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(Communicated by Christopher D. Sogge)

ABSTRACT. We prove an analogue of the LP version of Hardy’s theorem on
semisimple Lie groups. The theorem says that on a semisimple Lie group, a
function and its Fourier transform cannot decay very rapidly on an average.

1. INTRODUCTION

Uncertainty principles related to decay of a function and its Fourier transform
have a long history, starting from a theorem due to Hardy (see [10], [8]). Hardy’s
theorem consists of two parts: in the first it characterises the heat kernel in terms of
its decay and that of its Fourier transform and in the second it shows that a nonzero
function and its Fourier transform can have no faster decay. Several generalisations
of the second part of Hardy’s theorem has appeared since, most notable among them
being the results of Cowling-Price and of Beurling (see [3], [I4]). The theorem of
Cowling and Price says roughly that it is not possible for a nonzero function and
its Fourier transform both to decay very rapidly. To be precise, let e,(x) = e“‘”z;
then if ||leq f]l, < 00, |lesf]lq < 00, min(p, ¢) < oo and ab > 1, then f = 0. The case
p = q = oo was treated by Hardy.

Recently, considerable attention has been paid to proving analogues of Hardy’s
theorem and its LP version in the setup of noncommutative groups (see [2], [], [5],
6], [7, |], [16], [I7], [IR], [19], [21] and references therein). In [20], Sitaram and
Sundari generalised the second part of Hardy’s theorem to connected semisimple
Lie groups with one conjugacy class of Cartan subgroups and to the K-invariant
case for general connected semisimple Lie groups. This result was extended to all
semisimple Lie groups with finite centre by Cowling et al. in [5]. In this paper our
aim is to discuss the analogue of the theorem of Cowling and Price on semisimple
Lie groups. It turns out that the obvious analogue of the Cowling-Price theorem is
false on semisimple Lie groups for p > 2 (see the example in section 3), that is, for
p > 2 there may exist a nonzero K —bi-invariant function f such that for ab = i,
Ja |f(z)|PeralelEdp(z) < oo and e FN)[9e1M|¢(A)|72dA < oo (for the meaning
of the symbols see section 2). So to get an analogue of the Cowling-Price theorem
we need to find the correct decay condition, and our work shows that the correct
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decay condition depends on the index p. In the course of the proof we will make
use of the main lemma proved in [5]. We also mention that the final result proved
in [5] can be deduced from our result as in the Euclidean spaces.

This paper is organised as follows: In section 2 we describe the notation and
background material from the theory of semisimple Lie groups along with some
complex analytic results needed for the Cowling-Price theorem. In section 3 we
prove our version of the Cowling-Price theorem on semisimple Lie groups.

We are grateful to the referee, whose suggestions and comments improved the
presentation of the paper.

2. NOTATION AND PRELIMINARIES

In this section we set up the notation that we subsequently employ and recall
some basic facts from the theory of semisimple Lie groups. Our discussion of the
latter will be brief and we refer the reader to [9], [12], [I5] for details. Let G be
a connected, non-compact, real semi-simple Lie group with finite center and K be
a fixed maximal compact subgroup of G. Let G, K denote the Lie algebras of G
and K respectively. Let B be the Cartan Killing form on G, and let G = K & P be
the Cartan decomposition of G. It is known that B |7;,>< p is positive definite, thus it
gives an inner product and hence a norm on P. Let A be a fixed maximal abelian
subspace of P. Let A denote the set of nonzero roots corresponding to (G,.A) and
A the set of positive roots with respect to some ordering. Let A be the positive
Weyl chamber and A, = exp A;. If A denotes the closure of A in G, then one
gets the polar decomposition G = KA, K, that is, each * € G can be uniquely
written as x = ki(z)a(z)ks(z) with ki(z), k2(z) € K, a(x) € Ay. If G, denotes
the root space corresponding to @ € A with m, = dimG,, then one can choose
a Haar measure dz on G such that relative to the polar decomposition it is given
by de = J(a)dkidadky where J(a) = J(expH) = [[en, (€2t — o)™
and da is a Haar measure on A. If p = %ZaeA+ mq, then one has, J(a) =
J(exp H) < Ce?) for H € A, . Using the polar decomposition we define |z|c =
k1 (x)a(x)ks (x)| = B(log a(z),loga(z)). For A € A*, Hy € A is the unique vector
such that \(H) = B(H, Hy) = (H, Hy) for all H € A. For A\, u € A* we thus have
(A, ) = B(Hx, H,). The bilinear extension of (.,.) to Af is also denoted by (.,.).
For A € A*, |A| will denote (A, A)=.

Let G = K AN be the Iwasawa decomposition of G. Then we have the projection
mappings k : G — K, a: G — A, n: G — N such that © = k(x)a(x)n(z) =
k(z) exp H(z)n(x) where H(x) = loga(z) € A. Let M denote the centralizer of A
in K. Let 6 € M and Hy be the Hilbert space corresponding to 8. For § € M and
A € A% we have a representation 7; \ acting on the Hilbert space L*(K/M, dk, Hs)
and the action is given by

(5.7 (9)f)(k) = e AFTPHGTR) £ (5(g7 1)),

The 75,)’s are called the principal series representations induced from the minimal
parabolic subgroup. sy is unitary if A € A*. It is known that given 6 € M there
exists a dense open subset Os C A* such that for A € Os, 75,y is irreducible and
the only identification among the above-described representations are given by the
obvious action of the Weyl group on M and A*.
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If 6 is the trivial representation of M, then 75 ) is denoted by 7y, the so-called
spherical principal series representations, which are realised on the Hilbert space
L?(K/M). Note that 75| K are given by left translation on L?(K /M), in particular
the K-fixed vectors are given by constant functions. Let ¢, be the elementary
spherical function corresponding to A € Af, that is, for A € A%

oa(z) = (ma(z)l, 1)
:/ o~ GNP HETR) gp, — / SA-PHER) g
K

where 1 denotes the constant function 1(z) = 1 for all z € K/M. The following
properties of ¢y are crucial for us and can be found in ([9], [12]).

Proposition 2.1. i) ¢x(x) is K-bi-invariant in x € G and W invariant in A € A%.
il) ga(x) is a C* function of x and a holomorphic function of .
ili) We have

e " < go(exp H) < O(1 + ||H||)" e~

for H € A, and some constants C, m > 0.
iv) We have

0 < ¢ir(expH) < e/\(H)cﬁo(eXp H)
fOTHE-A_J,_ , /\E.A__;,_*.
The following lemma, proved in [3], is crucial for us.

Lemma 2.2. Suppose that g is analytic in the region Q = {z =re? : 0 < 0 < )
and continuous up to the boundary. Suppose also that for p € [1,00) and constants
A a

lg(z +iy)| < A e (z+iy € Q),

([t dm); <A

o+1
/ lg(pe™)| dp < A maz (e, (0 +1)

Then

S =

)

for ¢ €[0,%] and o € RT.

Lemma 2.3. Suppose f : C" — C™ be an entire function such that for positive a
and m

i) [£(2)] < C ecllRe=l® (14 || Imz|)™,

i) [ @I Q@) do < o0
for somep , 1 < p < oo, where Q is a measurable function on R™ with the property
that, for almost all & € R"~Y, Q(Z,t) is bounded away from zero as a function of
t € R outside a compact set. Then f = 0.

Proof. Fix some ¥ € R"~! with the property that Qz(t) = Q(%,t) is bounded away
from 0 for large t and define gz(z) = f(Z, z) for z € C. Then g; is an entire function
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on C and satisfies i) and ii). Assuming the lemma to be true for n = 1, we get
f(Z,2) = 0 for almost every € R*!. Thus f = 0 almost everywhere on R™ and
hence on C™. So it is enough to prove the case n = 1. In this case ii) implies that
Jz | f(x)[Pdz is finite. Let g(z) = (ifi-(zz))"‘ for Imz > 0. Then g satisfies the conditions
of Lemma 2.2 which gives the estimate

o+1 ) )
/ lg(pe¥)|dp < Cmax{e?, (o +1)7}

for ¢ € [0, Z]. Considering g1(z) = ({i;)z), g2(z) = %, gs3(z) = ({i;)z), we have

for large o

o+1
| 1o < o+ 1o 1,

for ¢ € [0, 27]. Now by Cauchy’s integral formula,

27T .
F™(0)] < ni(2m) ! / () o™ .

Consequently, for large o,

OO < en | - < / o If(pe“”)lp”dp> o

< Cnl@2m) o1+ o)™ (1 +0)F.

<=

So f(™(0) = 0 for n large. Thus f is a polynomial. Then it follows from ii) that f
is zero. O

3. UNCERTAINTY PRINCIPLES

Before we can embark on our extension of the LP analogue, we need the following
lemma which is essentially in [5].

Lemma 3.1. Let f € L'(G) N L3(G). Suppose f decays sufficiently rapidly so that
f(ms2) makes sense for all 6 € M, X\ € Af (see the remark below), and

f(msa) =0 forallde M, \e Ag,
then f =0 almost everywhere.

Remark. For a rapidly decreasing integrable function f, even though f (75,2) may
fail to make sense as an operator on L?(K/M,dk,Hs) when A € AZ (note that, in

general, for A € AE \ A*, 75 is not unitary), we use the notation f(7r,57>\) in the
sense of an infinite matrix whose elements are

F(5 ) mm = /G F(2) (M5 (@)ems en)its » dp() e en € Hyal

For more details we refer to [5].

For each § € M let vs denote the density of the Plancherel measure on the set
of representations {ms ) : A € A*}. Let ||T'|| denote the operator norm of T.
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With this preparation we proceed to prove the following theorem.

Theorem 3.2. Let f : G — C be a measurable function. Suppose that 1 < p <
00, 1 < g < o0, and a and b are positive numbers such that ab > i. If

D) Jo (1f(@)] e®1& go(a)7 P du(z) < oo,
ii) fA* eabIN? ||f(7ra,>\)||q vs(\) d\ < oo for all é,
then f = 0.

Proof. 1t suffices to prove the case ab = 1. For A € Af, let F{""()\) =
Jo f(x) 655" (x) dp(x), that is, F{"™(A) is the (m,n)-th matrix entry of F(ms.0).
If we can show that F5™"(X) = 0, then it will follow from Lemma [31] that f = 0.
Now,

PO < [tk N Gu(a) S(a) dky da dby
KALK

N / |f (ks exp Hhky)| e?H1° g (exp h)z =1 X () e=allHl®
KALK

bo(exp H)> "¢ J(exp H) dkidHdk,

1
7

< Const. < / (e=allHI7 AT (=20l (1 4 () e2p(H)dH> ’
A
(by i) and Proposition 2.1)
1
< ([ evemion @y a)”
A
1
’ 1 2 , P’
= Const evellHx I / e el 2ty (L+H)™ dH
A
S p

’ 1 /
Const edalHx I ol HI 1+ ||H+—H,+|)™” dH
A 2a AT

Hence |F""(\)| < C ezl mAI* (1 4 |ITmA||)*. Define G5(\) = F{"™M(N) ea (AN for
A € A%, Then it follows that G5()) is an entire function in A and

(3.1) IGs(\)| < C el ReAI® (1 4| TmA||)®.

As b=t and [F""(\)| < || f(ms)]|, from ii) it follows that

(3.2) /A IGs(N]? s () dA < 0.

Theorem B2lwill be proved if we can show that each vs(\) satisfies the conditions
on @ given in Lemma 23, When G is a complex semisimple Lie group it is known
that the Plancherel measure is a polynomial in A and it is easily verified that the
conditions of Lemma [Z3] are satisfied. If real-rank G = 1, then there are two
cases, either rank G >rank K or rank G =rank K. In the first case it is known
that for every fixed 6, vs ) is a polynimial in A, and in the second case it follows
from the explicit description of the Plancherel measure given in [23] (see p. 420)
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that it satisfies the condition of Lemma [Z3 Thus the theorem is true if real-
rank G = 1. For the general case, let us assume that § is the trivial representation
of M. Other cases can be similarly dealt with. From [TT] we have vs5(\) = |e(\)] 72 =
[oea, . lca(Aa)| 72 (here A is the set of short roots) where each c,(\,) is the
Plancherel measure of certain rank one subgroup of G. From the explicit expression
for the Plancherel measure of the rank one group (see [23]) it is clear that |co(Aa)| 2
is bounded away from zero whenever (A,, @, )q is large enough. Since (A, @q)a =
(N @) (see [12]), |ca(Ma)|~2 is bounded away from zero whenever \ is away from
the hyperplane X, = {8 € A*: (8, a) = 0}. Without loss of generality we assume
that no « is in the direction of any axis in A*. Let us write A = (Ag, -+, A,) and
A= (M, -+, An—1). Then it is clear that for any fixed Xand N > 0 the intersection
of {\: |(\,a)| < N} and the axis X,, = {3 € A* : 8= (A \,)} lies in a bounded
set contained in X,,, say S,. Now from the above remarks it follows that, for
N large, if A, is outside a compact set containing (J,ca,, Sa, then le(N)]72 is
bounded away from 0. This completes the proof of Theorem [3-2 O

21
Remark. The above theorem continues to hold even if we replace ¢§ by ¢f where
a < % — 1. We also observe that for p < 2 our result is stronger than the obvious
analogue stated in the Introduction.

Now we give an example to show that the index % — 1 is optimal.

Example. Let G = SL(2,C). Then

t
A—{at—<8 2_t>:t€R} andA—{at—(é (it>:t6R}.

A € A* is identified with A € R via a; — At. With this identification the Jacobian of
the Haar measure is sinh2 2t, |c(A)|72 = A%, ¢ (t) = Const. 2 (see [12], [22])
and thus ¢g = Const. ———. Also |A|4+ = m and |la¢||¢ = 4]t|. Fix an s > % - L
We will give an example of a nonzero K-bi- 1nvariant function f such that:

a) 57 |f at) |pept2 ( t )" sinh? 2tdt < oo,

sinh 2t
b) [ 4. 1f(dr) [9e7° FA2d\ < oo.
Let v € C(—03,3) be even. Define f = A~!(y)) * h where h is the K-bi-

invariant function defined by h(\) = e~ ~*" and A is the Abel transform (see [13]).
f is well defined by the Paley-Weiner theorem, belongs to LP-Schwartz class for
~ ~ 2
0 <p <2 (see [I], [9] for LP-Schwartz class functions) and f(A) = (A e T,
where ¢ is the Euclidian Fourier transform of . Obviously f satisfies b). Using
the spherical Fourler 1nver51on and the explicit description of ¢ we can easily prove

that | f(at)| < ¢ * for large t (see [17]). So it is enough to show that for large
N

smh 2t

o) 2ppBt t sp 9
I= inh~ 2tdt .
/N (sinh 2¢)P <sinh 2t> - =0

If s > 0, then

I< /OO 62t{pﬁ*(p+spf2)}t8pdt;
N
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as s > % — 1 we can choose a § > 0 such that pg —p — sp+ 2 < 0. For such a choice
of 3, I is finite. If s <0, that is, p > 2, then

I< /OO 2t{pB—(pt+sp—2)} gy
N

Again due to positivity of sp+ p — 2 one can choose a positive § making the above
integral finite. Notice that in this case if we take s = 0, then it follows that the
version of the Cowling-Price theorem without the factor of ¢ is false for p > 2.
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