
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 130, Number 7, Pages 2025–2030
S 0002-9939(01)06253-0
Article electronically published on December 27, 2001

A FAMILY OF QUADRATIC POLYNOMIAL DIFFERENTIAL
SYSTEMS WITH INVARIANT ALGEBRAIC CURVES

OF ARBITRARILY HIGH DEGREE
WITHOUT RATIONAL FIRST INTEGRALS

COLIN CHRISTOPHER AND JAUME LLIBRE

(Communicated by Carmen C. Chicone)

Abstract. We give a class of quadratic systems without rational first integral
which contains irreducible algebraic solutions of arbitrarily high degree. The
construction gives a negative answer to a conjecture of Lins Neto and others.

1. Introduction

By definition a complex planar polynomial differential system or simply a poly-
nomial system is a differential system of the form

dx

dt
= ẋ = p(x, y),

dy

dt
= ẏ = q(x, y),(1)

where the dependent variables x and y and the independent one (the time) t are
complex, and p and q are polynomials in the variables x and y with complex coef-
ficients. We denote by m = max{deg p, deg q} the degree of the polynomial system.

Alternatively, we can view (1) as defining a complex foliation with singularities
on CP2 of degree n. Such a foliation has an invariant line at infinity and conversely
any such foliation can be brought to the form (1).

Due to the algebraic structure of a polynomial system there is a close relation-
ship between its integrability (a topological phenomena) and its exact algebraic
solutions. Darboux [7] proved that if a polynomial system of degree m has at
least m(m+ 1)/2 invariant algebraic curves, then it has a first integral. Jouanolou
[10] (see also [5]) shows that if the number of invariant algebraic curves is at least
[m(m + 1)/2] + 2, then the first integral is rational, and consequently all the tra-
jectories of the vector field are contained in invariant algebraic curves. Prelle and
Singer [17, 18] proved that if a polynomial vector field has an elementary or Li-
ouvillian first integral, then this integral can be computed by using the invariant
algebraic curves of the system (in fact, for Liouvillian first integrals, a knowledge
of the exponential factors of the system is also needed; see [5]).
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From Jouanolou’s result it follows that for a given polynomial system the maxi-
mum degree of its invariant algebraic curves is bounded, since either it has a finite
number p < [m(m + 1)/2] + 2 of invariant algebraic curves, or all its trajectories
are contained in invariant algebraic curves and the system admits a rational first
integral. Thus for each polynomial system there is a natural number N which
bounds the degree of all its irreducible invariant algebraic curves. A natural ques-
tion, going back to Poincaré [16], is to give an effective procedure to find N . Partial
answers to this question were given by Cerveau and Lins Neto [4], Carnicer [2], and
Campillo and Carnicer [1]. These results depend on either restricting the nature of
the foliation given by (1) or the singularities of the algebraic curves.

Of course, given such a bound, it is then easy to compute the algebraic curves
of the system and also describe its elementary or Liouvillian first integrals (modulo
any exponential factors); see for instance [13, 3, 15].

Unfortunately, for the class of polynomial systems with fixed degree m, there
does not exist a uniform upper bound N(m) for N as shown by the system

ẋ = rx, ẏ = sy,

with r and s positive integers. This system has a rational first integral

H =
yr

xs
,

and hence invariant algebraic curves xs − hyr = 0 for all h ∈ C.
However, although N(m) does not exist, maybe there is a number Ñ(m) for

which any system with an algebraic curve of degree higher than Ñ(m) will also
have an algebraic curve of degree at most Ñ(m). If so the closure of the set of
systems (1) of degree m with algebraic curves will be an algebraic subset of the
parameter space. At the moment, the most we can say is that this subspace is
not dense. Clearly this Noetherian property would be very satisfactory from a
theoretical point of view, even if not effective.

Another common suggestion is that there is some number M(m) for which all
polynomial systems of degree m with invariant algebraic curves of degree greater
than M(m) has a rational first integral (see for instance the open question 2 in [5],
or the question at the end of the introduction of [12]).

The purpose of this paper is to give a family of polynomial systems of degree
2 without rational first integrals but with irreducible invariant algebraic curves of
arbitrarily high degree. Thus we show that no such function M(m) exists. The
question of the function Ñ(m) remains open.

Theorem. We consider the quadratic polynomial differential system

ẋ = x(1 − x),
ẏ = −λy +Ax2 +Bxy + y2,

(2)

where

λ = c− 1 , A =
ab(c− a)(c− b)

c2
, B = a+ b− 1− 2ab

c
.

If, for any positive integer k, we choose a = 1− k, b ≤ a, and c irrational, then the
polynomial system (2) has:

(a) no rational first integrals;
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(b) an irreducible invariant algebraic curve(
y − ab

c
x

)
F + x(1 − x)F ′ = 0,

of degree k, where F = F (a, b; c;x) is the hypergeometric function;
(c) a Darbouxian integrating factor.

The definition of Darbouxian function is given at the end of Section 2, and the
precise definition of the hypergeometric function F (a, b; c;x) together with the proof
of the theorem are provided in Section 3.

Polynomial systems of type (2) were first studied in the work of Françoise,
Fronville and Zoladek [8] and later on with more detail in [6]. The family arises
naturally when one seeks integrable critical points with p : −q resonance. In fact,
the system (2) is linearizable at the origin whenever λ is not a non-negative inte-
ger. When λ = 1, however, the origin is not a centre and this may account for the
neglect of this interesting family until now. Since the solutions are given explicitly,
and are very different from other known explicit solutions for quadratic systems, it
may be that there are many more interesting properties of these systems and their
perturbations to discover.

In the light of this result, we conjecture that there is some number D(m) for
which any polynomial system of degree m which has some invariant algebraic curve
of degree greater than D(m) has a Darbouxian first integral or Darbouxian integrat-
ing factor.

When this note was written we received the paper of Moulin–Ollagnier [14] where
he provided another family of polynomial systems of degree 2 without rational first
integral, with a Darbouxian first integral or a Darbouxian integrating factor, and
with invariant algebraic curves of arbitrarily high degree. However, we feel that
our proof is not only much more direct, but also the form of the algebraic curves
are given explicitly.

2. First integrals, integrating factors,

invariant algebraic curves and Darbouxian functions

We denote by C the complex field and by C[x, y] the ring of polynomials in the
variables x and y with coefficients in C.

The vector field X associated to system (1) is defined by

X = p
∂

∂x
+ q

∂

∂y
.(3)

The polynomial system (1) is integrable on an open subset U of C2 if there exists
a nonconstant analytic function H : U → C, called a first integral of the system
on U , which is constant on all solution curves (x(t), y(t)) of system (1) on U ; i.e.
H(x(t), y(t)) = constant for all values of t for which the solution (x(t), y(t)) is
defined on U . Clearly H is a first integral of system (1) on U if and only if XH ≡ 0
on U .

Let R : U → C be an analytic function which is not identically zero on U . The
function R is an integrating factor of the polynomial system (1) on U if one of the
following three equivalent conditions holds:

∂(Rp)
∂x

= −∂(Rq)
∂y

, div(Rp,Rq) = 0, XR = −R div(P,Q),(4)
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on U . As usual the divergence of the vector field X is defined by

div(X) = div(p, q) =
∂p

∂x
+
∂q

∂y
.

The first integral H associated to the integrating factor R is given by

H(x, y) =
∫
R(x, y)p(x, y)dy + h(x),

where h(x) is chosen to satisfy
∂H

∂x
= −Rq. Then

ẋ = Rp =
∂H

∂y
, ẏ = Rq = −∂H

∂x
.(5)

In order for this function H to be well defined the open set U must be simply
connected.

Conversely, given a first integral H of system (1) we can always find an integrat-
ing factor R for which (5) holds.

Let f ∈ C[x, y]. The algebraic curve f(x, y) = 0 is an invariant algebraic curve
of the polynomial system (1) if for some polynomial k ∈ C[x, y] we have

Xf = p
∂f

∂x
+ q

∂f

∂y
= kf.

The polynomial k is called the cofactor of the invariant algebraic curve f = 0. We
note that since the polynomial system has degree m, then any cofactor has at most
degree m− 1.

A (multi–valued) function of the form(
p∏
i=1

fλii

)
exp

( g
h

)
,

where fi, g and h are polynomials and the λi complex numbers, is called a Dar-
bouxian function.

3. Proof of the Theorem

We first prove statement (a). We shall use the following result known by Poincaré
[16]: If a polynomial system (1) has a rational first integral, then the eigenvalues
λ1 and λ2 associated to any singular point of the system must be resonant in the
following sense: there exist nonnegative integers m1 and m2 with m1 +m2 ≥ 1 such
that m1λ1 + m2λ2 = 0. For a proof see, for example, [9] or [11]. Now it is easy to
check that the origin of system (2) is a singular point whose ratio of eigenvalues is
1− c. Since c is irrational, the system can have no rational first integral.

System (2) has the invariant solutions x = 0 and x = 1 together with the
following two explicit solutions:

f1 =
(
y − ab

c
x

)
F1 + x(1 − x)F ′1 = 0 ,

f2 =
(
c− 1− y +

(
1− c+

ab

c

)
x

)
F2 − x(1− x)F ′2 = 0 ,
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where F1 = F (a, b; c;x), F2 = F (1 + a− c, 1 + b− c; 2− c;x), and F (a, b; c;x) is the
hypergeometric function

F (a, b; c;x) =
∞∑
k=0

(a)k(b)k
(c)k

xk

k!
.

Here we have used the notation

(a)k =
{

1 if k = 0,
a(a+ 1)(a+ 2) · · · (a+ k − 1) if k > 0.

The hypergeometric function F (a, b; c;x) is a solution of the hypergeometric differ-
ential equation

x(1− x)y′′ + [c− (a+ b+ 1)x]y′ − aby = 0,
and so F and F ′ can have a common zero only at x = 1.

If we take a = 1 − k, b ≤ a and c > 0 irrational, with k a positive integer, then
F (a, b; c;x) is a polynomial of degree k − 1, with all coefficients positive. Hence
F (1) > 0, and so F and F ′ can have no common roots at all. Thus f1 = 0 defines
an irreducible algebraic curve of degree k, which proves statement (b).

Finally, after some calculation it can be shown that

H =
xc−1f1

f2

is a first integral of the system, with (reciprocal) integrating factor

xcf2
1 (1− x)a+b+1−c

which proves statement (c).
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