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ABSTRACT. For two bounded domains 21, Q9 in C whose semigroups of an-
alytic endomorphisms E(Q21), E(2) are isomorphic with an isomorphism
¢ : E(Q1) — E(Q2), Eremenko proved in 1993 that there exists a confor-
mal or anticonformal map ¢ : Q1 — Q2 such that ¢f = o fop~1, for all
f€E ).

In the present paper we prove an analogue of this result for the case of
bounded domains in C™.

1. INTRODUCTION

A classical theorem of L. Bers says that every C-algebra isomorphism H(A) —
H(B) of algebras of holomorphic functions in domains A and B in the complex
plane has the form f — fo#, where 8 : B — A is a conformal isomorphism, or
f + f o6 with anticonformal 6. In particular, the algebras H(A) and H(B) are
isomorphic if and only if the domains A and B are conformally equivalent. H. Iss’sa
[9] obtained a similar theorem for fields of meromorphic functions on Stein spaces.
A good reference for these results is [5].

Likewise, the question of recovering a topological space from the algebraic struc-
ture of its semigroup of continuous self-maps has been extensively studied [12].

In 1990, L. Rubel asked whether similar results hold for semigroups (under com-
position) E(D) of holomorphic endomorphisms of a domain D. A. Hinkkanen con-
structed examples [6] which show that even non-homeomorphic domains in C can
have isomorphic semigroups of endomorphisms. The reason is that the semigroup
of endomorphisms of a domain can be too small to characterize this domain.

However, in 1993, A. Eremenko [4] proved that for two Riemann surfaces Dy,
D5, which admit bounded nonconstant holomorphic functions, and such that the
semigroups of analytic endomorphisms F(D;) and E(D3) are isomorphic with an
isomorphism ¢ : E(D;) — E(D2), there exists a conformal or anticonformal map
Y : Dy — Dy such that ¢f = 1o fow™! for all f € E(D;). In the present
paper we investigate the analogue of this result for the case of bounded domains in
C™. The theorems of Bers and Iss’sa, mentioned above, do not extend to arbitrary
domains in C”.
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For a bounded domain  in C™ we denote by F(Q) the semigroup of analytic
endomorphisms of  under composition. In what follows, we say that a map is
(anti-) biholomorphic, if it is biholomorphic or antibiholomorphic. We prove the
following theorem.

Theorem 1. Let 1, Q9 be bounded domains in C™, C"™ respectively, and suppose
that there exists ¢ : E(21) — E(Q2), an isomorphism of semigroups. Then n =m
and there exists an (anti-) biholomorphic map 1 : Q1 — Qo such that

(1) pf=wofoy™t, forall feBE().

The existence of a homeomorphism ¢ satisfying ([IJ) follows from simple general
considerations (Section[2). The hard part is proving that + is (anti-) biholomorphic.
In dimension 1 this is done by linearization of holomorphic germs of f € E({2) near
an attracting fixed point. In several dimensions such linearization theory exists
([, pp. 192-194), but it is too complicated (many germs with an attracting fixed
point are non-linearizable, even formally). In Sections[3, @ we show how to localize
the problem. In Sections [B], [6] we describe, using only the semigroup structure, a
large enough class of linearizable germs. Linearization of these germs permits us to
reduce the problem to a matrix functional equation, which is solved in Section [7}
In Section [§ we complete the proof that v is (anti-) biholomorphic.

Theorem [I] can be slightly generalized, namely one may assume that ¢ is an
epimorphism. In Section [9] we prove the following theorem.

Theorem 2. If¢: E(Q1) — E(€Q2) is an epimorphism between semigroups, where
Q1, Qo are bounded domains in C™, C™ respectively, then ¢ is an isomorphism.

The author is grateful to A. Eremenko for his guidance and numerous suggestions
concerning the paper. He also thanks L. Avramov, S. Bell and A. Gabrielov for
valuable discussions and their interest in this work.

2. TOPOLOGY

For a bounded domain 2 in C™ we denote by C(2) the subsemigroup of E(2)
consisting of constant maps. An endomorphism c, is constant if it sends €2 to a
point z € . The subset C(Q) C E(Q) can be described using only the semigroup
structure as follows:

(2) ceC(Q)iff Y(f € E(Q)), (cof=c).

It is clear that we have a bijection between constant endomorphisms of 2 and
points of this domain as a set: to each z corresponds a unique ¢, € C(f2) and
vice versa, so we can identify the two. Under this identification, a subset of Q
corresponds to a subsemigroup of C(2).

Having defined points of a domain in terms of its semigroup structure of analytic
endomorphisms, we can construct a map v between 21 and Qs as follows:

(3) b(z) = w i e, = ey

So defined, 1 satisfies (). Indeed, let f € E(Q4), f(2) = ¢. This is equivalent
to

4) foc, =ce.
Applying ¢ to both sides of (), we have
() pfocye) = ey
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But (@) is equivalent to ¢ f(¢¥(2)) = ¥(¢) = ¥(f(z)), which is ().
We describe the topology of a domain 2 using its injective endomorphisms. A
map f € E(Q) is injective if and only if

V(e C@Q)) V(" €CQ), (fod=Ffod")=(d=C")).

We denote the class of injective endomorphisms of Q by E;(2). For every f €
Ei(Q), fi(Q)isopen [2]. The family {f(Q2), f € E;(2)} of subsets of 2 forms a base
of topology, because every z € Q) has a neighborhood (), where f({) = z+A({—2),
f belongs to E;(Q) for every A such that |\| is small.

To summarize, we described subsets of €2 and the topology on it using only the
semigroup structure of F(2). Since this is so, the semigroup structure also defines
the notions of an open set, closed set, compact set, closure of a set.

Now we can easily prove continuity of the map 1 constructed above. Indeed, let
9(Q02), g € E;(Qs), be a set from the base of topology of ,. We take f = ¢~ 1g.
Then f € E;(Q1) and v (g(Q2)) = f(21), which proves that ¢ is continuous.
Since ¢ is an isomorphism, the same argument works to prove that ¢ ~! is also
continuous, and thus 1 is a homeomorphism.

Therefore the domains 21, Q9 are homeomorphic, and hence [§] they have the
same dimension, i. e. n =m.

3. LOCALIZATION
We need the following lemma.

Lemma 1. Suppose H is a semigroup with identity, and f an element of H with
the following two properties:

(i) hf = fh, for every h in H;

(it) hif = hof implies hy = ha, for every hy and hy in H.

Then there exist a semigroup Sy and a monomorphism i : H — Sy such that
i(f) is invertible in Sy and commutes with all elements of Sy. Moreover, the semi-
group Sy satisfies the following universal property: for every semigroup Si with a
monomorphism i1 : H — S1 such that i1(f) is invertible in S1 and commutes with
all elements of Sy, there exists a unique monomorphism iy Sy — S1 such that
il = %1 o1.

Remark 1. Uniqueness of 7; implies that the semigroup S + with the universal prop-
erty is unique up to an isomorphism.

Proof. We construct Sy as follows. First we consider formal expressions of the
form hf*, where h € H and k is an integer (it may be positive, negative or zero).
Then we define a multiplication on this set: hqf*' % ho f%2 = hiho fF1152. Next we
consider a relation on the set of formal expressions: hq f* ~ hof*2 if ki < ko and
hi=hofF= ™ in H, or ks < ki and ho = hi fF %2 in H. It is easy to verify that
this is an equivalence relation and it is compatible with the operation *; that is,
T~ Yy, u~vimplies  *u ~ y* v.

Lastly, let S¢ be the set of equivalence classes with the binary operation induced
by *. For Sy to be a semigroup, we need to show that the binary operation * is as-
sociative. Let hy fF1 ~ h’lfkll, hofF2 ~ h’ka/? and hgf*s ~ hgfk‘ls. We need to show
that (hyf* s hof%) s haf¥ ~ b} f¥1 % (hly f*2 « hly f¥3). By the definition of the op-
eration *, the last equivalence is the same as hyhohs f¥1 52 ks  bf b hy fFi+R2 RS
Assuming that k; + ko + k3 < &} + Kk + k%, we have essentially one possibility to
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consider (the others are either similar or trivial): k1 < ki, ko < kb, k5 < k3. In
this case hihohsfF~%s = B hLhl fFi—F1+k2=k2  Now we can use the cancellation
property (ii) to get the desired equivalence.

The semigroup H is embedded into Sy via i : h — [hf°]. The element i(f) =
[idf], where id is the identity in H, is invertible in Sy with the inverse [idf™].
Clearly, [idf] commutes with all elements of Sy.

Now, suppose that S, i; : H — S7 is a semigroup and a monomorphism, such
that 41 (f) is invertible in S7 and commutes with all elements of S;. Then we define

i ([hf*]) = i (h) (ir ()"
This definition does not depend on a representative of [hf*]. Indeed, suppose
hifFt ~ hyf*2 and assume k; < ko. Then hy = hof*2~% and thus i;(hy) =

il(hg)il(f)szlfl. Hence il(hl)il(f)kl = il(hg)il(f)kz.
So defined, 77 is a homomorphism:

bu([hn £ [Ro £2)) = i1 ([haho f152))
= il(h1h2)i1(f)k1+k2 = il(hl)il(hQ)il(f)klil(f)kQ
= i1 (h)ir (/) ia(h2)ia (F)* = s (a4 (ha ™).

The relation 7; 0 i = 4; holds, since i1 ([hf°]) = i1(h) for all h € H.
Uniqueness of 71 is clear. Lemma, [dlis proved. O

4. EXTENSION OF ¢

Following [4], we say that for a bounded domain € an element f € E(2) is good
at z € Q, denoted by f € G,(Q), if

1. z is a unique fixed point of f;

2. f(2) has compact closure in €;

3. f is injective in .

Property 3 of a good element was already stated in terms of the semigroup
structure of €2. Since the topology on ) was described using only the semigroup
structure, Property 2 can also be stated in these terms. Property 1 can be expressed
in terms of the semigroup structure as

(foez=ca)N((foece=cc) = (¢ =cz2)).

Since f is an endomorphism of a domain, all eigenvalues A of its linear part at
z satisfy |A] < 1 [10]. Moreover, |A| < 1 because the closure of f() is a compact
set in Q. The injectivity of f implies [2] that it is biholomorphic onto f(€2) and the
Jacobian determinant of f does not vanish at any point of .

It is clear that for every z €  a good element f at z exists. For example, we
can take f(¢) = z + A\(¢ — z) with sufficiently small |A|.

Consider a good element f € G.(Q2) and its commutant H(f2) in E(£):

HiQ)={he EQ): hf=fh}.

Clearly Hf(Q2) is a subsemigroup of E(£2). The element f, being good (hence
injective), satisfies the cancellation property (i4) of Lemma [ in H¢(2). Thus, by
Lemma [Il, we have the extension Sy of H¢(2) in which f is invertible and commutes
with all elements of Sy. In the case of analytic endomorphisms we can embed
H;(f2) into the subsemigroup of A, the semigroup of germs of analytic mappings
at z under composition, consisting of elements that commute with the germ of f
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and containing the germ of f~!. We use the universal property of Lemma [1 to
conclude that Sy is isomorphic to a subsemigroup of A,. We identify Sy with this
semigroup, i. e. we consider elements of Sy as germs of analytic mappings at z.

In proving that ¢ is (anti-) biholomorphic we need to show that it is so in
a neighborhood of every point of ;. Since an (anti-) biholomorphic type of a
domain is preserved by translations in C", it is enough to show that v is (anti-)
biholomorphic in a neighborhood of 0 € C", assuming that ©; and Qs contain 0
and ¥ (0) = 0.

Let ¢ : E(Q1) — E(Q2) be an isomorphism of the semigroups, f a good element,
f € Go(21), and Hy(Qq) the commutant of f. Then clearly Hy(Q2) = ¢(Hs (1))
is the commutant of ¢ = ¢f. By Lemma [I] we have the extensions Sy, S, of
H(21) and Hy(£22) respectively, and by the universal property of this lemma the
isomorphism ¢ extends to an isomorphism

®: Sp— S5,

5. SYSTEM OF PROJECTIONS AND LINEARIZATION

Let €2 be a bounded domain in C". We say that a good element f € Go(1) is
very good at 0, and write f € VGo(Q2), if the corresponding semigroup Sy C Ao
constructed in Section @l contains a system of elements, which we call a system of
projections, {p;}7 ; with the following properties:

(C) v (Z7 J=1...,n, 27&])) (pipj :0)

There does exist a very good element, since we can take f to be a homothetic
transformation at 0 with sufficiently small coefficient, p; a projection on the i’th
coordinate of the standard coordinate system. Clearly, p; f = fp; and there exists
k such that p; f* € E(f2), and hence p; € Sy. From now on, we fix a very good
element f € VG (), associated semigroups H(£2), Sy and a system of projections
{pi}-

We introduce another subsemigroup of E():

where the commutativity relations are in Sy C Ag. Notice that P;(2) # ) since f
belongs to it.

Lemma 2. For every h € P;(Q) there exists a biholomorphic germ 65, at 0 € C™
such that Oph = ABy, where A = diag(\1,...,\,) is an invertible diagonal matrix
which is similar to dh(0) in GL(n,C).

Proof. The relations p; # 0, p? = p;, pip; = 0, i # j, imply that for P; = dp;(0),
the linear part of p; at 0, we have P, # 0, P> = P, P,P; = 0, i # j. Since
the matrices P; commute, there exists [7] a matrix A € GL(n,C) such that P/ =
AP,A7Y = A; = diag(0,...,1,...,0), where the only non-zero entry appears in the
i’th place.

Since p? = p;, i = 1,...,n, we can use the argument given in [10] to linearize
pi, 1.e. there exists a biholomorphic germ &; at 0 such that &p; = P;&;, d&;(0) =
id, i=1,...,n. The map &; is constructed in [I0] as follows:
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If we take & = AE;, we have &p; = P/, For simplicity of notations, we assume
that &; itself conjugates p; to a diagonal matrix, that is, P, = P/ (in this case P; is
not necessarily dp;(0), but rather Adp;(0)A~1; d&;(0) = A). Forevery i =1,...,n
we have h;P; = P;h;, where h; = §ih§;1. Let H; = dh;(0). Then H;P, = P;H;,
and hence in the ¢’th row and the ¢’th column the matrix H; has only one non-zero
entry, \;, which is located at their intersection. Thus A; has to be an eigenvalue of
H;, and hence of the linear part of h. In particular, 0 < |A;| < 1.

Let I; : C — C™ be the embedding z — (0,...,z,...,0), where the only
non-zero entry is z, which is in the ¢’th place; and m; : C® — C, a projection
(21,...,2n) — 2zi, corresponding to the i’th axis. For every ¢ = 1,...,n, the map
mih;I; sends a neighborhood of 0 in C into C, and its derivative at 0, \;, is an
eigenvalue of h. Hence ([3], p. 31) m;h;I; is linearized by the unique solution 7y, ;
of the Schroder equation

(6) n(mihil;) = Nim, n(0) =0, '(0) = 1.
Since P;I; = I;, m;P;I; = id¢, we can rewrite (@) as

Nh,iTihi Bily = N ami Py, or npimihi Py = Ninpimi Py
But h; P; = P;h;, and so

(7) NhimiPihy = Xinpimi Py
The equation (), in its turn, is equivalent to

(8) Nn,imi&ipih = Xinn,imi&ipi-
We denote

(9) On,i = nn,imi&ipi,

a map from a neighborhood of 0 € C™ into C. Then (8) becomes 0}, ;h = X0, ;.
Now we define
On = On1s---0nn),
which is a germ of an analytic map at 0. This germ linearizes h:
Oph = (Opah, ..., 0hnh) = (AMOn1,. .., Anbhn) = Ay,

where A = diag(\1,...,\,) is an invertible diagonal matrix, which has eigenvalues
of dh(0) on its diagonal.
The germ 6}, is biholomorphic. Indeed,
Ons = Mh,imi&spi = Nrami P&, 1=1,...,n.

Using the chain rule, we see that dfj,(0) = A, where A is an invertible diagonal
matrix that diagonalizes P;. We conclude that 6, is biholomorphic. Lemma [ is
proved. O

6. SIMULTANEOUS LINEARIZATION

Using Lemmal?, we can linearize elements of P¢(£2). Namely, for every h € P¢(12)
there exists 65 (constructed in Section Bl such that 0,k = A6y, where Ap, is an
invertible diagonal matrix. In particular, we can linearize f:

Orf = As0y,

where the germ 6y is biholomorphic at 0, and Ay is an invertible diagonal matrix.
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Lemma 3. For every h € P;(Q2) we have 0y, = 65.

Proof. Let us consider the germ
(10) 0 =A;'0nf,
which is clearly biholomorphic. We have
Oh = A7 0 fh = A7 0hhf = AT AROLS = ApAS O f = Anf.
Using ([[0), we write the equation 6k = A6 in the coordinate form:
(1/A5)0nifh = (Ani/A5i)0nif, i=1,...,n.
By (@) and the definition of &;,

(1/Agi)nnimi Py fihi = (Ani/Agi)nimiPifi, i=1,...,n,
where f; = & f§; ! Using the commutativity relations f;P; = P;fi, hiP; = Pih;,
which hold since {p;} C S¢, h € P;(2), we get

(L/Xpi)nnimi fihi Py = (Anji/Agi)nnami fiPi,  or

(L/Api)mnami fihili = (A /Api)nnami fili, i=1,....n.

This is the same as
(W Ap)mmimifili)(mihidi) = A (1 Api)nnamifili), i=1,...,n,

since h; locally preserves the ¢’th coordinate axis (h;P; = P;h;). It is easily seen
that

((L/Agi)nnimi fili)(0) = 0,
((1/Api)nnami fili)'(0) = 1.

A normalized solution to a Schréoder equation is unique, though; thus we have

Nh,i(mi fili) = Apinngis Mh,i(0) = 0, 772,1(0) =1
Using the uniqueness argument again, we obtain 7y, ; = 7y, and hence 0, = 0;.
The lemma is proved. |

According to Lemma [3] the single biholomorphic germ 6; conjugates the sub-
semigroup P;(2) to some subsemigroup Dy of invertible diagonal matrices in D,
the set of all n x n diagonal matrices with entries in C. We show that D contains
all invertible diagonal matrices with sufficiently small entries. To do this, first we
extend 0 to an analytic map on the whole domain € using the formula

0f :A;leffl,

where [ is chosen so large that C1{ f!(2)} is contained in a neighborhood of 0 where
0y is originally defined and biholomorphic; the symbol Cl denotes closure. From
the procedure of extending 6 to 2 we see that it is one-to-one and bounded in the
whole domain.

Now, let A = diag(A1,...,A,) be a matrix such that CI{A0¢(Q)} C W, where
W is a neighborhood of 0 € C™ for which Cl{HJ?lW} C Q. Such a matrix A exists

since 67 is bounded in Q. Consider h = 9;1A9f, which belongs to Go(£2). The

map h commutes with f and all p;’s. Indeed, using the formula 6 f@;l = Ay, we
conclude that hf = fh is equivalent to AAy = AyA, which is a true relation since
both matrices A and Ay are diagonal. The relations hp; = p;h, i = 1,...,n, are
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verified similarly, using the formula 6 fpif);l = P;, which follows from the definition
of Gf,

7. SOLVING A MATRIX EQUATION

We proved that for an element f € VGo(Q) there exists a biholomorphic germ
s conjugating the semigroup P;(2) to a subsemigroup Dy C D,,, which contains
all invertible diagonal matrices with sufficiently small entries.

Let f € VGo(©1) and g = ¢f. Then g € VG(Q2), and there is an isomorphism

P : Sf — Sg.
For the mappings f and g we have
9ff = Afgf, L‘)gg = Mggg,

where Ay, M, are invertible diagonal matrices.
Let us consider the germ L = ngﬁfl. This germ conjugates the semigroups
Dy, Dy:

LAL™ = 0,90 A0y~ 10,
= 0,0y~ 0, = 0,50, = M,

where h € Py, 0¢h = Aby; j = @h, 0,5 = M6,.
Define R(A) = LAL™'. Then R: Dj — D,,

R(A1A2) = R(Al)R(AQ), Al, Ao € Df.

~

In what follows, we will identify D,, with the multiplicative semigroup C"™ (D,, &
C™) in the obvious way and consider a topology on D,, induced by the standard
topology on C".

We are going to extend R to an isomorphism of D,,. First, we denote by D¢, D,
the closures of Dy, D, in D, and for A € Dy we set

R(A) =lim R(Ag), Ay — A, Ay € Dy.

This limit exists and does not depend on the sequence {Ay}, which follows from the
fact that ¢+, 9?1, 9;‘51 are continuous. The map R is an isomorphism of topological

semigroups Ef and 39 (the inverse of R has a similar representation).
Next, we extend the map R to D,, as

R(T) = R(TA)R(A)™', T € D,

where A € Dy is chosen so that I'A € 3f. This definition does not depend on the
choice of A. Indeed, since all matrices in question are diagonal (hence commute),
the relation R(TA;1)R(A1)~! = R(T'A3)R(A2)~! is equivalent to R(T'A1)R(As) =
R(T'A2)R(A1), which holds.

The extended map R is clearly an isomorphism of D,, onto itself. Thus we have

(11) R(N'A") = R(ANYR(A"), AN, A" € D,,.
Injectivity of R and () imply that R(A;) = A; for all 4, where j = j(i) depends
on 4; j(7) is a permutation on {1,...,n} (we recall that A; = diag(0,...,1,...,0)).

This is because {A;}? ; is the only system in D, with the following relations:
A #£0, A2 =A;, AJAj =0, 0 # 5.
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Since all matrices A and their images R(A) are diagonal, we can consider the
matrix equation (II) as n scalar equations:

(12) ri (NI NN = (AL ) (NN, =1,
where r; are components of R. If we rewrite the equation R(A;A) = A;R(A) in
the coordinate form, we see that 7;(A1,..., ) =75(0,..., A, ..., 0) = g;(\;); that

is, each r; depends on only one of the A;’s. For each j the corresponding equation
in (I2) in terms of the ¢;’s becomes

a5 (NA) = 45 (X)) g; (X))
This equation has ([4], p. 130) either the constant solution ¢;(A;) =1, or
aij_ﬁij
qj(N) = NN iy, Bi €C, agy — Bij = E1
Going back to the function L, we have

. . « _6 Qn _571
(13) Ldiag(Ar, -+, An) = diag(A{h) Ai(1ys - -5 Ay iy ) s

ai—ﬁi:il, iZl,...,’l’L,

where (j) is the inverse permutation to j(4).

Let us choose and fix (u1, ..., p,) such that (1/p1,...,1/1y,) belongs to a neigh-
borhood Wy of 0 € C™ where L is defined, and let W; be a neighborhood of 0 € C™
such that (p121,...,unzn) € Wo, whenever (z1,...,2,) € Wi. Then from (I3) we
have

L(z1,...,2n) = Ldiag(p121, - -« s pn2n)(1/pi1y .o, 1/ pin)
= diag((pi(1)#i1))™* (Hi(l)Zi(l))ﬁl, ey (i) Zi(n)) ™ (Ti(m) Zi(n) )
X L(]'/Mlﬂ cey ]-/Mn) = B(Ziylg?l, R Za”fg”)’

r n

Bn )

where B is a constant matrix. The last formula is the explicit expression for L.

8. PROVING THAT 1 IS (ANTI-) BIHOLOMORPHIC

To prove that 1 is (anti-) biholomorphic is the same as to prove that L is (anti-)
biholomorphic, because the relation L = 6401 o 0;1 holds. We showed that

(14)  L(z1,...,20) = B(zM7 .. 20770, oy —Bi=+1, i=1,...,n,

in a neighborhood W; of 0. From the representation (Idl) we see that L is R-
differentiable and non-degenerate in Wy \ U;_,{(z1,...,2,) : 2zr = 0}. Since
this is true for every point in the domain €2;, the map v is R-differentiable and
non-degenerate everywhere, with the possible exception of an analytic set. Let us
remove this set from 2, as well as its image under 1 from Q5. We call the domains
obtained in this way €', Q”. Now the map ¢ : Q' — Q" is R-differentiable and
non-degenerate everywhere. It is clear that if we prove that ¢ is (anti-) biholo-
morphic between ', Q" then it is (anti-) biholomorphic between Q;, Qs due to
a standard continuation argument [I1]. So we can think that ¢ is R-differentiable
and non-degenerate in € itself. The map L thus has to be R-differentiable and
non-degenerate at 0. However, this is the caseif and only if a;+53; =1, i =1,... n.
Together with the equation «; — 3; = £1 it gives us that either a; = 1, §; = 0, or
Q; = O7 ﬁi =1.
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It remains to show that either a; =1 and §; = 0, or a; = 0 and §; = 1, simul-

taneously for all i. Suppose, by way of contradiction, that we have L(z1,...,2,) =
B(...,ziy-.-,Zj,...). Then

Lil(wl,...,wn): (...,li(wl,...,wn),...,lj(wl,...,wn),...),

where [;, [; are linear analytic functions. Let us look at an endomorphism fq of €,
in the form

fo= 9;1)\(. e 05305 5,085, .)gf,

where 67,0 ; is in the ¢’th place and 6y ; in the j'th; || is sufficiently small. Using
(@) and the definition of L, we have

Og0f00, " = 0,0 foy™0," = LOs fob; 'L~
So,

9g<pf09;1(w1, e awn)

=B'(.. . Li(wy, . wn)l (W1, W),y L (w0, wy), )

for some constant matrix B’. This map, and hence pfy, is not analytic, though,
in a neighborhood of 0, which is a contradiction. Thus L, and hence v, is either
analytic or antianalytic in a neighborhood of 0.

Theorem [[]is proved completely.

9. PROOF OF THEOREM [Z]

Since ¢ is an epimorphism, it takes constant endomorphisms of 2; to constant
endomorphisms of Q2, which follows from (). Thus we can define a map ¢ : Q; —
Qs as in (@)). Following the same steps as in verifying (I), we obtain

(15) pfot=1of, forall fe E).

We will show that (IH]) implies bijectivity of 1. The map 1 is surjective. Indeed,
let w € Qq, and let ¢, be the corresponding constant endomorphism. Since ¢ is
an epimorphism, there exists f € E(£1) such that ¢of = ¢,. If we plug this f
into (IH), we get

f(z) =w

for all z € 4. Thus 9 is surjective.

To prove that 1 is injective, we show that for every w € s, the full preimage
of w under 1, ¥~ (w), consists of one point.

Assume for contradiction that S,, = 1~!(w) consists of more than one point for
some w € . The set S, cannot be all of 1, since v is surjective. For zg € 9.5,N4
we can find z; € S, and ¢ ¢ S, which are arbitrarily close to zg. Let 2z be a fixed
point of S, different from z;. Consider a homothetic transformation h such that
h(z1) = z1, h(z2) = ¢. Since the domain 4 is bounded, we can choose points z;
and ( sufficiently close to each other so that h belongs to E(€1). Applying (IH) to
h, we obtain

ph(w) = phop(z1) = oh(z1) = P(21) = w;
ph(w) = photp(z2) =P o h(z2) = P(() # w.

The contradiction shows injectivity of 1. Thus we have proved that 1 is bijective.
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According to (I3 we have
of =wo foyyt forall fe E(),

which implies that ¢ is an isomorphism.

Theorem Plis proved.
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