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ABSTRACT. Let K be a field and suppose that f(z) = 2™ — b is irreducible in
K{[z]. We discuss the following question: under what conditions are all iterates
of f irreducible over K?

Let K be a field and let f(x) € K[z]. By the iterates of f we mean the sequence
of polynomials f, defined by fo(x) = x, and fry1(z) = f(fr-(z)) for r > 0. It is
clear that if any iterate f,, of f is reducible in K|xz], then all successive iterates
fm+i(x) = fm(fi(x)) are also reducible over K. If, however, f is irreducible in K|[z],
then its various iterates may or may not also be irreducible over K. In this paper
we investigate the irreducibility of the iterates of f for f an irreducible polynomial
in K|[z] of the form z™ — b.

Suppose that f(z) = 2™ — b is irreducible in K[z]. Examples exist for every
n > 2and m > 1 of K and b € K such that f,, is irreducible over K but f,1+1
is reducible. This raises the following question which motivates this paper: under
what conditions on K, n, and b are all iterates of f(x) = 2™ — b irreducible over
K? We show that all iterates of f as above are irreducible over K in the following
cases: (i) K =Qand be Z, (ii) K =Q(t) and b € Z[t], (iii) K = F(t) and b € F]t]
for F' an arbitrary algebraically closed field, and (iv) K = F(t), b € F(t),b ¢ F,
n > 3, and I an arbitrary field of characteristic 0. We also consider the case not
covered by (i) above when K = Q and b € Q but b ¢ Z. Fix n > 2 and let S(n)
denote the set of b € Q such that f(z) = ™ — b is irreducible in Q[z] but some
iterate of f is reducible over Q. We show that S(2) is infinite, that S(n) is finite for
n odd, n > 5, and that the ‘abc’-conjecture implies that S(n) is finite for n even,
n # 2. The question of whether S(n) is or is not empty is particularly interesting
since we also show that if there exists an odd n > 3 for which S(n) # 0, then there
exists a primitive triple (z,y, z) satisfying P 4+ y? = z" with p and r each > 3; it is
a fundamental open question whether such triples exist.

For the convenience of the reader, we begin our discussion with a special case of
a result due to Capelli (see [FS| Lemma 0.1]):

Proposition 1. Let K be a field and let f(x) = 2™ — b € K[z]. Assume that fp,
is irreducible in K[x] for some m > 0 and let oy, be a oot of fr,. Then fry1 is
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reducible over K if and only if either b+ o, € K ()P for some prime p dividing
n or 4ln and b+ a,, € —4K (ay,)*.

Proof. Let a1 be aroot of 2™ — (b4 auy, ) in an algebraic closure of K (o). Since
afnJA —b = an, ferl(aerl) = fm(f(aerl)) = fm(anerl - b) = fm(am) =0
and so am41 18 a root of fr,41 such that K(ap,) C K(amy1). fm+1 is reducible
over K if and only if [K(am+i1) @ K| < deg(fmy1) = n™TL. By assumption, f,
is irreducible over K and so [K(am+1) @ K| = [K(m+1) : K(am)|[K (o) : K] =
n"[K (m+1) © K(aw,)]. Tt follows that f,,41 is reducible over K if and only if
[K (am+1) : K ()] = n. Since aupny1 is a root of ™ — (b + aum), fmy1 is reducible
over K if and only if ™ — (b + «,) is reducible in K (ay,)[z]. The proposition now
follows from [L| Theorem 9.1, p. 297]. O

As mentioned above, examples exist for every n > 2 and m > 1 of K and b € K
such that for f(xz) = 2™ — b, f,, is irreducible over K but f,,+1 is reducible. Our
next result proves this assertion and also classifies such examples when n = 2 and
m = 1.

Proposition 2. (1) Let n > 2 and m > 1. Then there exists a field K and
f(z) = 2™ —b € K|z] such that f, is irreducible over K but fu, 1 is reducible.
(2) Let K be an arbitrary field and let f(z) = 22 — b € K[z] be irreducible over
K. Then fo is reducible over K if and only if b = 42*/(42% — 1) for some

2z € K such that 42> —1 ¢ K2.

Proof. (1) Let F' = C(t) be the rational function field in one variable over C, and let
f(z) =™ —t € Flz]. By [O] Theorem 1, p. 101], f, is irreducible in F[x] for every
r > 1 and has Galois group over F isomorphic to the r-fold wreath product [C),]"
of the cyclic group C,, of order n with itself. Let E be the splitting field of f,,11
over F'. By the proof of [ES, Lemma 1.1, p. 491], there exists o € Gal(E/F) such
that o acts as a n™-cycle on the roots of f,, and as a product of disjoint n™-cycles
on the roots of fn,4+1. (The proof of the existence of o only used the fact that the
Galois group of f, is the r-fold wreath product [G]" of a group G with itself such
that G contains an n-cycle. This holds in our situation since the Galois group of
f is cyclic of order n and acts transitively on the roots of f.) Taking K = E(?) as
in [FS| Lemma 1.1, p. 491], it follows that f,, is irreducible in K[z] but f,,41 is
reducible.

(2) Since Vb is a oot of fi = f, it follows from Proposition 1 that f, is reducible
over K if and only if b+ v/b = (z + wv/b)? for some z,w € K. Thus f is reducible
over K if and only if there exist z,w € K such that b = 22 +w?b and 1 = 2zw. This
implies that fo is irreducible over K if K has characteristic 2. If the characteristic
of K is different from 2, then solving the above equations simultaneously leads to
w = 1/2z and b = 42*/(42% — 1). Since f is assumed to be irreducible over K,
422 — 1 ¢ K? by Proposition 1. Conversely, if f has the given form, then f; is
reducible by the above argument. O

Suppose that K is the quotient field of a unique factorization domain R and
b = b1/ba € K where by and bs are relatively prime elements of R. Let f(z) = 2" —b
and suppose that f,, is irreducible over K but f,,+1 is reducible. We show next
that this forces by and bs to satisfy a certain Diophantine equation over R. An
analysis of this equation for particular fields K will yield our main results.
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Theorem 3. Let K be the quotient field of a unique factorization domain R and
let f(x) =a™ — (b1/b2) € K[x] where by and by are relatively prime elements of R.
Assume, for some m > 1, that fn, is irreducible in K[x] but fp,41 is reducible over
K. Define a sequence of elements w; of R by wg = —1 and w11 = b?_lw;b—bgﬁl_l
for j > 0. Then there exist a prime p dividing n, a unit u of R, and d,z € R— {0}
such that the following hold:

(1) b1 = udp,

2) (=) u(urrdPr D — ") = 2P and

(3) d, wm—1, bz, and z are pairwise relatively prime non-zero elements of R.

Proof. We begin by proving by induction on j that for all j > 0, w; # 0, w; and
biby are relatively prime, and f;(—(b1/b2)) = byw; /b3 . This is clear for j = 0 since

fo(z) =« and wo = —1. Let j > 0 and assume that w; # 0, w; is relatively prime
to biba, and f;(—(b1/ba)) = byw; /by’ . Since wji1 = b;’flw;’ - bgﬁl*l, wjy1 #0

since b1, b2, and w; are pairwise relatively prime. If a prime 7 of R divides both
by and wj41, then m divides b?_lw;’. Since R is a unique factorization domain, 7w
must divide either by or w;, contradicting either the relative primeness of b; and by
or the relative primeness of by and wj;. Similarly, no prime of R can divide both b,
and w;y1 and so wj4q is relatively prime to bib2. Finally,

Fis1(=(01/b2)) = f(f5(—(b1/b2))) = (braw; /65" )" — (by/b2)
= b (07w — by Y o = bwg 0y

completing the induction.

Now let b = by /by and let oy, be a root of f,,. Since f,, is irreducible over K but
fm+1 is reducible, it follows from Proposition 1 that one of the following occurs.
Either there exist a prime p, p|n, and 8 € K(«a,,) such that b + a,, = 5P or 4|n
and there exists v € K(ay,) with b+ a,, = —4y*. Let N denote the norm map
from K () to K. Since f,, is irreducible over K by assumption and has ., as a
root, fm (2 —b) is the monic irreducible polynomial in K[z] having b+ o, as a root.

m

Since f,, has degree n™, it follows that N(b+ o) = (=1)" fm(=D). Define ¢ € K
by ¢ = N(f3) if b+ ay,, = 8P and by ¢ = N(292) if b+ o, = —49*. If b+ o, = 37,

m

then ¢ = N(B°) = N(b+ ) = (—=1)"" fu(=b). Suppose that b+ o, = —4y?.
Then n is even and so [K(ay,) : K] is even. It follows that N(—1) = 1 and so

2 = N((2¢%)?) = N(=47y*) = N(b + am) = (—=1)"" fmu(=b). Thus, in either

m

case we have (—1)"" f,,(—b) = ¢P where p divides n. By the properties of the w;
established above, ¢? = (—=1)"" f,(=b) = (=1)"" byw,, /by" . Since by and w,, are
non-zero, ¢ is non-zero.

Let ¢ = c¢1/ca where ¢; and co are relatively prime elements of R. Then

(=) bywmch = &b5™. Since byw,, divides Zb5" and is relatively prime to

by, biwy, divides c’f . Since ¢; and cy are relatively prime, it follows that by,
W, and ¢y are pairwise relatively prime. Since p divides n, p divides n™. Let
n™ = pk. Then &by" = (c,b5)P. Since by is relatively prime to wp,ch and
(=)™ bywmch = (c1b5)P, it follows that by = udP for some unit u € R and some
d € R. Thus (—=1)"" udPw,,ch = (c1b5)P and so (—1)"" uw,, = (c1b5/dco)P. Let
2z = c1b5/dcy. 2 # 0 since ¢ # 0. Since 2P = (=1)""uw,, € R and R is inte-
grally closed, z € R. Finally, 2# = (—1)"" uw,, = (=1)"" u(®? tw?_, — b3 1) =

(=)™ w(u PN, — b5 1), as was to be shown. Since biby and w,, 1
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were shown to be pairwise relatively prime earlier in the argument, d, wy,,—1, b2,
and z are also pairwise relatively prime. [l

As a consequence of Theorem 3, we obtain several large classes of f as above
with the property that all iterates of f are irreducible.

Corollary 4. Let K be the quotient field of a unique factorization domain R and
let f(x) = 2™ — b be irreducible in K|x] where b € R. Then all iterates of f are
irreducible if any of the following hold:

(1) b€ uRP for all units u of R and all primes p dividing n, or

(2) the unit group, U(R), of R is p-divisible for all primes p dividing n, or

(3) n is even and U(R) = {1,—1}.

Proof. We apply Theorem 3 with by = b and by = 1. (1) is immediate from Theorem
3(1). Now suppose that there exists m > 1 such that over R, f,, is irreducible but
fm+1 is reducible. By Theorem 3, there exist a prime p dividing n, u € U(R), and
d,z € R such that b = ud? and (x): (=1)"" w(u"~'dP"=Dw? | — 1) = 2P, If (2)
holds, then there exists v € U(R) such that v = v”. But then b = ud? = (vd)?
and so ™ — b is reducible over R, contrary to assumption. Thus we may assume
that we are in case (3): p = 2, n is even, and U(R) = {1,—1}. If u = 1, then

" —b = 2" —d? is reducible over R so we may assume that © = —1. Let n = 2k and
let e = d" 'wk,_,. By (%), 22 = —(=d? " Dw? | —1) = (d"'wk,_)?+1=€2+1
and so —1 = €2 — 22 = (e — 2)(e + 2). It follows that e — z,e + 2 € U(R) and so
eithere—z=1ande+z2=—1ore—z= —1and e+ 2 = 1. In either case, 2e = 0.
The characteristic of R is different from 2 since 2 — b = 2™ + d? is assumed to be
irreducible over R. But then e = 0, a contradiction. O

Stoll [S, Corollary 1.3] proved that if f(x) = 22 — b € Z[x] is irreducible over
Q, then so also are all of its iterates. In view of Corollary 4 we have the following
improvement of Stoll’s result:

Corollary 5. Let R be either Z or a polynomial ring over either Z or an alge-
braically closed field. Let f(x) = 2™ — b € R[z] be irreducible in Rlx]. Then all
iterates of f are irreducible in R[x].

Let the context be as in Corollary 4. As noted in Proposition 2, if b € R, then
for n = 2 there can exist b € K such that f(x) = ™ — b is irreducible over K but
f2 is reducible. We next consider the special case when K = F(t) where F is a
field of characteristic 0 and show that this behavior cannot occur if n > 3 and b is
non-constant.

Theorem 6. Let K = F(t) be the rational function field in one variable over a field
F of characteristic 0, let n > 3, and let b € K, b & F, be such that f(x) = 2™ — b
is irreducible over K. Then all iterates of f are irreducible over K.

Proof. Assume, for some m > 1, that f,, is irreducible in K[z] but fy,41 is reducible
over K. Let R = F[t] and let b = by/ba where by and by are relatively prime
polynomials in R. By Theorem 3, there exist a prime p dividing n, u € F, and
polynomials d, z € R so that by = ud? and (—1)"" w(u"'dP("—Dyn | —pp" 1) =
zP. Moreover, d, wy—1, ba, and z are pairwise relatively prime in R. Since b
is not a constant by assumption and b; = ud?, either d or bs is not a constant.
Let g = (=1)""u"d?"Dw? | and h = —(=1)""ub} ~'. Then g+ h = 2P and
the polynomials g, h, and 2P are pairwise relatively prime. Let F be an algebraic
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closure of F. For j € F[t], let deg(j) denote the degree of j and let ny(j) denote
the number of distinct zeros of j in F. Since g = (—=1)"" u"dP™ Yw? | and
u € F, deg(g) =p(n —1)-deg(d) + n - deg(wpn,—1); since d and wy,—1 are relatively
prime, ng(g) < deg(d) + deg(wm—1). We also have deg(h) = (n™ — 1) - deg(b2),
no(h) < deg(b2), deg(2?) = p - deg(z) and no(zP) < deg(z). Since g, h, and z are
pairwise relatively prime in F[t], no(ghz?) = no(g) + no(h) + no(z?). By Mason’s
Theorem [L, Theorem 7.1, p. 194], max{deg(g), deg(h), deg(z?)} < no(ghz?). In
particular,

max{p(n — 1) - deg(d) + n - deg(wm—1), (n™ — 1) - deg(bz) p - deg(z)}
< deg(d) + deg(wm—1) + deg(b2) + deg(z).
This leads to the equations:
(1) p(n—1)-deg(d) +n - deg(wm—1) < deg(d) + deg(wm—1) + deg(bz) + deg(z),
2) (™ — 1) - deg(bs) < deg(d) + deg(wp_1) + deg(ba) + deg(2),
(3) p - deg(z) < deg(d) + deg(wy,—1) + deg(bs) + deg(z).
Adding equations (1), (2), and (3) together and simplifying, we obtain

(4) (p(n—1) = 3)-deg(d) + (n — 3) - deg(wm-1)
+ (n™ —4) - deg(b2) + (p — 3) - deg(z) < 0

Since n > 3 by assumption and p|n, equation (4) is clearly impossible except
possibly when n is even and p = 2 or when n = 3, p = 3, and m = 1. Suppose first
that n is even and p = 2. Then n > 4 and from equations (3) and (4), we obtain

(2(n —1) = 3) - deg(d) + (n — 3) - deg(wm—1) + (™ — 4) - deg(b2) + deg(2)
< 2-deg(z) < deg(d) + deg(wm-1) + deg(b2) + deg(z)

and so (2(n —1) —4) - deg(d) + (n — 4) - deg(wm—1) + (n™ — 5) - deg(bz) < 0. This
is clearly impossible if n > 5 or if n = 4 and m > 2. Assume then that n = 4 and
m = 1. Then wy,—1 = wo = —1 has degree 0. Let D = deg(d) + deg(bz2) + deg(z).
Then equations (1), (2), and (3) become 6 - deg(d) < D, 3 - deg(b2) < D, and
2 -deg(z) < D. Thus 1/6 > deg(d)/D, 1/3 > deg(b2)/D, and 1/2 > deg(z)/D.
Adding these equations together and using D = deg(d)+deg(bz)+deg(z), we obtain
1/6 +1/3+1/2 > 1, a contradiction. Finally, suppose that n = 3, p = 3, and
m = 1. Since wy,_1 = wy = —1, equations (1), (2), and (3) become 6 - deg(d) < D,
2 - deg(b2) < D, and 3 - deg(z) < D and so we obtain a contradiction exactly as
above. O

Our last result treats the case when K = Q, the rational field. We say that
a triple (z,y, z) of integers is primitive if xyz # 0 and z, y, and z are pairwise
relatively prime.

Theorem 7. Let n > 2. For each m > 1, let S(n,m) denote the set of b € Q such
that, for f(x) = a™ —b, f, is irreducible in Q[z] but f,,11 is reducible over Q. Let
oo

S(n) = Lil S(n,m). Then:

(1) S(2,1) and S(2) are infinite.

(2) If S(n) is non-empty for any odd n, then there exists a primitive solution to
a generalized Fermat equation xP +yP = z" where p is a prime dividing n and
r >3 is even.
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(3) Letn be odd, n > 5. Then S(n) is finite and S(n) =0 if n is not divisible by
3.

(4) S(3,m) is finite for allm > 1 and S(3,m) = 0 for m even and for m < 11.

(5) The ‘abc’-conjecture implies that S(n) is finite for n even, n > 4.

Proof. (1) Let z be any integer divisible by 3 and let b = 42%/(42%2 — 1). Since
422 —1 = 2 (mod 3), b ¢ Q% and so f(z) = 2% — b is irreducible in Q[z]. By
Proposition 2(2), fa is reducible over Q and so b € S(2,1), proving (1).

Now let n > 3 and suppose that b € S(n, m) for some m > 1. Let f(z) = ™ — b,
and let b = by /by where by1,by € Z, by > 0, and ged(by,be) = 1. By Theorem 3,
there exist a prime p dividing n, € € {1, —1}, and d, z € Z — {0} such that by = edP
and (—1)"" e(e"1dP Ve | — b8 1) = 2P, The integers d, wy, 1, ba, and z are
non-zero and pairwise relatively prime.

We show first that S(3,1) = 0. Suppose that n = 3 and m = 1. Then p = 3
and wy,—1 = wp = —1. It follows that (e2)® — d° = b3; Euler showed, however, that
such integers do not exist [DG, p. 535]. Thus S(3,1) = 0.

Now let n = pk and = = d"~w¥, _,. If n is odd, the triple (x, €z, by) is primitive
and satisfies 2P 4 (ez)? = b} L. Since S(3,1) =0, n™ — 1 > 3, proving (2).

Now let n™ —1 = (n — 1)r and y = b5. Then (y,z,z) is a primitive triple
satisfying y? ! = zP + 2P if n is odd and ey™ ! = 2P — 2P if n is even. If n is odd
but not divisible by 3, then p > 5. In this case, results of Poonen, Darmon, and
Merel show that primitive triples as above do not exist [K| p. 319]. This proves (3)
unless n is odd and divisible by 3.

Suppose that 1/p+ 1/p+ 1/(n — 1) < 1. Then there are only finitely many
primitive triples (y,z,z) as above [DG, Theorem 2, p. 515]. Since d divides z,
there are only finitely many possible values of d and since by = edP, there are only
finitely many possible values of b;. Since y = b3, there are only finitely many
possible values of by and r. It follows that there are only finitely many possible
values for b and since n™ —1 = (n—1)r, there are only finitely many possible values
of m. Thus, S(n,m) = () for m sufficiently large and S(n,m) is finite for all m > 1.
This proves that S(n) is finite if 1/p+1/p+1/(n —1) < 1. Since p divides n, this
holds if n is odd and n > 5, or if n is even, n > 6, and p is odd. This proves (3)
and reduces the proof of (5) to the case when p = 2.

Let | = n™ — 1. Since y = b; and | = n™ —1 = (n — 1)r, the triple (bg,z, 2)
satisfies b}, = 2° + €2® if n = 3 and ebl, = 22 — 22 if n is even and p = 2.

Suppose first that n = 3. Then m > 2 since S(3,1) = (). Since | = 3™ — 1,
1/l+1/3+41/3 < 1. By [DG, Theorem 2, p. 515], there are only finitely many
triples (by, x, z) satisfying b3 ! = 23 + ez3. In particular, there are only finitely
many possible values of by and z. It follows as above that there are only finitely
many possible values of b. Thus S(3,m) is finite for m > 1. If m is even, then
3™ —1 = 4s and so the triple (b3, 7, €z) satisfies (b3)* = 2>+ (ez)®. This is impossible
by [Bl Theorem 1]. If 3 < m < 11, then 3™ —1 is divisible by an odd prime ¢ < 10?.
Let 3™ —1 = ¢j. Then the triple (b}, x,ez) satisfies (b})? = 23 + (ez)3. This is
impossible by [Kl Theorem 10]. This completes the proof of (4).

Now suppose that n is even, n > 4, and p = 2. As shown above, the triple
(ba, x, 2) satisfies ebh, = 2% — 22 = (v — 2)(x + 2). Let x — z = 2'u! and = + 2 = 270!
where v and v are odd. Then 2z = 2%u! + 270! and 2z = 290! — 2%!. Since x and y
are relatively prime, v and v are relatively prime and either i = j = 0 or 7 # j and
either i or j equals 1. Let w = wy,_;. Since z = d"~'w”, dividing by 2 if i # j,
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we obtain ¢;d” tw® = cou! 4 c3v! where the ¢; are are powers of 2 and where the

triple (c;d™ 'w”, cou!, c3v') is primitive.

For m a non-zero integer, let No(m) denote the product of the primes divid-
ing m. In particular, No(m) < m. Let t = max{|c;d" *w*|,|cou!|, |c3v!|} and
let @ > 0. By the ‘abc’-conjecture [LL p. 196], there exists a positive integer
Co(a) such that t < Co(a)No(|crd™ twPcoulesv!|)1 T = Co(a) No(|2dwuv]) e <
Oy (a)(|dwuv|)+e. Since k = n/2 < n—1, |dw| < |crd™ "wF|V/F = |eyd™twk |2/ <
t2/" Let B =2/n+1/1+1/1. Since |u| < |cgu! |/t < 1V and, similarly, |v| < t/!,
it follows that ¢ < C () (|dwuv|)' T < Cy(a)tP(+e),

Suppose that 8 < 1. Choose o > 0 such that (1 + «) < 1. There clearly can be
only finitely many ¢ satisfying t < C;(a)t?(+) . Since |d|, |w], |u!|, and |[v!| are each
at most t, there are only finitely many possibilities for each of these. In particular,
there are only finitely many possibilities for [ = n™ — 1 and so there are only
finitely many possible values of m. Since 2 = d"~'w”, there are only finitely many
possibilities for z. As above, this implies that there are only finitely many possible
values of by. Since 2z = 2'u! + 270!, there are only finitely many possibilities for
and j. Since z = x — 2'4™ !, there are only finitely many possibilities for z. Thus,
there are only finitely many possible values for (z — 2)(x + z) = eb. It follows
that there are only finitely many possible values for by and hence for b. Since
l=n™—1,8<1if and only if 2/n + 2/(n™ — 1) < 1. In particular, this holds if
n > 6 or n =4 and m > 2. We have shown that, in these cases, S(n,m) = 0 for m
sufficiently large and S(n,m) is finite if n > 6 and m > 1 or if n = 4 and m > 2.
Suppose then that n = 4 and m = 1. Then (b, 7, 2) satisfies eb3 = 22 — 22. Since
wp is defined in Theorem 3 to be —1 and = = d3w?, the triple (b2, d, 2) satisfies
b3 = db — 22. In particular, (z, —eby, d) satisfies 22 — (—eby)? = d®. Bachet showed
that the only primitive solutions to this equation are z = £3, —eby = 2, and d = +1
[DGl p. 535]. Thus S(4,1) is finite. (Although we do not need it for the proof of
Theorem 7, S(4,1) is, in fact, empty. Since b2 > 0, by = 2 and e = —1. Since
by = ed?, by = —1 and so b = by /by = —1/2. Using a computer algebra package
(e.g., Maple), one can verify that for f(x) = z* — (=1/2), f2 is reducible over Q
and so S(4,1) = ().) This completes the proof of (5). O

Remark. Tt is a fundamental open question whether there exist any primitive triples
(z,y, z) satisfying aP + y? = 2" with p, ¢, and r each > 3. Indeed, there are only
ten such triples known where % + % + % < 1; in each of these, one of the exponents
equals 2. We refer the reader to [K|| for an excellent survey of most of the known
results in this area. In view of part (2) of Theorem 7, it is tempting to conjecture,
at least for n odd, that if n > 3 and f(z) = 2™ — b is irreducible in Q[z], then
so are all of its iterates; by part (3) of Theorem 7, this holds if n is odd and not
divisible by 3. Next, we note that, although part (4) of Theorem 7 shows that
S(3,m) is finite for all m > 1, we do not know whether S(3) is finite; we have not
been able to rule out the possibility that S(3,m) is non-empty for infinitely many
m. Finally, we note that if b € S(3,m), then b must be a 2-adic unit. For suppose
that b € S(3,m) for some m. By part (4) of Theorem 7, m > 13 and so there exists
an odd prime ¢ > 7 dividing 3™ — 1; the existence of such a ¢ follows, for example,
from Zsigmondy’s Theorem. We maintain the notation of the proof of Theorem 7.
By [Kl IV.6.1, Prop. 1], by is odd and the 2-adic valuation of xz is 1. Since d?
divides x and b; = d>, this forces b; to also be odd and so b is a 2-adic unit.
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