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OF CONTINUOUS LINEAR OPERATORS

LEONHARD FRERICK AND DIETMAR VOGT

(Communicated by N. Tomczak-Jaegermann)

Abstract. In this paper we solve the following problem posed by Schmets
and Valdivia: Under which conditions does there exist an extension operator
from the space E (F ) of the Whitney jets on a closed set F ⊂ Rn to E (Rn) so
that the extended functions are real analytic outside F ?

For a closed set F ⊂ Rn we denote by E (F ) the space of the Whitney jets on
F (see e.g. [5] or [2]). Whitney’s extension theorem [5] states that every Whitney
jet on F can be extended to a C∞-function on Rn, which is real analytic outside
F . An extension operator E for E (F ) is a linear continuous operator from E (F )
into the space E (Rn) which is a right inverse of the restriction f 7→ (∂αf |F )α∈Nn0 .
Tidten [4] gave a characterization for the existence of an extension operator in
terms of topological properties of the space E (F ). More references to this topic
can be found in [3], [1] and [4]. In [3] Schmets and Valdivia proved that for a
compact set K ⊂ Rn, admitting an extension operator E1 for E (K), there is an
extension operator E for E (K) with E(f) analytic in (Rn \ K)? = {u + iv : u ∈
Rn \K, v ∈ Rn, |v| < dist (u,K)} for every f ∈ E (K). In particular, the values of
E are real analytic outside K. They asked the question: what happens in the case
of an unbounded closed F ⊂ Rn? A complete characterization is contained in:

Theorem 1. Assume that F ⊂ Rn is closed and E (F ) admits an extension opera-
tor. Then the following are equivalent:

i) E (F ) admits an extension operator E whose values are real analytic outside
F .

ii) E (F ) admits an extension operator E such that E(f) has an analytic exten-
sion to (Rn \ F )? for all f ∈ E (F ).

iii) For every ρ > 0 the boundary of the union of those components of the comple-
ment of F , which have nonempty intersection with the ball Bρ := {x ∈ Rn :
|x| ≤ ρ} of radius ρ, is bounded.

For the proof of our result we use the following result of Schmets and Valdivia
[3, Theorem 4.1]. In fact, it is the main tool in their construction.
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Theorem 2 (Schmets and Valdivia). Let Ω ⊂ Rn be open and let BC∞(Ω) denote
the space of arbitrary often differentiable functions f on Ω for which all its par-
tial derivatives ∂αf , α ∈ Nn0 , are bounded. Then there exists a linear continuous
operator TΩ : BC∞(Ω)→ BC∞(Ω) with the following two properties:

i) TΩ(f) admits an analytic extension to

Ω? := {u+ iv : u ∈ Ω, v ∈ Rn, |v| < dist (u, ∂Ω)}

for all f ∈ BC∞(Ω).
ii) For all f ∈ BC∞(Ω), all m ∈ N and all ε > 0 there is K ⊂ Ω compact such

that

sup{|∂αf(x)− ∂αTΩ(f)(x)| : |α| ≤ m,x ∈ Ω \K} < ε.

If there is an extension operator E1 for E (K), where K ⊂ Rn is compact, then
we may assume that there is a compact L ⊂ Rn such that E1(f) vanishes outside
L for every f ∈ E (K). If we set

E(f)(x) :=

{
f (0)(x), x ∈ K,
TRn\K(E1(f))(x), x ∈ Rn \K,

for f = (f (α))α∈Nn0 ∈ E (K) and x ∈ Rn, then E is an extension operator for E (K)
so that the extended functions are real analytic on Rn\K; see [3]. Instead of TRn\K
one could also use the operator constructed by Langenbruch [1] which is given by
an explicit formula.

Now we are ready for the proof of Theorem 1.

Proof. Let Ω denote the complement of F , let Ω? be as in Theorem 2, and let ωρ
denote the union of those components of Ω, which have a nonempty intersection
with Bρ. Let us show first that i) implies iii).

For this we assume that there is ρ > 0 such that ∂ωρ is unbounded. The
continuity of E implies that there exist m ∈ N, m > ρ, and C ≥ 1 such that

sup{|E(f)(x)| : |x| ≤ ρ} ≤ C‖f‖m,Bm(1)

for all f ∈ E (F ). Here ‖ · ‖m,Bm denotes the m-th Whitney norm with respect
to the compact set F ∩ Bm. Choose x0 ∈ ∂ωρ \ Bm+1 ⊂ F and ϕ ∈ D(Rn)
with ϕ(x0) 6= 0 and supp(ϕ) ∩ Bm+1 = ∅. By (1) we have g ≡ 0 on Bρ, where
g := E((∂αϕ|F )α∈Nn0 ). On the other hand, g does not vanish in a neighborhood of
x0 and therefore, because g is real analytic, g 6≡ 0 in Bρ, which is a contradiction.

That ii) implies i) is trivial, so it remains to show that iii) implies ii). For this
let us assume that n ≥ 2, the case n = 1 can be treated similarly. In the case
n ≥ 2, the condition in iii) implies that F is compact or ωρ is bounded for all
ρ > 0. The compact case is covered by the result of Schmets and Valdivia, so
we may assume that F is not compact. Choose a sequence (Rn)n∈N of positive
numbers with Rn+1 > Rn + 1 and ωRn ⊂ BRn+1 , n ∈ N. We set C1 := ωR1 ,
Cn := ωRn \ ωRn−1, n ≥ 2. Without loss of generality, we assume that the Cn
are nonempty. Then the sets Cn are open, pairwise disjoint and their union is Ω.
Moreover, for every n there is m such that Bn is contained in F ∪

⋃
1≤k≤m Ck. We

have |{n ∈ N : x ∈ ∂Cn}| ≤ 3 for every x ∈ F .
Let E1 be an extension operator for E (F ) and define the linear and continuous

operators Sn : E (F ) → BC∞(Cn) by Sn(f) := E1(f)|Cn , n ∈ N. Now choose
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operators TCn : BC∞(Cn)→ BC∞(Cn) according to Theorem 1 and define

E(f)(x) :=

{
f (0)(x), x ∈ F,
TCn(Sn(f))(x), x ∈ Cn, n ∈ N.

Due to the properties of the Cn we obtain a well-defined linear continuous operator
E : E (F ) → E (Rn) which is an extension operator for E (F ) with the desired
analyticity property.

Remark 3. For n = 1 condition iii) is always satisfied. For n ≥ 2 condition iii) is
equivalent to the following: either F is compact or all ωρ are bounded. This implies
that either F is compact or all components of the complement are bounded. But it is
easy to see that there are closed sets F such that all components of the complement
are bounded, nevertheless, F does not satisfy condition iii).

We thank M. Langenbruch for the hint on how to include nicely the case of
n = 1.
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