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ABSTRACT. It is shown that if F is a countable, transitive directed graph with
finitely many vertices, then C*(FE) is semiprojective.

0.

Semiprojectivity of C*-algebras was originally investigated by FEffros and
Kaminker [7] and soon afterwards by Blackadar [2] in the context of shape theory
for C*-algebras. In this article we follow Blackadar’s approach. Semiprojectivity of
C*-algebras is a noncommutative analogue of the topological concept of absolute
neighbourhood retract. It is closely related to the problem of stability of relations
defining a C*-algebra and has been investigated recently by a number of authors;
e.g. see [g].

It is not easy for a simple C*-algebra to be semiprojective. However, Black-
adar has conjectured [4] that Kirchberg algebras (purely infinite, simple, separable,
unital, and satisfying the Universal Coefficient Theorem) with finitely generated
K-groups are semiprojective. He proved this for Cuntz-Krieger algebras corre-
sponding to finite matrices and more recently for Oy [2, [4]. The latter result is
highly non-trivial as no finite presentation of O is known.

It is the main purpose of the present article to show that semiprojectivity holds
for a class of generalized Cuntz-Krieger algebras corresponding to transitive di-
rected graphs on finitely many vertices, but with possibly infinitely many edges; cf.
Theorem[Hd below. With help of Proposition[2, below, it is possible to show that all
Kirchberg algebras with arbitrary finitely generated Ky group and finitely gener-
ated free abelian K3 group whose rank is not greater than the rank of the Ky group
may be realized in this way (see also [I3] Lemma 2]). Cuntz-Krieger algebras of
infinite directed graphs were introduced in [I1] and then studied by many authors;
e.g. see [10] I} 12]. Among many advantages of working with graph algebras is the
fact that both their defining relations and their main properties can be easily read
from the underlying graphs.

Our argument from Theorem [Blis based on Blackadar’s proof of semiprojectivity
of O M. In order to carry it out we must know the K-groups of C*-algebras of
infinite graphs on finitely many vertices. These we calculate in Proposition 2] which

Received by the editors June 1, 2000 and, in revised form, November 9, 2000.
2000 Mathematics Subject Classification. Primary 46L05, 46L80.

(©2001 American Mathematical Society

1391



1392 WOJCIECH SZYMANSKI

should be of independent interest. The proof of Proposition [2 depends heavily on
the results of [12].

1.

We recall the definition of the C*-algebra corresponding to a directed graph [9].
Let E = (E°, E',r,s) be a directed graph with (at most) countably many vertices
E° and edges E', and range and source functions r,s : E' — EY, respectively.
C*(FE) is by definition the universal C*-algebra generated by families of mutually
orthogonal projections {p, | v € E°} and partial isometries {s. | e € E'} with
mutually orthogonal ranges, subject to the following three relations:

(Gl) 8:56 = pr(e)a
(G2) Sesz < Ps(e)»
(G3) py, = Z sest, provided s71(v) is finite and non-empty.

e€EL: s(e)=v
A directed graph F is row-finite if every vertex emits at most finitely many edges.
For row-finite graphs the K-theory of C*(E) can be calculated as follows [T2] The-
orem 3.2]. Let Vg be the collection of all those vertices which emit at least one
edge, and let ZVg and ZE° be free abelian groups on free generators Vg and E°,
respectively. We have

(1) Ko(C*(E)) = coker(Ag),
(2) Ki(C*(E)) = ker(Ap),

where Ag : ZVg — ZE° is the map defined on generators as

(3) Ag(v) = Z r(e) | —v.

e€E!: s(e)=v

However, this result is not sufficient for our purposes, since we need a description of
the K-groups of the C*-algebras corresponding to arbitrary countable graphs with
finitely many vertices. This is done in the following proposition.

Proposition 2. If E is a countable directed graph with finitely many vertices, then
the K -groups of C*(FE) are still described by formulae (1) and (2) above, provided
VE is defined as the collection of all those vertices which emit at least one but only
finitely many edges.

Proof. Let EY = Ve UW,UW,,, with Wy sinks and Wy, vertices emitting infinitely
many edges. For w € W, we denote the edges with source w by e1(w), ea(w),. ...
Then we denote by B, the C*-subalgebra of C*(E) generated by {p, | v € E'},
{sc | s(e) € Vg} and {sc, () | w € Wo, k= 1,...,n}. We will use continuity of
the K-theory to calculate the K-groups of C*(E) as K,.(C*(E)) = nILH;OK*(B")'
We claim that B,, is naturally isomorphic to C*(E,,), with the graph E,, defined
as follows. The vertex set EQ = E° U W, where Wo, = {W | w € Wy }. Let
F, = (s (Ve) U{er(w) | w € Wa,, k =1,...,n}) Nr Y (Wx). Then E} =
sTHVe) U {er(w) | w € Wo, k= 1,... ,n} UF,, where F,, = {€ | e € F,}
and s5(€) = s(e), r(€) = r(e). Indeed, let {P, | a € E9} and {S, | b € E}}
be the canonical generators of C*(FE,). There exists a C*-algebra homomorphism
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¢On : C*(Ey) — By, such that

Pw if we Vg UWy,
Pn(Pu) = zn:sek(w)s:k(w) if we W,
k=1
d)n(PW) = Pw — Z Sek(w)szk(w)v
k=1
Se . if 7“(6) ¢ Woo;
Pn(Se) = seZsek(w)sZk(w) if r(e) € Weo,
k=1

n
d)n(Sé) = Se — Se Z Sek(w)szk(w)a
k=1

since the target elements satisfy relations (G1)—(G3) for the graph E,. Clearly,
the generators of B,, belong to the range of ¢,, and hence ¢,, is surjective. Since
én(P,) # 0foralla € EY, ¢, is injective by the gauge-invariant uniqueness theorem
[1, Theorem 2.1], and the claim follows.
[12, Theorem 3.2] implies that for any n we have a commuting diagram with
exact rows
Ag,

0— Ky(B,) — ZVg, — ZE? — Ko(B,)—0
L | | Lix
AB, 4, 0
0— K1(Bpy1) = ZVg,,, — ZE),, — Ko(Bnsy1)—0.

Consequently, we have Ko(C*(F)) = lim coker(Ag,) and K;(C*(E)) =
n—0oo
lim ker(Ag,). In fact, we are going to show that (i) ker(Ag,) = ker(Ag) and

n—oo

(ii) coker(Ag, ) is naturally isomorphic to coker(Ag) for all n, and this will prove
our proposition.

Proof of (i). Viewed as maps from ZVg @ ZW to ZVe @ ZWo © ZWoo & ZW o
and from ZVg to ZVy & ZWy & ZW ., respectively, Ap and Ag have the following
matrices:

D, -1 D,

Dy —1
_| D2 Ds _
Ag, = Dy  Ds—1 | Ap = 52 ;
D3 D¢ K
where D;, i = 1,...,6, are some integer entry blocks depending on E and n.

Thus, if Ag, (z,y) = 0, then D3z + Dgy —y = 0 = D3z + Dgy and hence y = 0.
Consequently,
ker(Ap,) = ker([D1 — 1, D2, D3, D3]") = ker([D1 — 1, Dy, D3]') = ker(Ap).

Proof of (ii). Since (0,0,y,0) = (D4y, Dsy, Dgy, Dsy) — Ag,(0,y), ZVg ®
ZWy @ ZW,, ® ZW o, is equal to the sum of X = (ZVg © ZW, © 0 © 0) +
span{(0,0,w,w) | w € W} and the image Im(Ag,) of Ag, . Butif Ag, (z,y) € X,
then Dsx + Dgy — y = Dsx + Dgy and hence y = 0. Consequently,

coker(Ag,) = X/Im([Dy — 1, Da, D3, D3]") = coker(Ag),

as required. O
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Lemma 3. If E is a countable, transitive directed graph with finitely many vertices,

but E is not a single loop, then one may find a finite subset Q C E' such that the

following holds. For any vertex v € E° emitting infinitely many edges {e;(v) | i =

1,2,...}, any positive integer d and any unitary t € C*(E) with (I — f)t =1 — f,
m

where [ = Zsej(v)s;(v) for some m > d, there exists a unitary u € C*({s. | e €

j=d
Q} U {sc,(v)}) such that (¢ + I — py)u = q+ I —p, and (p, — q)u is homotopic in
d—1
(P — Q)C*(E)(ps — @) to (o — q)t, where ¢ =Y Se, ()55, (v)-
j=1

Proof. We fix a vertex w € E°. Since p,C*(E)p, is a full corner of C*(E) it
is purely infinite and simple, just as C*(E), and Ki(p,C*(E)pw) = K1(C*(E))
is finitely generated by virtue of Proposition 2l Thus, there exists a finite subset
Q C B! for which p,C*({sc | e € Q})p,, contains representatives of all homotopy
classes of unitaries in p,C*(E)p, [B]. Adding a finite number of edges to €, if
necessary, we may further assume that for any two vertices wy,ws € E° there is a
path in Q from w; to ws.

Now let v € EY and t be as in the hypothesis of the lemma. Then there exist
in © paths o and 8 from w to v and from r(sq) to w, respectively. Let @ be a
unitary in p, C*({se | e € Q})pw in the same homotopy class as satsk + py — SaSh
in Py, C*(E)py. We set

u = Sed(v)ﬁﬁszd(v)ﬁ + 11— Sed(v)ﬁszd(v)ﬁ'
Clearly (¢ +1 — py)u = q+ I — py, and (p, — ¢)u is homotopic to (p, — q)t since
these two unitaries have the same class in K1 ((p, — ¢)C*(E)(p» — q)) [5]. O

Lemma 4. If E is a finite directed graph, then C*(E) is semiprojective.
Proof. This follows from [2] Propositions 2.18 and 2.23]. O

Blackadar showed in [2, Corollary 2.24] that Cuntz-Krieger algebras (correspond-
ing to finite 0-1 matrices) are semiprojective. Such algebras may be realized as
graph algebras corresponding to finite graphs. However, the algebras of graphs
with sinks cannot, strictly speaking, be described as Cuntz-Krieger algebras. In-
deed, in order to allow for graphs with sinks one would have to consider matrices
with zero rows, and this was not done in the original work of Cuntz and Krieger
[6]. Therefore, for the sake of completeness, we have stated Lemmal[d] above.

Theorem 5. If E is a countable, transitive directed graph with finitely many ver-
tices, then C*(E) is semiprojective.

Proof. By virtue of Lemma Hlit suffices to consider the case of a directed graph E
with finitely many vertices, say E® = {v1,... ,ux}, and infinitely many edges E*.
As in the proof of Proposition[Z if a vertex v emits infinitely many edges, then we
denote them by {e;(v) |j=1,2,...}.

Let B be a unital C*-algebra and let Ji, k = 1,2, ..., be an increasing sequence of
closed, two-sided ideals of B such that B/|J,-, Ji is isomorphic to (and identified
with) C*(E). We must show that for some n there exists a unital C*-algebra
homomorphism A : C*(E) — B/.J, such that m,0\ = id, where 7, : B/J,, — C*(E)
denotes the natural quotient map. To this end we first find, with the help of Lemma
Bl a finite subset Q of E' so large that the following hold:
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(i) The conditions of Lemma[3 are satisfied.
(ii) If v emits finitely many edges, then {e € E' | s(e) = v} C Q.
(iii) If v emits infinitely many edges, then the following hold:
(a) Both e;(v) and ea(v) belong to .
(b) For each k there exists an e € Q such that s(e) = v and r(e) = r(eg(v)).
(c) If ex(v) € Q, then e;(v) € Qforalli=1,... ,k—1.
We note that the above conditions imply, in particular, that for any two vertices
v,w € EY there exists a path (fi,...,fr) from v to w such that f; € Q for all
t=1,...,7.
We denote Ag = C*({s. | e € 2}) and

m
Ay =C" <{se lee QiU U{se lec E', s(e) = vz}>

i=1
form =1,...,N. According to [12, Lemma 1.2] Ag is canonically isomorphic to
the C*-algebra C*(Eq), corresponding to a suitable finite graph FEq. The graph
Eq is described in [12] Definition 1.1], but here we do not need to know it. Thus,
Lemma M implies that there exists an n and a unital C*-algebra homomorphism
A0 2 Ay — B/J, such that m, o A\’ = id. We are going to show that this n is big
enough to construct the required partial lifting A : C*(E) — B/J,. To this end we
construct a sequence of unital C*-algebra homomorphisms

A" Ay, — B/,

m=1,...,N, such that 7, o A = id. Then A = A" will give the required partial
lifting.

So suppose that the homomorphisms A!,... ,A™~! have already been constructed,
and denote v = v,,,. If v emits only finitely many edges, then we set ™ = \™~ L. If
v emits infinitely many edges, then we let M = max{j | e;(v) € Q} and define \™
to be the elementwise limit of the sequence of unital C*-algebra homomorphisms

A CF (A1 U s, [t =M +1,...  k}) — B/ Jn,

k= M,M +1,..., defined inductively below, such that m, o \}* = id and A]’.,
coincides with A, ; on Ay, 1 U{sc, vy |1 =M +1,... ,k}. This last condition en-
sures that the limit of A\’ (z) exists for  in the dense *-subalgebra of A,, generated
by Ap—1 and {s,() |i=M +1,M +2,...}, and hence the required elementwise
limit A™ = lim A} exists.
k—o0

To begin our construction we set A7, = X"~ 1. For the inductive step we assume

that A\;* has been already constructed for some k > M. Let

Q=QuU (WO sl(vi)> U{ej(v) |j=M+1,...  k+1}.

i=1
We will find, below, two elements by and 6k+1 of B/J, so that the assignment
b if e=eg(v),
(4) Se > < bpaa if e=ept1(v),
A (se) it e e U\ {ex(v), ext1(v)},

extends to the desired homomorphism )\kmﬂ. We use the tilde in Bk+1 since in the
next inductive step we might have by41 # bgy1.
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k—1 k—1
We set ¢ = Zsej(v)s:j(v) and QQ = ZA?(sej(U)szj(v)). Then ¢ and @ are
j=1 j=1

projections such that m,(Q) = ¢. Let « be a path in Q with source r(e;(v))
and range 7(ex+1(v)), and let 8 be a path in Q with source r(ex(v)) and range v.
Such paths can be found by transitivity of F and conditions (ii) and (iii) from the
definition of Q. Set

b1 = Sey(v)Ser (v)Ber(v)

ty = 5€k+1(v)82k (v)Ber(v)a:

Then t; and t2 are partial isometries such that ¢7t¢; is orthogonal to t5ts, 1] is
k42

orthogonal to tat5, and all four are subprojections of f = Zsei(v)s;(v). Let t3 be

i=k
a partial isometry in C*(E) with domain f — t7t1 — t5te and range f — t1t] — tot5.
Such partial isometry exists since the two projections are non-zero and have the
same Ky class [5]. Then

t=t1+to+ts+1—f

is a unitary in C*(E) such that (I — f)t = (I — f). By virtue of condition (i) and
Lemma [3 there exists a unitary u in C*({s. | e € Q} U {8, (v)}) such that

(Q+I—pv)U=q+I—pU

and (p, — ¢)u is homotopic in (p, —q)C*(E)(py —q) to (py, —q)t. Thus (p, —q)u*t is
homotopic to the identity in (p, —¢)C*(E)(p, —¢). Hence, since m, (A} (py) — Q) =
Pv — ¢, there exists a unitary Zy in (A7 (p,) — Q)(B/Jn) (AP (py) — Q) such that
T (Zo) = (pv —q)u*t Bl Proposition 3.4.5]. Therefore, Z = Zy+Q+1—A"(po) is a
unitary in B/J, such that (Q+1— A (pv))Z = (Q+1— A (pv)) and m,(Z) = u*t
[4]. We set

bk = )\ZL (U’)ZAZL (Sek (’U)ﬁek (’U)))
b1 = A (WZAL (Ser(v)Ber (v)a)-

We claim that the assignment (4) gives rise to the desired homomorphism A}, ;.
To this end we first show that the algebra C* (A, —1U{sc,(v) | i = M+1,... ,k+1}),
which is obviously also generated by {s. | e € '}, is isomorphic to the graph algebra
C*(Eq/) corresponding to a suitable graph Eq/. Indeed, let W be the set of all those
vertices w € E° for which there exists an edge e € E'\ Q' with s(e) = w. We define
Eq to be the graph with the vertex set ES, = E° U W, where W = {w | w € W},
and the edge set B}, = Q' UF, where F = {f | f € @, r(f) € W} with the
source and range maps s(f) = s(f) and r(f) = 7(f), respectively. We note that
for each w € W there are only finitely many edges e € Q' with s(e) = w. Let
{P,|ve By U{Pgp|weW}and {S. | ec Q}U{Ss| f € F} be the canonical
generators of C*(Eq/). There exists a C*-algebra homomorphism

Y : C*(Eq) — C*(Ap—1 U {Se,;(v) l[i=M+1,... , k+1})
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such that
) 1f v g VV,
Y(Py) = Z sgs, ifveWw,
geQ, s(g)=v
Y(Pp) = pw— Z 595;7
geV, s(g)=w
Se it r(e) ¢ W,

=
n

S/
[

Se Z sgs, ifr(e) €W,
ge, s(g)=r(e)

V(Sy) = sp|l- > sgsi |

geqY’, s(g)=r(f)

since the target elements satisfy relations (G1)—(G3) for the graph Egq/. Clearly,
the generators of C* (A1 U {se,(v) | i = M +1,... ,k +1}) belong to the range
of v and hence v is surjective. For injectiveness of ¢ we first observe that in the
graph Eq/ all loops have exits. Indeed, if (¢1,...,g,) is a loop in Eq/, then g; € €
foralli =1,...,r, since the ranges of all elements of F' are sinks. Thus (g1, ... ,g)
is also a loop in F and hence has an exit in F, since the graph F is transitive and
has infinitely many edges. Since 2 C Q' conditions (ii) and (iii-a) now imply that
the loop (g1, - - - ,gr) has an exit in Eq/, as claimed. Since ¢(P,) # 0 for all a € E?,
1 is injective by the Cuntz-Krieger uniqueness theorem [12, Theorem 1.5].

Next we use the universal property of C*(Eq/) to define a C*-algebra homomor-
phism ;\ZLH : C*(Eq/) — B/Jy, as follows. If r(ex(v)) € W, then we set

;\Zl-l—l(‘sek(v)) = bk-
Otherwise we put

M (Senw) = beAY! ) Sy | -
g€, s(g)=r(ex (v))

M (Soy) = X [ 1— > SgSy
ge, s(g)=r(ex(v))
Likewise, if r(ex+1(v)) € W, then we set
A1 (Serr () = b1

Otherwise we put

;\?H(Sekﬂ(v)) = Bk+1/\2n Z sgs; ,
g€, s(g)=r(er+1(v))

N (S i) = beadi | 1= > 595
g€, s(g)=r(ex+1(v))
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veEE’, weW,eeQ\{en(v),ers1(v)}, and f € F\ {ex(v), ext1(v)} we set

A (po) ifvg W,

e (Po) = AR Z 595, ifveWw,

geV, s(g)=v
N (Pr) = A0 [pw— Y sesi |,
geV, s(g)=w

AP (s0) i r(e) ¢

k1(Se) = AP se Z 8¢5, if r(e) e W,

geQ, s(g)=r(e)

e (S7) = A s (1 — Z SgSg
g€, s(g)=r(f)

Such a homomorphism 5‘?+1 exists since the target elements satisfy relations (G1)-
(G3) for the graph Eq.
Finally, we define A%, ; = AJ}; o 1. Tt is clear from our construction that
eyt C(Am—1 U {se) | 0= M+ 1,...,k+1}) — B/J, is a C*-algebra
homomorphism such that m, o A\J’, | = id, condition (4) holds, and A ; coincides
with A", on A1 U{s¢,0) | ¢ = M +1,...,k—1}. Thus the homomorphism
A1 has all the required properties.
Continuing inductively in this manner we construct homomorphisms A}* and

then \™ = lim A]". O
k—o0
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