion, let o € J N K[V]
and note that o € J can be written as a finite sum o = Zle B~ with 3; € I,
vi € K[W] and e; € E®. Since D is infinite, Lemma 3.6(i) implies that there
exists a D-linear functional A\: pE — pD with A(1) = 1 and A(e;) € D*® for all
1=1,2,... k. We use A in Lemma 3.6(ii) to construct an algebra homomorphism
A: K[W] — K[V] which is the identity on K[V] and which satisfies A(7¢) = 77()
forall 7 € K[V]and all e € E® with A(e) € D*. Then, by applying A to the formula
for a, we obtain

k
o= Aa) = 3 AB)AC) = 305 A)
i=1 i=1
since A(e;) # 0. But 3; € I and I is D*-stable, so B;‘(ei) € I and hence a € I.
Finally, it is clear that v/J N K[V] D V/I. For the reverse inclusion, let § €
V.J N K[V]. Then for some integer n > 0, we have 6" € JNK[V] =1, 50§ € V1.
(ii) Let K be a field, let V be a finite-dimensional right D-vector space, and
let I be a D*-stable semiprime ideal of K[V]. Set W = V ®p E and use the
notation of part (i). Then W is a finite-dimensional right E-vector space containing
V =V®l,andwelet J =) . p. [°K[IW] be the E*-stable ideal of K [W] generated
by I. Since v/.J is clearly an E®-stable semiprime ideal of K[W], () implies that
VI = ﬂle w(B;; W) is a finite intersection of augmentation ideals with each B;
an E-subspace of W. But I is a semiprime ideal, so I = VT = K[V]N+/J by (i),
and Lemma 1.1(i) yields
k k
I=VI=KVINVJ=K[V]n(\wB;W)=(|wBNV;V).
i=1 i=1

Since B; NV is a D-subspace of V', we see that I has the appropriate form. O
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It is now a simple matter to obtain our main results.

Proof of Theorem B and Corollary C. Let D be an infinite division ring. Our first
goal is to show that D has property (x). If char D = 0, then D contains the field
Q of rational numbers as a central subfield, and @ satisfies (x) by [BE|, Proposition
6]. Thus, by Lemma 3.5, D has property (x), and it now suffices to assume that D
has characteristic p > 0.

Let F be an infinite field of characteristic p and let F be its algebraic closure.
Then F contains L, the algebraic closure of GF(p), and L is an infinite locally finite
field. Thus, by Theorem A and Lemma 3.1(ii), we see that L has property (x), and
then Lemma 3.5 implies that F' has property (). But F' is infinite, so we can now
conclude from Lemma 3.7(ii) that F also satisfies (x).

In particular, if D has an infinite center F, then F satisfies (x) and therefore so
does D by Lemma 3.5. Finally, if D is arbitrary, let E = D[[t,t~!]] be the ring of
all Laurent series in the variable ¢ with coefficients in D. Then FE is a division ring,
E D D and F has an infinite center. As we observed, the latter implies that F has
property (x), and consequently so does D by Lemma 3.7(ii).

In other words, we have now shown that all infinite division rings D satisfy
(). In particular, by Lemma 3.2(ii), if V is a finite-dimensional right D-vector
space, then every D-stable semiprime ideal of K[V] is uniquely a finite irredundant
intersection of augmentation ideals. Furthermore, by Lemma 1.8, the set of all
such ideals satisfies the ascending chain condition. Thus Theorem B is proved, and
Corollary C is an immediate consequence of Theorem B and Lemma 3.2(iii). O

Let & be a group acting on a set S. Then we recall that an element o € S is said
to be G-orbital if it has finitely many ®-conjugates or equivalently if the stabilizer
of o in ® has finite index in the group.

Corollary 3.8. Let D be an infinite division ring and let V' be a finite-dimensional
right D-vector space, viewed multiplicatively. Suppose & is a group which acts on'V
and contains D*®, in its natural action, as a normal subgroup. Then every &-stable
semiprime ideal of K[V] is uniquely an irredundant intersection () cq w(4;V),
where A is a finite B-stable set of D-subspaces of V. In particular, each A € A is
a D*-stable, G-orbital subgroup of V.

Proof. 1f I is &-stable, then it is D®-stable. Hence by Theorem B, I can be written
uniquely as the irredundant intersection I = (-, w(A;; V), where each A; is D*-
stable. In particular, if g € &, then since I is ®-stable, we have

(w(Ai V) =T=19 = [|w(Af;V).

i=1 1=1
But D* is normal in &, so each A? is certainly a D*®-stable subgroup of V. Hence, by
uniqueness, {A7, A3,..., A9} = {A1, As,... , Ay} and consequently & permutes
the finite set 2 = {41, Ao, ..., A} O

This observation yields the following analog of results in [BE] and [ES].

Example 3.9. Let D be an infinite division ring, let V' = D™ and take & =
GL,(D)-D*, where D*® acts on the right on V' and GL, (D) acts on the left. Then
w(V; V) is the unique proper &-stable semiprime ideal of K[V].
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Proof. If I is a proper G-stable semiprime ideal of K[V], then Corollary 3.8 implies
that I = [ cq w(4;V), where each A € 2 is a right D-subspace of V orbital under
the action of &. But all &-orbits of proper subspaces of V' are clearly infinite, so
this implies that A = 1 or V and, since I is proper, we have I = w(V; V). O

As we observed earlier, if char D > 0 and char K # char D, then K[V] is von
Neumann regular, and hence each ideal is semiprime. In particular, the above
shows that w(V;V) is the unique proper &-stable ideal of K[V]. Next, suppose
that char D = 0 and that char K = ¢ > 0. If I is a proper &-stable ideal of K[V],
then, by considering the radical v/T, we see that w(V;V)/I is nil. Thus, if = € V,
then 19" — 29" = (1 — x)9" € I for some n > 0 and, since I is closed under the
action of the rationals on V| we see that 1 —x € I. Again, this yields I = w(V;V).
Lastly, if char D = char K = 0, then w(V;V)? is properly contained in w(V; V), so
there are certainly other &-stable ideals of K[V] in this case.

ADDED IN PROOF

When the division ring D and the field K have different characteristics, the
semiprime hypotheses in Theorem B and Corollary C are not really necessary. A
quick proof of this observation will appear in a future addendum to this paper.
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