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ABSTRACT. This paper studies the Cancellation Problem, the Embedding
Problem, and the Linearization Problem. It shows how these problems can
be related to a special class of locally nilpotent derivations.

1. INTRODUCTION

Locally nilpotent derivations have shown to be very useful in the study of various
problems in algebra, algebraic geometry, and differential equations (see [6], [7], [I1],
(6], 1], [7), [18), [, [, and [10)).

In this paper we consider three of the “challenging problems on affine n-space” as
described by Kraft in his Bourbaki Lecture in [T4], 1995 and show how they can be
related to the study of a special class of triangular (hence locally nilpotent) deriva-
tions. The problems we consider are the Cancellation Problem, the Embedding
Problem, and the Linearization Problem.

The contents of this paper are arranged as follows. Section Pl recalls some more
or less well-known results on embeddings and locally nilpotent derivations. Fur-
thermore, it discusses results concerning the Cancellation Problem, the Embedding
Problem, and the Linearization Problem.

Section [3 introduces a special class of triangular derivations and shows how
embeddings of k" in k™ can be characterized by these derivations. In case r = 1
this characterization asserts that a regular map a: k — k™ is an embedding if and
only if the derivation associated to « has a slice.

This enables us in Section [ to establish a relation between the Cancellation
Problem and the Embedding Problem. More precisely, if « is an embedding, then
the associated locally nilpotent derivations (which all have a slice by the results of
Section B)) satisfy the conclusion of the Cancellation Problem.

The relationship between the Cancellation Problem and the Embedding Prob-
lem leads us in Section Elto a possible counterexample to the Cancellation Problem
(Conjecture B]), as well as to the Embedding Problem and the Linearization Prob-
lem. All examples are in dimension five.

It should be noted that this paper is very much influenced by the elegant paper
of Asanuma [3]. Several of the results in this paper are implicit in his work. In
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particular, we show in Section Bl that Asanuma’s candidate counterexample to the
Cancellation Problem (described in terms of Rees rings) is the same as the one
given here in Conjecture Bl

2. PRELIMINARIES

This section recalls some more or less well-known results concerning embeddings,
locally nilpotent derivations, the Cancellation Problem, and the kernel algorithm
of [@).

Throughout this paper k denotes a field of characteristic zero, n > 2 is a fixed
natural number, and k[X] := k[Xy,...,X,] is the polynomial ring over k in n
variables.

Embeddings. Let r € {1,...,n— 1}, k[U] := k[U1,...,U,] and f1,..., fn € E[U].
The map a: k™ — k™ defined by a(u) = (fi(u),..., fn(u)) for all v € k" is
called an embedding of k" in k™ if Im(c) is a closed subset of k™ (in the Zariski
topology) and «a: k" — Im(a) is an isomorphism of algebraic varieties over k.
Denote the induced map from k[X] to k[U] by a*. So a* sends each X; to f; and

Proposition 2.1. The map « is an embedding if and only if o* is surjective.

Proof. (=): Assume that « is an embedding. Then there is a polynomial map
B: k™ — k" such that 8o a = 1. So there exist g1,..., g, € k[X] such that u; =
gi(fi(w),..., fa(u)) forall ¢ € {1,...,r} and all w = (u1,...,u,) € k". Because k
is infinite, this implies that U; = g;(f1, ..., fn) for all i. So a* is surjective.

(«<): Suppose that o* is surjective, say g; € k[X] is such that g;(f1,..., fn) =U;
forie {1,...,r}.

It follows from Lemma below that Im(«) = V(Kera*). So Im(a) is closed.
Write § for the restriction of the map g: k™ — k" sending z to (g1(z),. .., g-(z)) for
all € k™. Then obviously Soa(u) = u for all u € k". Furthermore, if x € Im(a) =
V(Ker a*), then it follows from Lemma [2.2] also that z; = fi(g1(x),...,g-(x)) for
all 4, i.e., © = @ o B(z). In other words, a: k" — Im(«) is an isomorphism with
inverse (3. ([

Lemma 2.2. Let g1,...,g, € k[X] be such that U; = ¢;(f1,..., fn) for alli. Then
Kera® = (X1 — fi(g1,---59r)s- s Xn — fu(g1, -, 90)).

Proof. (C): Let p € k[X] with p(f1,..., fr) = 0. Write

p=p(fr,- fo) + Y ai(X,U)(X; ~ fi(U))
i=1
for some a;(X,U) € k[X,U]. Substituting U; := g; for all ¢, we find that p €

(X1 = filgrs- -, 9r)s- -, X — fu(g1,...,9+)), since no U; appears in p.
(D) Easy. O

An embedding «: k" — k™ is called rectifiable if there exists a k-automorphism
¢ of k™ such that (¢ o a)(u) = (u1,...,ur,0,...,0) for all u = (uy,...,u,) € k".
Sometimes we write explicitely that « is rectifiable by .
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The Embedding Problem. The Embedding Problem asks if every embedding of
k" in k™ is rectifiable. The case r = 1 and n = 2 was answered affirmatively by
Abhyanker and Moh in [I] and Suzuki in [2I]. A little later it was conjectured by
Abhyankar in [2] that for n > 3 there do exist embeddings of k in k™ which are
not rectifiable. However, Craighero showed in [5] that for n > 4 every embedding
of k in k™ is rectifiable. The same result was obtained by Jelonek in [13]. In fact
Jelonek showed that if n > 2r + 2, then every embedding of k" in k™ is rectifiable,
while Craighero showed this for all n > 3r + 1. See also the paper [20] of Srinivas
for a generalization of this result.

The case r = 1 and n = 3 remains open. We discuss a possible counterexample
in Section [fl For more results about embeddings of k in k® we refer to the paper
[4] of Bhatwadekar and Roy.

The following easy argument, due to Jelonek in [I3], shows that every embedding
a: k" — k™ is stably rectifiable, i.e., there exists m > 1 such that &: k™ — k»T™
defined by &(u) := (a(u),0,...,0) is rectifiable.

Proposition 2.3. Let o = (f1,...,fn): k" — k™ be an embedding. Then & :=
(f1y-ey frny 0,.0.,0) kK™ — k™7 s rectifiable.

Proof. Let g = (g1,...,9-) € k[X]" be such that ¢;(f1,...,fn) = U; for all 4.
Then both G := (X, U1 +¢1,...,Ur+gr) and H := (X1 — f1,..., Xpn — fn,U) are
k-automorphisms of k™. Take F' := H o G. Then one easily verifies that

F(a(u)) =(0,...,0,u)
for all u € k". O

Locally nilpotent derivations. Let A be a commutative k-algebra and D a
k-derivation on A. Then D is called locally nilpotent if for every a € A there
exists a natural number m such that D™ (a) = 0. For all results concerning these
derivations, see [16] or [10].

From now on D will denote a non-zero locally nilpotent derivation on A. Extend
D to a k-derivation on A[T] by putting D(T) := 0 and define p: A — A[T] by
1. .

o(a) = ED’((JL)Tz for all a € A.

i=0
Then ¢ is a ring homomorphism. If b € A, then the substitution homomorphism
from A[T] to A sending T to b will be denoted by m,. So the composition ¢, := mpop
is an endomorphism of A.

An element s € A is called a slice of D if D(s) = 1. A non-zero locally nilpotent
derivation does not always have a slice; however it always has a preslice, i.e., an
element p € A such that D?(p) = 0, but d := D(p) # 0. So if one considers the ring
A := A[d~"] and extends D to A in the obvious way, then the extended derivation
on A, which we also denote by D, is again locally nilpotent and does have a slice,
namely s :=d~'p € A.

In case A is a domain the inclusion A C A and the fact that locally nilpotent
derivations having a slice have nice properties (see for instance Proposition [Z4] be-
low) can be used to obtain useful information on arbitrary locally nilpotent deriva-
tions. Of particular interest will be the kernel of these derivations, also called the
ring of constants. It is denoted by AP.
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Proposition 2.4. Let D be a locally nilpotent derivation on A with a slice s € A.
Then

(1) A= AP[s], a polynomial ring in s over AP. So D =4 on A;

(2) AP = ¢_ (A). In particular, if A is a finitely generated k-algebra generated
by some elements a; € A, then AP is a finitely generated k-algebra generated
by the elements p_s(a;). O

In contrast with 24i@), AP need not be finitely generated if D does not have a
slice, even if A is. In fact this is strongly related to Hilbert’s fourteenth problem.
We refer to [7], [11], and [6] for more details.

There is, however, an algorithm to compute the kernel of AP, provided that A is
a domain and AP is a finitely generated k-algebra. Moreover, if we do not know a
priori that AP is finitely generated, but find that the algorithm terminates, then it
follows that AP is finitely generated over k. Furthermore, the algorithm computes
generators for AP. Since we will use this algorithm several times in this paper, we
now describe it (without proof) for the reader’s convenience. For more details, we
refer to [9].

The Kernel Algorithm. Let A = k[aq,...,ay] be a finitely generated k algebra
without zero-divisors and let D be a non-zero locally nilpotent derivation on A.

Algorithm 2.5. (1) Choose p € A with D*(p) = 0 and d := D(p) # 0. Let
s = d 'p € A[d71] and define b; :== p_s(a;) for all i € {1,...,n}. Since D is
locally nilpotent, there exist natural numbers e; such that r; := d%b; € A. Define
Ry := Ro(D,p) :=k[r1,...,7rn,d]. Then it can be shown that

(1) Ry C AP C Ry[d™1).

(2) If B is a k-subalgebra of A and f € B, then we write B : f for the k-algebra
generated by the elements g € A such that fg € B. Now inductively define, for each
m>1, Ry, := Rpn(D,p) := Rpp—1 : d. We get

RyCR C---CAP = URm-

(3) Each R, is a finitely generated k-algebra and can be computed as follows.
Suppose that Ry,—1 = k[F1,..., Fj]. Put

I(Fy,....F) ={pekTy,...., Ty | p(F1, ..., F1) is divisble by d}.

Then I(F1, ..., F) is an ideal in k[T1, ..., ;] and it is generated by a finite number
of elements, say p1(T),...,ps(T). This means, by definition, that p;(Fy,...,F;) =
fid for some f; € A. Now it can be shown that Ry, = k[F1,...,F, f1i,..., fs].

(4) If AP is finitely generated as a k-algebra, then AP = R,. for somer € N (and
R, = R, for alln >r). Conversely, if R, = R,1 for some r € N, then AP =R,
and hence AP is a finitely generated k-algebra.

Remark 2.6. The k-algebra Ry above satisfies (). This is, in fact, the only property
of Ry that is used in the algorithm. This implies that one may replace Ry by any
finitely generated k-subalgebra R}, of AP which contains Ry, and start the algorithm
again.
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Example 2.7. Let A be the polynomial ring k[T, U, X] and consider the locally
nilpotent derivation D := f/(U)dx + ¢(T)0y on A, where f(U) € k[U] and ¢(T') €
E[T]\ {0}. Let p be the preslice U of D and d := D(p) = ¢(T'). We compute the
algebra Rg := Ro(D, p) from the first step of Algorithm This computation will
be useful in the proofs of Lemmas [3.2 and {5

We use the notations from the algorithm. So s = ¢(T)~1U and we take a; := T,
as :=U, and as := X as generators of A. Then by = ¢_s(a1) =T, ba = p_s(a2) =
U+ 3¢(T)(—c(T)"*U) = 0, and

1 Uy

o3 L ()

= o(T)

= O)(-Uy

e(T) &~ j! ’

j>1
since D7(X) = ¢(T)~' fU)(U). Since the U-derivative of > s 1/ fOU)(=U)
equals — f/(U), it follows that

1
by =X + m(—f(U) + £(0)).
So we find r; =T, ro =0, and r3 = ¢(T)X — f(U) + f(0). Consequently Ry =
klri,ra,7s,d] = k[T, c¢(T)X — f(U)].

The Cancellation Problem. Let n > 2 and let V' be an affine variety over k
such that V' x k = k™ as algebraic varieties. The Cancellation Problem now asks if
it follows that V =2 k=1,

The answer is affirmative if n = 2,3 (see [12], [15], and [10]) and is open for all
n > 4. We will discuss a possible counterexample for the case n = 5 in Section
(see also [B]). In order to do this, we need the following algebraic reformulation,
which is a consequence of Proposition 24 (see [10]]).

Proposition 2.8. Let n > 2. The Cancellation Problem in dimension n has an
affirmative answer if and only if k[X]P is generated by n — 1 elements over k
for every locally nilpotent derivation D on k[X] with a slice, or, equivalently, if
E[X)P =, k"= for all such D. O

The Linearization Problem. Let F' € Auty(k™) such that FP = 1jn for some
p > 1. The Linearization Problem asks if there exists a ¢ € Auty(k™) such that
o 1o F oy is linear.

In case n = 2 the answer to this question is affirmative and follows immediately
from the fact that Auty(k?) is the amalgamated product of the affine subgroup
and the subgroup of the De Jonquieres transformations over their intersection (see
[14]). If n > 3 the problem remains open. However, one has the following relation
between the Linearization Problem and the Cancellation Problem.

Proposition 2.9. If the Linearization Problem has an affirmative answer (in di-
mension n) for all automorphisms of order 2, then the Cancellation Problem has
an affirmative answer (in dimension n) as well.

Proof. Let n > 2 and let V be an algebraic variety over k. Assume that ¢p: V xk —
k™ is an isomorphism of algebraic varieties. Let F € Auty(V x k) be defined by
F(v,t) := (v,—t) for all v € V and t € k and take G := 1o Foy~! € Auty (k™).
Then obviously G? = 1y« and Fix(G) := {z € k" | G(z) =z} =, V.
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Now if the Linearization Problem has an affirmative answer for automorphisms
of order two, then there exists an automorphism ¢ of k™ such that ¢ "*oGop = L,
a linear map. So G = ¢ o L o o1, which implies that Fix(G) =, Fix(L). Because
Fix(L) = k¢ for some d, it follows that V 22 k9. Since V x k 22 k", it even
follows that d =n — 1. So V 2, k™~ 1. O

3. DERIVATIONS RELATED TO EMBEDDINGS

This section characterizes embeddings in terms of locally nilpotent derivations.
We first introduce some terminology.

Let D = (D1,...,D,) be a sequence of pairwise commuting derivations on a
commutative ring A. We say that s = (s1,...,8,) € A" is a slice system of D
if Di(sj) = d;; for all ¢,5. If each D; is locally nilpotent, then it follows easily
from Proposition 24 that A = AP[sy,...,s,], a polynomial ring in s1,..., s, over
AP =N, AP

Now let a: k™ — k™ be a polynomial map given by a(u) = (fi(u),..., fu(u))
for all w € k", where each f; is an element of k[U| := k[Uy,...,U,]. To each
i € {1,...,r} we associate the triangular, hence locally nilpotent, derivation D;
given by

D; := fiy,0x, + -+ + fav,0x, + Ty,

on the n 4+ r + 1 variable polynomial ring A := k[T, U, X|. One easily verifies that
these derivations commute pairwise. Put D := (D1,...,D,.).

Theorem 3.1. The map « is an embedding if and only if D has a slice system in
A.

The proof uses the following lemma.

Lemma 3.2. Every element of AP is equivalent, modulo (T, X), to an element of

Elf] == klf1,-- -, fal-

Proof. Let ¢ € {1,...,r}. Then U; is a preslice of D; and arguing as in Example 2.7
we get

Ro(Di,Uy) = k[T, Uy, ..., U, ..., Up, f1 = TX1, .., fo — T X,
By (@) it follows that
Ro(D;,Us) € AP C Ro(D;, Uy [T
and taking the intersection over all ¢ we obtain
Ry C AP C Ry[T7],

where Ry := k[T, f1 —TX1,..., fn —TX,]

Now let ¢ € AP. Then in particular ¢ € Ro[T '] so there is a p € N and a
polynomial p over k such that T°q = p(T, f1 — TX1,..., fn — TX,). Substituting
X; :=0 for all 7 and expanding the resulting right-hand side in powers of T' gives

Trq = pi(f)T

i>0
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for some p;(f) € k[f] :== k[f1,..., fa] C E[U]. Since T divides the left-hand side,
it divides the right-hand side as well. So p;(f) = 0 for all i < p. Hence

q(X1:=0,...,X,:=0)= Zpi(f)Ti_”.

i>p
Now substituting T := 0 we find ¢ = po(f) (mod (T, X)). O

Proof of Theorem [l (=): Assume that « is an embedding. Then each U; can be
written as U; = ¢;(f1,..., fn) for some polynomial g; € k[X]. Define
Ui—gi(fi—TXy,..., fn = TX,)

T
for all i € {1,...,7}. Since obviously each f; — TX; belongs to AP and D;(U;) =
0;;T for all 7, j, we get that (s1,...,s,) is a slice system of D.

(«<): Suppose that D has a slice system (s1, ..., ;) in A”. Then D;(U;—T's;) =0
for all i. Also D;(U; —Ts;) =01if i # j. SoU; —T's; € AP for all i. Now use
Lemma B.2land make the substitutions 7" := 0 and X; := 0 for all <. It follows that
each U; is an element of k[f]. So by Proposition 2] « is an embedding. O

Si =

4. RECTIFIABILITY AND THE CANCELLATION PROBLEM

Throughout this section, let o« = (f1,..., fn): kK — k™ denote an embedding.
By the results of the previous section, we can associate to « a sequence D =
(D1,...,D,) of locally nilpotent derivations having a slice system in A", where A
is the n 4+ r + 1 variable polynomial ring k[T, U, X].

In order to simplify the notations, we write f — T X instead of f; — T X;,...,
fn — TX,. The main result of this section, Theorem [£1] asserts that if « is
rectifiable, then the kernel of each derivation D; is a polynomial ring in n — 1
variables over k, which shows that the Cancellation Problem has an affirmative
answer for these derivations. More precisely, we show the following.

Theorem 4.1. If a is rectifiable by the k-automorphism F of k™, then AP is the
k[T]-algebra generated by the n+r —1 elements U;, j #14, sj, j #1, Fi(f —TX),
and T'F;(f —TX),j€{r+1,...,n}, where s; :=T " YF;(f —TX)—Uj) for all
je{l,...,r}.

Proof. Let us denote the k[T]-algebra described in the theorem by Ry.

We first claim that Ro(D;,U;) C Ry. Using the description of Ry(D;,U;) given
in the proof of Lemma B2, it is enough to show that each element f; —7X; belongs
to Ry. It is even sufficient to show that F;(f — TX) is an element of Ry, for all
j€{l1,...,n}, for then we can apply the inverse of F' to this n-tuple to obtain that
all f; —TX; belong to Ry.

Now F;(f —TX) € Ry by definition and for j # ¢ the fact that F;(f —TX) € Ry
follows readily from the fact that F;(f —TX) =Ts; + U;.

According to Remark 28 it is possible to replace Ro(D;,U;) by Ry in order to
compute AP*. We claim that with this Ry we get Ry := Ry : T = Ry and hence
APi = Ry as desired.

Observe that s; = Fjx, (f) X1+ -+ Fjx, (f)Xn +T(...), for all j # i. So to
find Ry, we need to find all relations between

(2)

U17"'7Ui)"'7UT)F1X1(f)X1+"'+F1Xn(f)Xn)"'7
Ui, oo Fox, () X1+ 4 Fux, (f) X
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Since det(JF') € k* it follows that det(JF)(f) € k*. Consequently the X-linear
forms Fix, (f)X1+ -+ Fjx,(f)Xn, j = 1,...,n, together with Uy,...,U, form
a coordinate system of k[U, X]. In particular, there are no relations between the
elements of (Z). Now the kernel algorithm gives R; = Ry. O

Corollary 4.2. If o is rectifiable, then AP+ 2y E[T]ntr—1) 2y glotr], O

As another consequence of Theorem E.T] we will describe a new class of locally
nilpotent derivations for which the Cancellation Problem has an affirmative answer.

In order to do this, let A := k[T, U, X| := k[T,U, X1, ..., X,] be the n+2 variable
polynomial ring over k. So r = 1 in the notation of the previous section. We will
consider derivations of the form

D = a1 (U)0x, + -+ an(U)0x, +b(T)0u
with b(T") # 0. Of course we can write such derivations as
D = fi0)0x, + -+ + [(U)0x, + b(T)0u
with f;(0) = 0 for all 4.
Theorem 4.3. Let n # 3. If D has a slice in A, then AP =y k[T 22 ot

In the case that degb = 0, s := b~ 'U is a slice of D and the result follows readily

from Proposition[2.4. So from now on assume that degb > 0. To prove the theorem
we use the following two lemmas. Let 7w denote the substitution homomorphism
defined by 7(g(T,U, X)) = g(b(T'),U, X) for all g € A and let Dy be the derivation
D1 = f{(U)aXI + -+ f,,’l(U)aX” + T8U.
Lemma 4.4. Let N > 1 and let 1(T, U, X),...,gn(T,U, X) € k[T,U, X]. Let
I be the ideal of all polynomials p € k[Yy,Y] := k[Yy,Y1,...,YnN] such that the
polynomial p(T, g1(b(T), U, X),...,gn(b(T),U, X)) is divisible by b(T') and let J be
the ideal of all polynomials p € k[Y] such that p(g1,...,gn) is divisible by T'. Then
I = k[Y,,Y]b(Yy) + k[Y0,Y]J.

Proof. (C): Let p € I. Write p = Zz(.dzeogb)*lpi(Y)Y(f + b(Y0)p(Yo,Y) for some
polynomials p; € k[Y] and p € k[Yp,Y]. Then by definition

(degb)—1
BT D pilgr(0.U,X),....gn(0,U,X)T".
i=0
Since the T-degree of this sum is smaller than degb, it follows that
pi(g1(0,U, X),...,gn(0,U, X)) =0 for all 4.

Sop; € J.
(D) Obvious. O

Lemma 4.5. R;(D,U) = n(R;(D1,U))[T] for all i > 0.

Proof. By induction on 3.
(1 =0): As in the Example 27 we get

Ro(D,U) = k[T, fi = b(T) X1, fu — b(T)X,]
and

Ro(D1,U) =k[T, {1 —TX1,..., fn—TXy)]
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(¢ > 0): Let i > 0 and assume that
Ri1(D,U) = k[T, g1(b(T), U, X), ..., gn(b(T), U, X)]
and
R,_1(D1,U) =k[T,n(T,U,X),...,gn(T,U, X)]

for some N > 1 and some polynomials g;, j € {1,...,N}. Now the result fol-
lows from the previous lemma and the fact that the kernel algorithm constructs
Rz(D, U) = Ri_l(D, U) : b(T) and Ri(Dl, U) = Ri—l(Dh U) o ([l

Corollary 4.6. If D has a slice in A, then « is an embedding.

Proof. Take s € A such that D(s) = 1. Then D(U —b(T)s) =0, i.e., U —b(T)s €
AP Since AP = Uiso (D, U) it follows from Lemma B3 that

for some g;(b(T),U, X) € AP and some polynomial P over k.

Let ¢ be a root of b(T) in the algebraic closure k of k. Substituting T :=
c gives U — p(c,91(0,U, X),...,gn(0,U, X)) = 0. Now choosing a k-basis of k
containing 1, one deduces that there exists a p € k[Y1,...,Yn] such that h :=
U—p(g1(T,U,X),...,gn(T,U, X)) is divisible by T. Since by Lemma [£3H] each
gi(T,U, X) is an element of APt it follows that s := T~ 1h is a slice of Dy in A. So
by Theorem 1] « is an embedding. O

Proof of Theorem [[.3 By Corollary Gl « is an embedding. So « is rectifiable (the
case n = 1 is obvious, the case n = 2 is the Abhyankar-Moh-Suzuki Theorem, and
if n > 4 we can apply Craighero’s and Jelonek’s Theorem). Since by Lemma HT
AP = 1(AP)[T], the desired result follows immediately from the » = 1 case of
Theorem ET1 O

5. APPLICATIONS: POSSIBLE COUNTEREXAMPLES TO PROBLEMS
ON AFFINE SPACE

In Theorem [A1] we showed that if an embedding is rectifiable, the kernels of
the corresponding derivations are polynomial rings. So in order to find a possible
counterexample to the Cancellation Problem, it seems natural to look for non-
rectifiable embeddings. A class of candidates of such embeddings was constructed
by Shastri in [19].

More precisely, let » = 1 and n = 3. He showed that every (open) knot-type
has a real polynomial representation which defines an embedding of C in C3. In
particular, he obtained the following polynomial representation of the trefoil knot
by putting f(U) := U? — 3U, g(U) := U* — 4U?, and h(U) := U® — 10U and
a(u) == (f(u),g(u), h(u)). Indeed this a gives an embedding of C in C3, since one
easily verifies that F(f(U),g(U),h(U)) = U, with F(X,Y,Z) :=YZ - X3-5XY +
27 — 7X. We call this embedding « the Shastri map.

Since a: R — R3 represents the trefoil, it is not rectifiable over R. This led
Shastri to conjecture that a: C — C? is not rectifiable over C as well. So in light
of Theorem [4.1] the following conjecture seems reasonable.

Conjecture 5.1. Let D := f'(U)dx +¢'(U)dy +h'(U)0z+T0y on the polynomial
ring A := C[T,U, X,Y, Z]. Then AP %c Cl4,
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Since D has a slice, namely s := T~ YU - F(f(U)-TX,g(U)-TY,h(U)-TZ)),
and AP 2 A/(s), this conjecture is equivalent to the following conjecture.

Conjecture 5.2. C[T,U, X,Y, Z]/(s) %c C4.

Obviously, by Proposition 28, an affirmative answer to these equivalent con-
jectures would give a negative answer to the Cancellation Problem and hence, by
Proposition 2.9, a negative answer to the Linearization Problem as well. Also by
Theorem [£.] it would show that Shastri’s embedding is indeed a counterexample
to the Embedding Problem.

A similar conjecture was made by Asanuma in [3]. To relate his conjecture with
Conjecture we briefly recall some of Asanuma’s results.

If T is an ideal in R := k[X], then the Rees ring associated to I, denoted by
Rr(I), is the R[T]-subalgebra of R[T,T~'] generated by the elements T~1i with
1€l

Suppose now that R/I = k. In other words, suppose that I = Ker o* for some
embedding « of k in k™. Then it was shown in [3] that Rz ()" =) k(T (1] =)
Jln+2]

Conjecture 5.3 (Asanuma’s Conjecture). Let I := Ker o*, where « is the Shastri
map. Then Rgr(I) %c CH.

The equivalence between Asanuma’s Conjecture and Conjecture Bl follows im-
mediately from Corollary below. In order to establish this equivalence, let
a = (fi,--.,fn): k — k™ be any embedding and let o*: k[X] — k[U] be the in-
duced homomorphism of coordinate rings. Put I := Ker o*, the ideal of relations
between f1,..., fn over k. Let A := k[T, U, X] and denote by I(f — TX) the ideal
in A obtained from I by making the substitutions X; := f; — T'X; for all 7. Finally,
let D denote the derivation f{dx, + ---+ f1,0x, + Ty on A, corresponding to a.

Proposition 5.4. AP = k[T, fi —TX1,...,fn —TXn, T7'(f —TX)].

Proof. Let & = (f1,.. .,fn,O)ik — k"1 Let D be the derivation on AlXp+1]
corresponding to &. Note that D is the extension of D to A[X,,11] by sending X,,+1
to 0. So

(3) A[Xni1])P = AP [ X 41].

By Proposition2:3] & is rectifiable. Let F' = (Fy, ..., F,,11) be a k-automorphism
of k" "1 rectifying &. Then one easily verifies that I := Ker & equals (Fy, ..., F,11)
in k[X, X,;,41]. So, by Theorem BTl applied to the case r = 1, we get

AXp1|P = k[T, Fi(f = TX,-TXp1), T Fy(f —TX, ~TXpn41), ...,
T Foi(f = TX, =T Xp11)]
= k[T, F(f —TX,—~TXpn41),.. .,
Fop1(f =TX,=TX, 1), T (f = TX, =T X, 11)]
KT, fi —TX1,...,fo—TXn, ~TXpi1, T U(f —TX,~TX,11)]
=k[T, fi —TX1,..., fon=TXp, ~TXp1, T (f —TX), X1,
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where I := Kera* (since obviously I = Ik[X, X, 1] + Xni1k[X, Xnp1]). The
desired result now follows using (B]). O

Corollary 5.5. AP = Ry v (I).

Proof. This follows readily from the previous proposition by sending X; to
T-Yf — X;) for all 4. O
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