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AND THE ASYMPTOTIC HAIN-LUST OPERATOR
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ABSTRACT. We consider a matrix differential operator with singular entries
which arises in magnetohydrodynamics. By means of the asymptotic Hain-
Liist operator and some pseudo-differential operator techniques, we determine
the essential spectrum of this operator. Whereas in the regular case, the
essential spectrum consists of two intervals, it turns out that in the singular
case two additional intervals due to the singularity may arise. In addition, we
establish criteria for the essential spectrum to lie in the left half-plane.

1. INTRODUCTION

The spectral analysis of systems of matrix differential operators of mixed order
(ordinary and partial) is a fast developing part of mathematical physics having var-
ious applications in different fields (plasma physics, hydrodynamics, astrophysics,
etc.). Recently, problems where the coefficients of the equations have prescribed
singularities attracted the attention of specialists working in operator theory and
applications. These problems appeared in a natural way in magnetohydrodynam-
ics and led to some new phenomena due to the singularities (see e.g. [HMN]). In
the present paper we use a special problem of this kind in order to apply a new
approach to the spectral analysis of matrix differential operators with singularities,
which might allow a better understanding of other concrete problems and of the
general case.

In [HMN] self-adjoint 3 x 3 block operator matrices the entries of which are sin-
gular differential operators of different orders have been studied. Block operator
matrices of this kind are related to a simple physical model describing the oscilla-
tions of a plasma in an equilibrium configuration confined in a cylindrical domain
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(see [K2]). They are of the form

r
Or—0rr +q 187"& +71 10,82
r r
ﬁl . — dll d12
(11) T—2187-7" + Y1 7“_2 T
&iaﬂ” @ d22
r r

where I, 81, B2, 71, ¢ and d;; are sufficiently smooth functions on the interval [0, ro],
ro denoting the radius of the cylinder. The crucial difficulty in studying such block
operator matrices is that the two terms AD and BC in the formal determinant
AD — BC (see (ZI) below) have the same order 2 as differential operators as well
as the same order 4 of the singularity at r = 0.

The main results of [HMN] are the construction of a self-adjoint extension L
of the operator in (L)) in the Hilbert space (La(0,70),7dr)3 (along the lines of
[KT]) if the coefficients T', 81, B2, di11, d12 in () fulfill so-called quasi-regularity
conditions, and a description of the essential spectrum of this self-adjoint extension
provided that R(y1(0)) = 0 and dy3 + $152/T = 0. Compared with the so-called
hard core problem (see [KI], [DG]), where the operator in () is considered in
(La(r1,70),rdr)? with some 0 < 71 < 7o and is thus regular, it turned out that in
the singular case additional components of essential spectrum may appear, which
was predicted in [DG]. However, the restriction di2 + 81082/T = 0 led to only one
new interval of essential spectrum.

The aim of the present paper is not only to extend the description of the essential
spectrum to the general case where no assumptions on R(~y1(0)) and dy12+6102/I" are
imposed, but merely to develop a new and much more elegant way to determine
this essential spectrum and to avoid tiresome calculations. The main tool here
is an abstract lemma which allows us to reduce this problem to the problem of
determining the essential spectrum of a matrix function. The part of the essential
spectrum due to the singularity (singularity spectrum for shor) predicted in [DG]
consists of two intervals determined by the roots of the so-called asymptotic Hain—
Liist operator. We also study the location of the various parts of the essential
spectrum, and we address the question of stability of the above system of differential
operators by deriving a criterion for the essential spectrum of IL to lie in the left
half-plane.

In our opinion the definition and use of asymptotic Hain-Liist operators is of
crucial importance and will turn out to be a proper tool for the investigation of the
new branches of the essential spectra for a wide class of systems of matrix differential
operators with singularities. It should be mentioned that another approach to the
study of the essential spectrum of matrix differential operators has been developed
in [EMM1], [FMM2]. Also, we would like to add that the results of the present
paper may be extended to the case when IL is non-self-adjoint since there exists a
non-self-adjoint analogue of the above mentioned lemma.

1Tt should be noted that there is no relation with the singular spectrum of the operator.
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2. PRELIMINARIES

If we substitute r = r(t) = roe™?, the operator in (L)) takes the form

r
O—0+4q iatﬂ—zl 7 iat@
r r r
| B, _ di1 di2 _. (A B
(2.1) LO — r_218t + ryl T_Q T —. <C D .
d
s, - a2

Here and in the sequel we use both variables r and ¢ simultaneously for convenience.
We consider this operator in the Hilbert space H = (L2(R))? on the domain

(22) DY) = |Ham(Ry) N H1(Ry)| @ Hyon(Ry) & Hy o (R).

Here, for k € Ny, Hi(Ry) denotes the Sobolev space of order k associated with
Lo(Ry), Hi fn(Ry) is the space of all functions f in Hy (Ry) with support in some
finite interval [0, ¢], and Hy (R4 ) stands for the closure of C§°(R4) with respect to
the norm in Hy(R,).
In this paper we will always assume that the following conditions are satisfied:
a) The functions I, 81, B2, d11, d12, da2 have continuous derivatives up to order
3on [0,79], I' > 0 on [0, o], the functions ¢, 1 have continuous derivatives (as
functions of ) up to order 2 on [0,r¢], and ¢, 51, B2, d11, d22 are real-valued.
b) The functions di1, di2, dog satisfy the conditions

(23) du(T) § 0, d22(7’) § 0, dn(T)dQQ(T) Z |d12(7“)|2, re [O,To],

(2.4) dy1(0) < 0.

In [HMN] it has been shown that L is symmetric. The following theorem from
[HMN] provides conditions which guarantee that Lj, has a self-adjoint extension.

Theorem 2.1. Let the assumptions a) and b) hold and suppose that the coefficients
T, B1, B2, di1 and dyo satisfy the so-called quasi-regularity conditions

(2.5) riz (dn + ?) — 0o(1), % (dm + Blf") —0(1)  (r\0)

Then the operator L, has a self-adjoint extension L which is given by

(2.6) D(L) = R(M,), L:=M,"+ul,

where u is an arbitrary sufficiently large positive number and

(T () —F(u)*
(2.7) M, = < —F(u) (D—pl)~t+(D- uI)‘lcF(u)*> '

Here T () with domain Ha(R4) ﬂjofl(R+) is the so-called Hain—Liist operator, i.e.,
the (self-adjoint) closure of the transfer function

(2.8) To(p) := A —pul — B(D — ul)~*C

defined on D(A) = Hagan(Ry) N IO{1(R+) and F(u) is the bounded operator on
Lo(Ry) given by

(2.9) F(u) := (D — pI)~'CT~ (n).
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Note that all products of operators occurring in (Z7) — ([Z9) are well-defined
according to [HMN] and that the theorem on the pseudo-resolvent (see e.g. [Y]),
by means of which the self-adjoint extension IL has been constructed in [HMN]| (and
in [K2| for a special case), guarantees that the domain of L is independent of .

From the representation of L in Theorem [2.1]it readily follows that the essential
spectrum of IL is determined by the essential spectrum of the operator M, via
(2.10) A€ 0es(L) = X i p € Tess(M),).

In order to determine its essential spectrum, the operator M, has been reduced
in [HMN] modulo compact operators. The next theorem is a consequence of this
reduction. To formulate it, we need the following definitions and relations. We set

(2.11) QQ( . ,/.L) = 7“2 det(D — MI) = 7“2(/12 - MdQQ) + dll(dgg - M) — |d12|27
and with

r B B2
2.12 ==, bi=|—=%,—
(2.12) @ (r2 Tor )
we define
(2.13) A(- ) == a+b(D — pul)~ b,
Further, we introduce
1 2 1
— (din+ i —(diz + bibn
(2.14) S = s S12) r T T T
' 07 \sz s ) ld_+ﬂ1ﬂ2 d +_§
s\ G2t T 22t 3
and
(2.15) Py(-,pn) :=Tdet(So — pl).

In the following the values of (operator) functions at the point » = 0 are to be
understood as limits when r \, 0 (observe that r \, 0 corresponds to t — 00).

It has been shown in [HMN|, Lemma 5.4] that if conditions a), b) and the quasi-
regularity conditions (ZH) are satisfied, then, for u > 0, A(-,u) is continuously
differentiable in [0, 7] and has a limit as r \, 0,

1

(2.16)  A(p) = lm A(r,p) = Lo det 2 oy fég;)(o)
au Q20,19 O )+ 2
where 5 i
fl ::dll‘f'?, f2 = dio + T

Finally, we define the so-called asymptotic Hain—Liist operator T,s(x) in La(Ry)
by replacing all coefficients in Tp(p) by their limits for r» N\ 0, i.e.,

D(Tus()) = D(T (1) == Hao(Ry) N H1(Ry),

(2.17)
Talh) = 002 R (0) -

i0; + q(0) — p,
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and we introduce the 2 x 2 matrix functions
Fy(-,p) == =A(-,1)"H(D = p) 70" b(D — pI) 7Y,
Fi(-,p) = (D—pl) +Fi(-,p).

In the following we denote equality of linear operators modulo compact operators

(2.18)

(i.e., equality in the Calkin algebra) by g

Theorem 2.2. Suppose that assumptions a) and b) and the quasi-regularity con-
ditions (Z8) are satisfied. Then, for all sufficiently large positive numbers p,

B0 = 0 0 \ B0 g(m)?  —£3(0)g(n)
00w \\ 0 dn ) ) TR0 \ T 1100)2

where

Ba2(0)?
r'(0)

g(p) = s22(0) — p = d22(0) + — i,

and for the operator M, we have a representation

CN
M/L:M/L:QH+XH+RL

with a constant matriv Q,, a matriz multiplication operator X, in the variable t,
and a matriz pseudo-differential operator P, with a symbol constant in t, given by

O = (8 ﬁl(g,u))’ P = <8 ﬁl(-,u)gﬁ(O,u)>’
Tt () ‘ B(w) (10: T (1)
P, =

Wt 10, T (1) ‘ —F1(0, 1) + F1(0, )0 A1) 0 T (1)

where

_ (_ B10)  £3(0)5:(0)
Ble) "( d11(0) " Q2(0, ) )

Proof. In [HMN,, (4.6)] it has been shown that

o P2(7M)
A(.M)_Qz('aﬂ).

This, the fact that

2
}{% %(—516512 + Bad1n) = l{% —51% <d12 + 5}52) + 527“%2 (dn + B—I})
= —(1(0)£3(0)

due to the quasi-regularity conditions (2.3), and

dy2
_ _ e 0 0
<D—uf>1<r>—n<%% d”d—u“ =l o
2o | G2 du Q20,12

r r2

(2.19) 71}{1%)
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by the definition of D in (Z2) and of Qa(-,u) in (ZII) yield the representation

of Fy(0,p) according to (ZIX). The representation of M,, follows from [HMN|
Theorem 6.9], observing that

in the right lower corner of P,. O

10 4 q(0) — p = Tas (1) — 9 A1) 0

3. REDUCTION TO MATRIX CASE

In order to be able to apply the Fourier transformation, we extend the operator

M,, in Theorem to an operator M, on R such that o(M,) = o(M,r) (by
considering the differentiation on R and replacing r(t) = r9e™t by 7(|t|) in the

coefficients). The operator MM,R is (up to a finite rank operator) equal to

— C —

Myrp=M,r=Qur+X,r+ FP.r
where QQ,, r, X, r arise from the operators @, X,, in Theorem 22 by replacing r(t)
by r(|t]), and P, r arises from the operator P, in Theorem[Z2 by replacing T,;' ()
by the operator Ta_S}R(,u) given by

D(Tas’R(u)) = Hy(R),

(3.1) Tk (1) == 0 A1) 3 —2 R(71(0))

$1(0)

d11(0)

For details we refer the reader to the paper [HMN].
By what we have shown so far, the essential spectrum of M, coincides with the

10 + q(0) — p.

essential spectrum of ]\/4\ w,Rs
(3.2) Ooss (M) = Tess (M 2).

By means of the Fourier transformation and the following abstract lemma, the

calculation of the essential spectrum of the operator M, & (and consequently of L
due to (210) and (B2)) is reduced to the calculation of the essential spectra of
matrix functions.

Lemma 3.1. Let M be a pseudo-differential operator in Lo(R)™ with matriz sym-
bol M (z,p) having a representation

M(z,p) = Q+ X(x) + P(p)
where the variable p corresponds to 0, and

i) @ is a constant Hermitian n X n matriz,
ii) X and P are (multiplication operators with) hermitian n X n matriz functions
with entries from Loo(R) such that lim ;| X (7) = 0, lim)y— P(p) = 0.
Then

Oess(M) \ 0 (Q) = (UeSS(Q + X) U 0ess(Q + P)) \o(Q).

Proof. This lemma is a special case of a result proved in [KN]. [l

In the sequel we will show that this lemma applies to the operator M, R, and we
will calculate the respective two parts of the essential spectrum due to Q. r + X, r
(the regular part) and to Q. r+ P, r (the new part due to the singularity at r = 0).
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4. CALCULATION OF THE REGULAR PART OF THE ESSENTIAL SPECTRUM

In this section we calculate the essential spectrum of the operator

0 0
X, r = ~ .
QH,R + w,R (0 Fl( . 7#) )

By [HW|, Proposition 2.3 and Example 2.3], we obtain

Oess(Qur + Xur) = {0} U {0’ € R:det (ﬁl(t,u) - (TI) =0 for somet € [0,00)}.

By the definition of Fi(-,u) in (ZI8), the condition det (ﬁl( ) — UI) =0 is
equivalent to

det (D —pl)™ ' —A(-,0) YD — pI)"'0*6(D — pI) ™" —0) = 0.

Since det(D — uI)~1 # 0, this is further equivalent to

1
(4.1) det <D _ltonw
ag

I+ %A( )N D — uI)lb*b> =0

1+ou

for o # 0. If we set A :=

using the Hilbert identity (A—pu)(D —A)"H(D —pl)~t = (D —=X)" ' — (D —pl)~?
and twice [K| Chap. III, Problem 4.17], we can rewrite the right-hand side of (€.1]) as

1
, then o = P Observing that A( -, i) is scalar,
]

det(D — AI) det (I + A(-, 1) " ((D = XI)™" = (D — pI)~")b*b)
= det(D — AI) det (1 4+ A(-, ) "o (D =A™ = (D — uI)~")b")
= A(-,\) A(-, )" det(D — A)
=a(l+a (D= XI)"')A(-, 1)~ det(D — \)
=a(l+a Y(D—=X)"'D*b)A(-,p) " det(D — \)
= aA(-,pu)" " det(Sy — )
with Sy given by (ZI4)) where we have used (Z.I1I), (2I12). So, for p sufficiently large,
det (ﬁl(-,u) - JI) =0 <= det(So—A)=0.

According to assumptions a), b) and the quasi-regularity conditions (28], all entries
of the symmetric matrix function Sy depend continuously on ¢ and have a limit when
t — o0o. Hence there exist two real-valued continuous functions wy, we, the ranges
of which are finite intervals such that

det (So(t) — A) = (A — w1 (£)) (A — wa(t)).

Consequently,

(4.2)  Oess(Qup + Xpuz) = {0} U {a €ER: é +u € w([0,00)) U wa([0, oo))}.

Note that if we set o =

in view of (2.10), the description of oess(Qur + X,r)

ATH . . .
depends only on A as it should be according to the resolvent-like construction of

M,, (see (Z0)).
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5. CALCULATION OF THE SINGULARITY PART
OF THE ESSENTIAL SPECTRUM

Now we determine the essential spectrum of the operator Q,r + P, r. Since
Qur + P, r is a matrix pseudo-differential operator with constant coefficients, by
means of the Fourier transformation, it is unitarily equivalent to the operator of
multiplication with its symbol. Therefore its essential spectrum is given by

Oess(Qur + Pur) = {U eR:det (Qur + Pyr(p) —ol) =0 for some p € ]R}.

According to the representation of @), P, and hence of Q. r, P,r according to
Theorem 2, the condition

(5.1) det (Qur + Pur(p) —0l) =0

is equivalent to

0 0 = 1 B(p)p .
et ((0 F (0, 1)~ Fa (0, u)) t Tarl)o) (@tp ~F(0, u)A(u)p2> - UI) -
Using the fact that due to (Z5)

~ 31(0)2 g(w? - é(@g(u)) ) B32(0)?
—F1(0, p)A(p) = 55 ; |d12(0 —d11(0
(O A (—fé(O)g(u) nop )42 v

B QQ (Oa ,LL)Q
and thus Q2(0, 1) = d11(0)g(1) = d11(0)(s22(0) — p), it is easy to see that

~ —t
—F1(0, ) Alp) = B(p) B(p)-
Therefore and because of ([ZI9) the condition (E.1)) is equivalent to

0 0 O
. 1 1 1t ﬁt(ﬂ)p . _
R N _522(0)—u+TaS’R(M)(p)<ﬁ(u)p B(u) B(u)p2> H=r
(

Let B(u) =: (b1,b2). If we define the unitary 3 x 3 matrix U by

' o 1)’ ) /1 + b%pQ -1 bp )’
and multiply the matrix in the above determinant by U* from the left and by U
from the right, we obtain

00 0 ) 0 0 0
00 0] ——r0 O + T k() | 0 14000 bapy/1T+63p? | — ol
0 0 1) 2N 0 bop/T+03p2  |bo|?p?

Hence, if o # 0, the condition (&JJ) is equivalent to

1+ b3p” — 0Tos (1) (p) bopy/T T 0202
det _ 1 -
bap/ 1+ Vi (W - o) Too (1) (p) + [bal2p

which simplifies to
1
Ty o) (140 — 0T —olb|?p? ) = 0.
)0 (g — o) (04 89 = oTuax()®) — ol
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Since for p > 0 the operator Ths r(pt) is invertible, the above relation is equivalent to
1 1

5.2 — — 0 | T, = ———— — 1) (1 +63p?) — |ba2]?p°.

652) (g =) Tusl)0) = (g —1) (L+85%) — el

By the definition of Ths (1) which is induced by the formula in (ZI7) and by (Z1I6)
we conclude straightforwardly

Tol(0)(7) = TanzNp) + (3= )14 8207) = (L A,

1
After some calculations one finds that this implies, for o = ru’
0 — ) (Tue)(p) ~ Tawe W) = 1 + (5 + b~
822(0) Y as,R\M) (P as,R p)) = 1 2| )P 0(822(0) — M).

Using this last relation, we see that (2) and hence (BT is equivalent to

( ! ! ) Tooi(N)(p) = 0.

N 5(0) — s
Thus we have shown
Uess(Qu,]R + P ,R) \ {0}

(5.3)

1 1
= {UER : ()\ T 0= M) Tas®(AN)(p) = 0 for some p € R}

1
where A\ = — — p, i.e.,, 0 = . It should be observed that only in the special
o

1
A—p
case f4(0) = 0 the point A = s22(0) appears as a zero of the above equation because
otherwise, if f5(0) # 0, Tasr(A) has a singularity at A = s22(0) (see (ZI7)), (2.16)

and hence nominator and denominator in (23] cancel each other.
6. THE ESSENTIAL SPECTRUM OF L, LOCATION OF ITS PARTS AND STABILITY

The following theorem describing the essential spectrum of L is our main result.

Theorem 6.1. Let wi(t), wa(t), t € [0,00), be the roots of the quadratic equation
det(So(t) — A) = 0 with Sy given by 214)), and let \1(p), X2(p), p € R, be the roots
of the quadratic equation (in the variable \)

(6.1) (522(0) = A) Tas g (M) (p) = 0

where Tos g is the asymptotic Hain—List operator defined in (217). Then the essen-
tial spectrum of the self-adjoint extension L of the operator L{, in 2] is given by

Oess (]L) = Uess,reg(L) U Uess,sing(]L)

where

Uess,reg(L) = wl([O,oo)) U WQ([OvoO))v
Tess sing (L) = A1((—00,00)) U Az((—00,00)).

Proof. The assertion follows from Lemma B, (£2) and (&3] if we observe the
relation (ZIU) between the essential spectrum of L and that of M,,. Further, one
has to note that the point ¢ = 0 corresponds to A = oo, that for different values of
1t the sets of the two other points of the spectrum of @), r have empty intersection,
and that in the case f5(0) = 0 the point s22(0) already belongs to Tegs reg(L). O




1708 R. MENNICKEN, S. NABOKO, AND C. TRETTER

The next proposition shows that the two intervals Aj((—o0,00)), A2((—00, 00))
of the singularity spectrum are adjoined to the two intervals wy ([0, 00)), w2 ([0, c0))
of the regular spectrum, and it provides a criterion when the singularity spectrum
disappears, i.e., collapses into two points belonging to the regular part of the spec-
trum. Note that even if regular and singularity spectrum overlap, the latter does
not disappear due to its multiplicity.

Proposition 6.2. The pairs of intervals w1 ([0, 00)), wa([0,00)) and A;((—o0, x0)),
A2((—00,00)) can be enumerated such that

w1(0) € A1 ((—00,0)), wa(0) € A2((—00,0)).

The two intervals A ((—00,00)), A2((—00,00)) collapse into the two points w1(0),
ws(0) disappearing in the regular part of the spectrum if and only if

(6.2 70)=0, Reu() =0, q0) = V.

Proof. Due to the quasi-regularity conditions and the definition of Sp in (2.14),
the points w1(0), w2(0) are the zeros of the quadratic equation

(6.3 (3400 2) (500 = ) = 15502 =0,

On the other hand, observing the definition of A(-) in (2I6) and the facts that
according to the quasi-regularity conditions (2.5))

. B0 4O _ IO
|d12(0)]" = —d11(0) 1)’ dii(0)  (0)

we see that the equation (610) is equivalent to

1 " _ s _ | 2 F(O)2 2
o (310 FAQ))( 2(0) = ) - 1H0)) 3105
2R 0) T (535(0) 0+ (4(0) = N)(s22(0) ~ 1) = 0.

B1(0)
In the limit p — 4oo this equation is equivalent to (6.3, which proves the first
- I(0 ~
assertion. If we set p := 6(—(0))]) and A := X\ — s22(0), the equation (G.I]) reads
1
~ ~ 1" 0 "
(7 41) 3 (L2 + 0220) 7 2R 005 - (0) + 5220) - 5O = 0

The solutions of this equation coincide for all p € R and hence p € R if and only if

(_—flz(O) + 522(0)) P* = 2R(7(0))p — q(0) + 522(0) —|£5(0) 252
p?+1 pe+1
are constant for all p € R which is equivalent to the conditions (G-2). O

Theorem also enables us to formulate a criterion for the essential spectrum
of IL to be located in the left half-plane, which is connected with the ‘stability’ of
the system of differential operators (IZTI).
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Theorem 6.3. The essential spectrum of IL is contained in the half-line R_ :=
{z€R:2z<0} if and only if

(6.5) (du + ?) <d22 + %) >

and one of the following 4 conditions is satisfied:

2
i) 522(0) = 0, f1/(0) < 0. £3(0) =0, q(0) < 22O
//(0) 2

iii) 592(0) < 0, 12 s22(0) = | f5(0)]% R(71(0)) =207 q(0) <0,

" §R 2
B o) > 1502 0) < O

2 822(0)

2
i 3
R =<
; d11+F*O’ d22+F70,

B182

dia + T

iV) 822(0) < Oa

where sa3 = dag + (35T .

Proof. The conditions (G.A]) are equivalent to the fact that all zeros wy(t), wa(t) of
the quadratic equation det(So(¢t) —A) = 0 (and hence Oegs reg(IL)) lie in C_. Further,
all zeros A1(p), A2(p) of the quadratic equation ([G.I) (and hence Oess sing (L)) lie in
C_ if and only if in the equation (64)) the coefficient of A and the constant coefficient
both are nonnegative, i.e.,

a <@ * 322(0)> P* = 2R(1(0)) p — q(0) — 522(0) > 0,

( 1(0) 599(0) — |fé(0)|2> P° + 2R(71(0))s22(0) p + g(0)522(0) > 0

2
_ ~ (0) . . .
for all p € R where we have set p := B—(O)p It is not difficult to see that this is
1

the case if and only if one of the conditions i) to iv) in Theorem 6.3 holds. O
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