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ON SEMIPROJECTIVITY OF C∗-ALGEBRAS
OF DIRECTED GRAPHS

WOJCIECH SZYMAŃSKI

(Communicated by David R. Larson)

Abstract. It is shown that if E is a countable, transitive directed graph with
finitely many vertices, then C∗(E) is semiprojective.

0.

Semiprojectivity of C∗-algebras was originally investigated by Effros and
Kaminker [7] and soon afterwards by Blackadar [2] in the context of shape theory
for C∗-algebras. In this article we follow Blackadar’s approach. Semiprojectivity of
C∗-algebras is a noncommutative analogue of the topological concept of absolute
neighbourhood retract. It is closely related to the problem of stability of relations
defining a C∗-algebra and has been investigated recently by a number of authors;
e.g. see [8].

It is not easy for a simple C∗-algebra to be semiprojective. However, Black-
adar has conjectured [4] that Kirchberg algebras (purely infinite, simple, separable,
unital, and satisfying the Universal Coefficient Theorem) with finitely generated
K-groups are semiprojective. He proved this for Cuntz-Krieger algebras corre-
sponding to finite matrices and more recently for O∞ [2, 4]. The latter result is
highly non-trivial as no finite presentation of O∞ is known.

It is the main purpose of the present article to show that semiprojectivity holds
for a class of generalized Cuntz-Krieger algebras corresponding to transitive di-
rected graphs on finitely many vertices, but with possibly infinitely many edges; cf.
Theorem 5 below. With help of Proposition 2, below, it is possible to show that all
Kirchberg algebras with arbitrary finitely generated K0 group and finitely gener-
ated free abelian K1 group whose rank is not greater than the rank of the K0 group
may be realized in this way (see also [13, Lemma 2]). Cuntz-Krieger algebras of
infinite directed graphs were introduced in [11] and then studied by many authors;
e.g. see [10, 1, 12]. Among many advantages of working with graph algebras is the
fact that both their defining relations and their main properties can be easily read
from the underlying graphs.

Our argument from Theorem 5 is based on Blackadar’s proof of semiprojectivity
of O∞ [4]. In order to carry it out we must know the K-groups of C∗-algebras of
infinite graphs on finitely many vertices. These we calculate in Proposition 2, which
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should be of independent interest. The proof of Proposition 2 depends heavily on
the results of [12].

1.

We recall the definition of the C∗-algebra corresponding to a directed graph [9].
Let E = (E0, E1, r, s) be a directed graph with (at most) countably many vertices
E0 and edges E1, and range and source functions r, s : E1 → E0, respectively.
C∗(E) is by definition the universal C∗-algebra generated by families of mutually
orthogonal projections {pv | v ∈ E0} and partial isometries {se | e ∈ E1} with
mutually orthogonal ranges, subject to the following three relations:

(G1) s∗ese = pr(e),
(G2) ses∗e ≤ ps(e),
(G3) pv =

∑
e∈E1: s(e)=v

ses
∗
e, provided s−1(v) is finite and non-empty.

A directed graph E is row-finite if every vertex emits at most finitely many edges.
For row-finite graphs the K-theory of C∗(E) can be calculated as follows [12, The-
orem 3.2]. Let VE be the collection of all those vertices which emit at least one
edge, and let ZVE and ZE0 be free abelian groups on free generators VE and E0,
respectively. We have

K0(C∗(E)) ∼= coker(∆E),(1)
K1(C∗(E)) ∼= ker(∆E),(2)

where ∆E : ZVE → ZE0 is the map defined on generators as

∆E(v) =

 ∑
e∈E1: s(e)=v

r(e)

− v.(3)

However, this result is not sufficient for our purposes, since we need a description of
the K-groups of the C∗-algebras corresponding to arbitrary countable graphs with
finitely many vertices. This is done in the following proposition.

Proposition 2. If E is a countable directed graph with finitely many vertices, then
the K-groups of C∗(E) are still described by formulae (1) and (2) above, provided
VE is defined as the collection of all those vertices which emit at least one but only
finitely many edges.

Proof. Let E0 = VE ∪W0∪W∞, with W0 sinks and W∞ vertices emitting infinitely
many edges. For w ∈ W∞ we denote the edges with source w by e1(w), e2(w), . . . .
Then we denote by Bn the C∗-subalgebra of C∗(E) generated by {pv | v ∈ E0},
{se | s(e) ∈ VE} and {sek(w) | w ∈ W∞, k = 1, . . . , n}. We will use continuity of
the K-theory to calculate the K-groups of C∗(E) as K∗(C∗(E)) ∼= lim

n→∞
K∗(Bn).

We claim that Bn is naturally isomorphic to C∗(En), with the graph En defined
as follows. The vertex set E0

n = E0 ∪ W∞, where W∞ = {w | w ∈ W∞}. Let
Fn = (s−1(VE) ∪ {ek(w) | w ∈ W∞, k = 1, . . . , n}) ∩ r−1(W∞). Then E1

n =
s−1(VE) ∪ {ek(w) | w ∈ W∞, k = 1, . . . , n} ∪ Fn, where Fn = {e | e ∈ Fn}
and s(e) = s(e), r(e) = r(e). Indeed, let {Pa | a ∈ E0

n} and {Sb | b ∈ E1
n}

be the canonical generators of C∗(En). There exists a C∗-algebra homomorphism
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φn : C∗(En)→ Bn such that

φn(Pw) =


pw if w ∈ VE ∪W0,
n∑
k=1

sek(w)s
∗
ek(w) if w ∈W∞,

φn(Pw) = pw −
n∑
k=1

sek(w)s
∗
ek(w),

φn(Se) =


se if r(e) 6∈W∞,

se

n∑
k=1

sek(w)s
∗
ek(w) if r(e) ∈W∞,

φn(Se) = se − se
n∑
k=1

sek(w)s
∗
ek(w),

since the target elements satisfy relations (G1)–(G3) for the graph En. Clearly,
the generators of Bn belong to the range of φn and hence φn is surjective. Since
φn(Pa) 6= 0 for all a ∈ E0

n, φn is injective by the gauge-invariant uniqueness theorem
[1, Theorem 2.1], and the claim follows.

[12, Theorem 3.2] implies that for any n we have a commuting diagram with
exact rows

0→ K1(Bn)→ ZVEn
∆En−→ ZE0

n → K0(Bn)→ 0
↓ i∗ || || ↓ i∗

0→ K1(Bn+1)→ ZVEn+1

∆En+1−→ ZE0
n+1 → K0(Bn+1)→ 0.

Consequently, we have K0(C∗(E)) ∼= lim
n→∞

coker(∆En) and K1(C∗(E)) ∼=
lim
n→∞

ker(∆En). In fact, we are going to show that (i) ker(∆En) = ker(∆E) and

(ii) coker(∆En) is naturally isomorphic to coker(∆E) for all n, and this will prove
our proposition.

Proof of (i). Viewed as maps from ZVE ⊕ZW∞ to ZVE ⊕ZW0⊕ZW∞⊕ZW∞
and from ZVE to ZVE⊕ZW0⊕ZW∞, respectively, ∆En and ∆E have the following
matrices:

∆En =


D1 − 1 D4

D2 D5

D3 D6 − 1
D3 D6

 , ∆E =

 D1 − 1
D2

D3

 ,
where Di, i = 1, . . . , 6, are some integer entry blocks depending on E and n.
Thus, if ∆En(x, y) = 0, then D3x + D6y − y = 0 = D3x + D6y and hence y = 0.
Consequently,

ker(∆En) = ker([D1 − 1, D2, D3, D3]t) = ker([D1 − 1, D2, D3]t) = ker(∆E).

Proof of (ii). Since (0, 0, y, 0) = (D4y,D5y,D6y,D6y) − ∆En(0, y), ZVE ⊕
ZW0 ⊕ ZW∞ ⊕ ZW∞ is equal to the sum of X = (ZVE ⊕ ZW0 ⊕ 0 ⊕ 0) +
span{(0, 0, w, w) | w ∈ W∞} and the image Im(∆En) of ∆En . But if ∆En(x, y) ∈ X ,
then D3x+D6y − y = D3x+D6y and hence y = 0. Consequently,

coker(∆En) ∼= X/Im([D1 − 1, D2, D3, D3]t) ∼= coker(∆E),

as required.
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Lemma 3. If E is a countable, transitive directed graph with finitely many vertices,
but E is not a single loop, then one may find a finite subset Ω ⊆ E1 such that the
following holds. For any vertex v ∈ E0 emitting infinitely many edges {ei(v) | i =
1, 2, . . .}, any positive integer d and any unitary t ∈ C∗(E) with (I − f)t = I − f ,

where f =
m∑
j=d

sej(v)s
∗
ej(v) for some m ≥ d, there exists a unitary u ∈ C∗({se | e ∈

Ω} ∪ {sed(v)}) such that (q + I − pv)u = q + I − pv and (pv − q)u is homotopic in

(pv − q)C∗(E)(pv − q) to (pv − q)t, where q =
d−1∑
j=1

sej(v)s
∗
ej(v).

Proof. We fix a vertex w ∈ E0. Since pwC
∗(E)pw is a full corner of C∗(E) it

is purely infinite and simple, just as C∗(E), and K1(pwC∗(E)pw) ∼= K1(C∗(E))
is finitely generated by virtue of Proposition 2. Thus, there exists a finite subset
Ω ⊆ E1 for which pwC

∗({se | e ∈ Ω})pw contains representatives of all homotopy
classes of unitaries in pwC

∗(E)pw [5]. Adding a finite number of edges to Ω, if
necessary, we may further assume that for any two vertices w1, w2 ∈ E0 there is a
path in Ω from w1 to w2.

Now let v ∈ E0 and t be as in the hypothesis of the lemma. Then there exist
in Ω paths α and β from w to v and from r(sd) to w, respectively. Let ũ be a
unitary in pwC∗({se | e ∈ Ω})pw in the same homotopy class as sαts∗α + pw − sαs∗α
in pwC∗(E)pw . We set

u = sed(v)β ũs
∗
ed(v)β + I − sed(v)βs

∗
ed(v)β .

Clearly (q + I − pv)u = q + I − pv, and (pv − q)u is homotopic to (pv − q)t since
these two unitaries have the same class in K1((pv − q)C∗(E)(pv − q)) [5].

Lemma 4. If E is a finite directed graph, then C∗(E) is semiprojective.

Proof. This follows from [2, Propositions 2.18 and 2.23].

Blackadar showed in [2, Corollary 2.24] that Cuntz-Krieger algebras (correspond-
ing to finite 0-1 matrices) are semiprojective. Such algebras may be realized as
graph algebras corresponding to finite graphs. However, the algebras of graphs
with sinks cannot, strictly speaking, be described as Cuntz-Krieger algebras. In-
deed, in order to allow for graphs with sinks one would have to consider matrices
with zero rows, and this was not done in the original work of Cuntz and Krieger
[6]. Therefore, for the sake of completeness, we have stated Lemma 4, above.

Theorem 5. If E is a countable, transitive directed graph with finitely many ver-
tices, then C∗(E) is semiprojective.

Proof. By virtue of Lemma 4 it suffices to consider the case of a directed graph E
with finitely many vertices, say E0 = {v1, . . . , vN}, and infinitely many edges E1.
As in the proof of Proposition 2 if a vertex v emits infinitely many edges, then we
denote them by {ej(v) | j = 1, 2, . . . }.

LetB be a unital C∗-algebra and let Jk, k = 1, 2, . . . , be an increasing sequence of
closed, two-sided ideals of B such that B/

⋃∞
k=1 Jk is isomorphic to (and identified

with) C∗(E). We must show that for some n there exists a unital C∗-algebra
homomorphism λ : C∗(E)→ B/Jn such that πn◦λ = id, where πn : B/Jn → C∗(E)
denotes the natural quotient map. To this end we first find, with the help of Lemma
3, a finite subset Ω of E1 so large that the following hold:
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(i) The conditions of Lemma 3 are satisfied.
(ii) If v emits finitely many edges, then {e ∈ E1 | s(e) = v} ⊆ Ω.
(iii) If v emits infinitely many edges, then the following hold:

(a) Both e1(v) and e2(v) belong to Ω.
(b) For each k there exists an e ∈ Ω such that s(e) = v and r(e) = r(ek(v)).
(c) If ek(v) ∈ Ω, then ei(v) ∈ Ω for all i = 1, . . . , k − 1.

We note that the above conditions imply, in particular, that for any two vertices
v, w ∈ E0 there exists a path (f1, . . . , fr) from v to w such that fi ∈ Ω for all
i = 1, . . . , r.

We denote A0 = C∗({se | e ∈ Ω}) and

Am = C∗

(
{se | e ∈ Ω} ∪

m⋃
i=1

{se | e ∈ E1, s(e) = vi}
)

for m = 1, . . . , N . According to [12, Lemma 1.2] A0 is canonically isomorphic to
the C∗-algebra C∗(EΩ), corresponding to a suitable finite graph EΩ. The graph
EΩ is described in [12, Definition 1.1], but here we do not need to know it. Thus,
Lemma 4 implies that there exists an n and a unital C∗-algebra homomorphism
λ0 : A0 → B/Jn such that πn ◦ λ0 = id. We are going to show that this n is big
enough to construct the required partial lifting λ : C∗(E)→ B/Jn. To this end we
construct a sequence of unital C∗-algebra homomorphisms

λm : Am → B/Jn,

m = 1, . . . , N , such that πn ◦ λm = id. Then λ = λN will give the required partial
lifting.

So suppose that the homomorphisms λ1,. . . ,λm−1 have already been constructed,
and denote v = vm. If v emits only finitely many edges, then we set λm = λm−1. If
v emits infinitely many edges, then we let M = max{j | ej(v) ∈ Ω} and define λm

to be the elementwise limit of the sequence of unital C∗-algebra homomorphisms

λmk : C∗(Am−1 ∪ {sei(v) | i = M + 1, . . . , k})→ B/Jn,

k = M,M + 1, . . . , defined inductively below, such that πn ◦ λmk = id and λmk+2

coincides with λmk+1 on Am−1 ∪ {sei(v) | i = M + 1, . . . , k}. This last condition en-
sures that the limit of λmk (x) exists for x in the dense ∗-subalgebra of Am generated
by Am−1 and {sei(v) | i = M + 1,M + 2, . . . }, and hence the required elementwise
limit λm = lim

k→∞
λmk exists.

To begin our construction we set λmM = λm−1. For the inductive step we assume
that λmk has been already constructed for some k ≥M . Let

Ω′ = Ω ∪
(
m−1⋃
i=1

s−1(vi)

)
∪ {ej(v) | j = M + 1, . . . , k + 1}.

We will find, below, two elements bk and b̃k+1 of B/Jn so that the assignment

se 7→


bk if e = ek(v),
b̃k+1 if e = ek+1(v),
λmk (se) if e ∈ Ω′ \ {ek(v), ek+1(v)},

(4)

extends to the desired homomorphism λmk+1. We use the tilde in b̃k+1 since in the
next inductive step we might have bk+1 6= b̃k+1.
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We set q =
k−1∑
j=1

sej(v)s
∗
ej(v) and Q =

k−1∑
j=1

λmk (sej(v)s
∗
ej(v)). Then q and Q are

projections such that πn(Q) = q. Let α be a path in Ω with source r(e1(v))
and range r(ek+1(v)), and let β be a path in Ω with source r(ek(v)) and range v.
Such paths can be found by transitivity of E and conditions (ii) and (iii) from the
definition of Ω. Set

t1 = sek(v)s
∗
ek(v)βek(v),

t2 = sek+1(v)s
∗
ek(v)βe1(v)α.

Then t1 and t2 are partial isometries such that t∗1t1 is orthogonal to t∗2t2, t1t∗1 is

orthogonal to t2t∗2, and all four are subprojections of f =
k+2∑
i=k

sei(v)s
∗
ei(v). Let t3 be

a partial isometry in C∗(E) with domain f − t∗1t1 − t∗2t2 and range f − t1t∗1 − t2t∗2.
Such partial isometry exists since the two projections are non-zero and have the
same K0 class [5]. Then

t = t1 + t2 + t3 + I − f

is a unitary in C∗(E) such that (I − f)t = (I − f). By virtue of condition (i) and
Lemma 3 there exists a unitary u in C∗({se | e ∈ Ω} ∪ {sek(v)}) such that

(q + I − pv)u = q + I − pv

and (pv−q)u is homotopic in (pv−q)C∗(E)(pv−q) to (pv−q)t. Thus (pv−q)u∗t is
homotopic to the identity in (pv−q)C∗(E)(pv−q). Hence, since πn(λmk (pv)−Q) =
pv − q, there exists a unitary Z0 in (λmk (pv) − Q)(B/Jn)(λmk (pv) − Q) such that
πn(Z0) = (pv−q)u∗t [3, Proposition 3.4.5]. Therefore, Z = Z0 +Q+I−λmk (pv) is a
unitary in B/Jn such that (Q+ I−λmk (pv))Z = (Q+ I−λmk (pv)) and πn(Z) = u∗t
[4]. We set

bk = λmk (u)Zλmk (sek(v)βek(v)),

b̃k+1 = λmk (u)Zλmk (sek(v)βe1(v)α).

We claim that the assignment (4) gives rise to the desired homomorphism λmk+1.
To this end we first show that the algebra C∗(Am−1∪{sei(v) | i = M+1, . . . , k+1}),
which is obviously also generated by {se | e ∈ Ω′}, is isomorphic to the graph algebra
C∗(EΩ′ ) corresponding to a suitable graph EΩ′ . Indeed, let W be the set of all those
vertices w ∈ E0 for which there exists an edge e ∈ E1 \Ω′ with s(e) = w. We define
EΩ′ to be the graph with the vertex set E0

Ω′ = E0 ∪W , where W = {w | w ∈ W},
and the edge set E1

Ω′ = Ω′ ∪ F , where F = {f | f ∈ Ω′, r(f) ∈ W} with the
source and range maps s(f) = s(f) and r(f ) = r(f), respectively. We note that
for each w ∈ W there are only finitely many edges e ∈ Ω′ with s(e) = w. Let
{Pv | v ∈ E0} ∪ {Pw | w ∈ W} and {Se | e ∈ Ω′} ∪ {Sf | f ∈ F} be the canonical
generators of C∗(EΩ′). There exists a C∗-algebra homomorphism

ψ : C∗(EΩ′ )→ C∗(Am−1 ∪ {sei(v) | i = M + 1, . . . , k + 1})
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such that

ψ(Pv) =


pv if v 6∈ W,∑
g∈Ω′, s(g)=v

sgs
∗
g if v ∈ W,

ψ(Pw) = pw −
∑

g∈Ω′, s(g)=w

sgs
∗
g,

ψ(Se) =


se if r(e) 6∈ W,
se

∑
g∈Ω′, s(g)=r(e)

sgs
∗
g if r(e) ∈ W,

ψ(Sf ) = sf

I − ∑
g∈Ω′, s(g)=r(f)

sgs
∗
g

 ,

since the target elements satisfy relations (G1)–(G3) for the graph EΩ′ . Clearly,
the generators of C∗(Am−1 ∪ {sei(v) | i = M + 1, . . . , k + 1}) belong to the range
of ψ and hence ψ is surjective. For injectiveness of ψ we first observe that in the
graph EΩ′ all loops have exits. Indeed, if (g1, . . . , gr) is a loop in EΩ′ , then gi ∈ Ω′

for all i = 1, . . . , r, since the ranges of all elements of F are sinks. Thus (g1, . . . , gr)
is also a loop in E and hence has an exit in E, since the graph E is transitive and
has infinitely many edges. Since Ω ⊆ Ω′ conditions (ii) and (iii-a) now imply that
the loop (g1, . . . , gr) has an exit in EΩ′ , as claimed. Since ψ(Pa) 6= 0 for all a ∈ E0

n,
ψ is injective by the Cuntz-Krieger uniqueness theorem [12, Theorem 1.5].

Next we use the universal property of C∗(EΩ′ ) to define a C∗-algebra homomor-
phism λ̃mk+1 : C∗(EΩ′ )→ B/Jn, as follows. If r(ek(v)) 6∈W , then we set

λ̃mk+1(Sek(v)) = bk.

Otherwise we put

λ̃mk+1(Sek(v)) = bkλ
m
k

 ∑
g∈Ω′, s(g)=r(ek(v))

sgs
∗
g

 ,

λ̃mk+1(Sek(v)) = bkλ
m
k

I − ∑
g∈Ω′, s(g)=r(ek(v))

sgs
∗
g

 .

Likewise, if r(ek+1(v)) 6∈ W , then we set

λ̃mk+1(Sek+1(v)) = b̃k+1.

Otherwise we put

λ̃mk+1(Sek+1(v)) = b̃k+1λ
m
k

 ∑
g∈Ω′, s(g)=r(ek+1(v))

sgs
∗
g

 ,

λ̃mk+1(Sek+1(v)) = b̃k+1λ
m
k

I − ∑
g∈Ω′, s(g)=r(ek+1(v))

sgs
∗
g

 .
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For v ∈ E0, w ∈W , e ∈ Ω′ \ {ek(v), ek+1(v)}, and f ∈ F \ {ek(v), ek+1(v)} we set

λ̃mk+1(Pv) =


λmk (pv) if v 6∈W,

λmk

 ∑
g∈Ω′, s(g)=v

sgs
∗
g

 if v ∈W,

λ̃mk+1(Pw) = λmk

pw − ∑
g∈Ω′, s(g)=w

sgs
∗
g

 ,

λ̃mk+1(Se) =


λmk (se) if r(e) 6∈W,

λmk

se ∑
g∈Ω′, s(g)=r(e)

sgs
∗
g

 if r(e) ∈W,

λ̃mk+1(Sf ) = λmk

sf
I − ∑

g∈Ω′, s(g)=r(f)

sgs
∗
g

 .

Such a homomorphism λ̃mk+1 exists since the target elements satisfy relations (G1)–
(G3) for the graph EΩ′ .

Finally, we define λmk+1 = λ̃mk+1 ◦ ψ−1. It is clear from our construction that
λmk+1 : C∗(Am−1 ∪ {sei(v) | i = M + 1, . . . , k + 1}) → B/Jn is a C∗-algebra
homomorphism such that πn ◦ λmk+1 = id, condition (4) holds, and λmk+1 coincides
with λmk−1 on Am−1 ∪ {sei(v) | i = M + 1, . . . , k − 1}. Thus the homomorphism
λmk+1 has all the required properties.

Continuing inductively in this manner we construct homomorphisms λmk and
then λm = lim

k→∞
λmk .
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