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ALMOST PERIODIC SOLUTIONS FOR UNDAMPED
NONHOMOGENEOUS DELAY-DIFFERENTIAL EQUATIONS
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ABSTRACT. We first establish a result giving conditions that certain undamped
delay differential equations with almost periodic time dependence have unique
almost periodic solutions. Using this result we obtain conditions that a second
order scalar nonlinear delay differential equation with almost periodic forc-
ing will have a unique almost periodic solution having saddle-type stability
properties. These results use the method of averaging.

In a previous paper [I], the author gave conditions that a second order scalar
differential equation of the form

(1) o+ — vz + 223 = (1),

where € and v are positive constants and f is almost periodic (a.p. for short), will
have an a.p. solution; cf. also [2]. It was found that this a.p. solution z(t) is for
¢ and v sufficiently small unique and has saddle point type stability, and in fact
ex(t) tends to a linear combination of cost and sint as & — 0 uniformly for ¢ € R,
the set of reals. This result was shown to be a special case of a result for a more
general first order equation in R™ of the form

(2) ¥ =(A+eC@t)x +eg(z,e) +ep(t),

where A and C(t) are real n X n matrices with A similar to a diagonal matrix
with pure imaginary entries, the entries of C(t) are a.p., g and its first partial
derivatives with respect to the components of x are continuous in (z,¢), and p(t)
is an R"-valued a.p. function. For any x € R",|z| will denote some norm in R™.
Our purpose in this paper is to show that if a time-delay term is introduced into
(1), the same result will hold provided the magnitude of this term is sufficiently
small, and will follow from a more general n-dimensional equation of the form

(3) ¥ = (A+eC@t))x + eg(x, ) + eah(zy) + ep(t),

where A, C(t), g, and p are as before, € and « are positive constants, and h : C, —
R™ is a function on C,, the set of functions ¢(¢) continuous on [—r, 8] to R™. For
fixed ¢, and an R™-valued function x(t) continuous on R,z is the element of C,
given by z(t + 6),—r < 6 < 0. We use the norm ||¢||, = sup{|¢(d)| : —r < 6 < 0}
for ¢ € C,.. We assume h is uniformly continuous on bounded subsets of C;.
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As in [I], we use the method of averaging, but in a way somewhat simpler than
the general method of averaging for delay equations discussed in [3] and also [4], in
which conditions are required on the spectra of linear operators on C,..

As in [I], we make the change of variables ey = x in (3) and easily arrive at
the equation
(4) y = ee A C()e My + g(ey,e) + ah(eMy,) + p(t)]

where eAty; = ety (t + ), —r < 0 <0, is a member of C, for each t € R.
The following lemmas will be proved using essentially the same arguments as
were used in the proof of Theorem 1 in [I]. We use the notation

me(F(t)) = lim T~ /F

T—o0

for any function F': R — R™ which is a.p.
Lemma 1. Let Cy = my(e~*AC(t)et?),

g90(y) = mu(e"g(ey, 0)),

bo(a, z) = my(e " p(t) + ah(e?t ),
where y € R™, and z is an a.p. R™ valued function. Suppose
(4.1) Coy + go(y) + bo(0,2) =0

has a solution § such that all the eigenvalues of Cy + 0go/Oy(y) have nonzero real
parts; we call such matrices noncritical. Fiz by > |g|. Then if z(t) is any R™-valued
a.p. function such that |z(t)| < by for t € R, there exist &g > 0 and ag > 0 such
that if 0 < e < e, 0 < a < ap, the equation

(42) y = ee Oy + g(e My, e) + ah(e™ z,) + p(t)]
will, for such a z(t), have a unique a.p. solution y(t,e,«, z) such that
(5) g(t,e,a,2z) = g as (g,a) — (0,0) uniformly for t € R.

Proof. We sketch a proof since it is quite similar to the proof of Theorem 1 in
. First, it can be shown that Cy, go(y), and bo(«, z) are well defined since the
arguments of m; which define them are a.p., provided z(t) is a.p.; we omit the
details. We note that bg(0, z) is independent of z so that § is also independent.
From the conditions on Cy + dg/0y(y), it follows that by the Implicit Function
Theorem, there exists a ag > 0 such that if 0 < a < ay),

(4.1a) Coy + go(y) +bo(a,2) =0

has a solution (a, z) such that §(a, z) — 3 as @ — 0 uniformly for z(¢) such that
|z(t)] < by where by > 0 is as above. For such z(t), it also follows that for ag
sufficiently small,

9
(4.2a) Co + 8gyo( 7 a,z)

is noncritical for 0 < o < ag.

By the classical (first order) method of averaging (cf. [3]), our lemma will follow
as in the proof of Theorem 1 in [I]. We will, however, include some of the details
which will be used in the proof of Theorem 1 in this paper. First, there exists an
R™valued function U(t,u,¢e, @, z) a.p. in ¢ uniformly for (u,a,a) in compact sets
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of R™ x (0,00) x [0, 00] and fixed z(t) a.p. in ¢t with |z(¢)| < b1,t € R, such that the
change of variable defined by

(6) y=u+eU(t,u,e,a,z)
takes (4z) into
(7) u =cefolu,e,0,2) +eF(t,u, e, a,z)

where fo(u, &, a, 2) = Cou+tgo(u)+bo (e, z) and F satisfies a local Lipschitz condition
in u, and F(t,u,,0,z) = 0. Since (4.1c) holds for y = §(«, z), z as indicated and
0 < a < ap, then if u = v+ g(a, 2), (7) goes into

(8) v =eAov +eq(t,v, e, ,2)

where Ay = Cyp+9g0/0y(y(a, 2)), and for ¢, z, and « as suitably restricted. Since Agy
is then noncritical, (8) has a unique a.p. solution v(t, ¢, @, z) — 0 as (g,a) — (0,0)
uniformly for ¢t € R. O

If we denote by AP the set of all a.p. R"-valued functions z(t) and use the norm
lz]] = sup{|z(¢)| : t € R}, AP is a Banach space over the reals. Let AP(b;) be
the subset of AP consisting of functions z(t) with ||z|] < b;. We shall show that if
h is Lipchitzian, the mapping ® : AP(b1) — AP(b1) defined by the a.p. solution
y(t,e, a, z) of (4z) is a contraction for ¢ and « sufficiently small and this will prove

Theorem 1. Assume that the hypotheses of Lemma 1 hold and also that for each
bounded set B C C, there exists a constant L(B) > 0 such that for ¢ € B,¢ €
B, |h(¢) — h(¥)] < L(B)||¢ — ¥|lr- Then there exist ¢g > 0,00 > 0 such that
for 0 < e < 0,0 < a < ag, (3) has a unique a.p. solution T(t,e,a) such that
z(t,e,a) — ey as (e,a) — (0,0) uniformly for t € R; here y is as defined in
Lemma 1.

Proof. Because of (5) and the condition b; > ||, we may assume o and €y so
small that ®(AP(b1)) C AP(b1),® as defined above. Let z;(t) € AP(by),i = 1,2;
let @(t, e, «, z;) be the unique a.p. function corresponding to §(¢, ¢, «v, z;), the unique
a.p. solution of (4z;) given by Lemma 1, i = 1,2. Let 9(t, ¢, @, 2;) be the solution
of (8) given by o(t, e, a, z;) = u(t, e, o, z;) — (v, z;). Then for €9 and g sufficiently
small, there exists a p,0 < p < 1, and a K > 0 such that

(8.1) [01 = B2|| < pllz1 — 22,

a1 —to| < ||v2 — 02|, and

91 = all < [lun — uel| + eKljar — as;

71 = %2ll < p(1 4 e0K)l|21 — 22,
which for gg sufficiently small clearly shows that ® is a contraction, the unique
fixed point of which is an a.p. solution F(t,e,a) of (4). By our conditions on
A,z =Z(t,e,a) = e g(t, e, ) is an a.p. solution of (3). O

We now consider the second order scalar equation

(1.1) o+ x—evr 4 3% — cal(xy) = f(t)
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where ¢, v, a are positive constants, f is a.p., and let ¢(¢) : C,, — R be linear on
C,. Multiplying (1.1) by € and putting ez =y, we get

(1.2) y' +y—evy +ey® —acly) = ef(1).

Since these equations are perturbations of the corresponding scalar equations in [I],
the method to apply Theorem 1 to (1.2) is quite similar to the one used in [I], but

we include most of the details here for the sake of clarity.
A system in R? equivalent to (1.2) is

(1.3)

@) - <—(1) é) (> i <3 8) (> o <£?) o <8<2t>> i (f?ﬂ)

where 1 =y, 20 = v/'.
If we put

then (1.3) becomes (3) with n = 2.
It follows by direct calculation that

Co = mule™""C(0)e") = ((1) _(1)> ,
( (27 + xi)x%) 7

— (27 4 23)x;

o —t 0 o —b1 - adl(z)
bole, 2) = my (e ! (f(t) +a€(zt))> - ( by + adg(z)) ’
where by = my(f(t)sint), by = my(f(t) cost),
dy = my(€(z¢) sint, da = my(€(z¢) cost),

and z(t) is any a.p. function such that |z(¢)| < by for t € R, by as in Lemma 1.
We now use Theorem 1. Condition (4.1) becomes

olw N R

go(x) = me(e”g(ea)) =

—4vxgy + 3(%% + x%)xg —4b; =0,

4.11
(4.11) dvry — 3(2F + 23)z1 + 4by = 0.

If by = ba = 0, the solution (z122) = (0,0) of (4.11) is not of interest since there
dgo/0x is the zero matrix, and since Cp = 5 (1) _é) is clearly critical, our theo-
rem does not apply.

Suppose by = 0,by > 0 and v > (9by/2)%. Then by routine analysis (4.11) has a
real solution (71,0),Z; < 0,4v/9 < 7% < 4v/3. By direct calculation, it then can
be verified that the matrix

Co+ 8go/8y(£)

with & = (Z1,0) has 2 nonzero eigenvalues of opposite sign (cf. [I]) and so is
noncritical. So Theorem 1 applies and there exist ag > 0,9 > 0 such that (1.3)
has an a.p. solution (x1(t, &, ), x2(t,e,a)) for 0 < o < p,0 < € < gp, such that
x1(t,e, ) — Ty cost and xa(t, e, ) — xysint as (e, ) — (0,0) uniformly for ¢t € R.



ALMOST PERIODIC SOLUTIONS 2005

Clearly the cases by < 0,b1 = 0, and by = 0, |b1] > 0 can be handled similarly;
cf. [, [2]. We thus have the following

Theorem 2. Let biby = 0,|by + bo| = > 0. Then if v > (9u/2)% there exist ¢
and ag such that for 0 < e < 9,0 < a < ap, (1.1) has a unique a.p. solution
x(t,e, ) such that

ex(t,e,a) — (T1 cost + Tosint)

as (e,a) — (0,0) uniformly for t € R. Here 1 # 0,T2 = 0 if by = 0,ba # 0, and
T1=0,T2 #0 if by #0,b2 =0, and (Z1,ZT2) solves (4.11).

In terms of the real Fourier series for f,

o0
(1.4) Ag + Z A; cos \it + B sin \it,
i=1

we can easily obtain the following:

Corollary. If \y = 1,B; # 0, then for a and e sufficiently small and v >
(9|B1|/4)?/3, (1.1) will have a unique a.p. solution T(t,e,a) — T cost as (¢,a) —
(0,0) uniformly fort € R.

Other results are also easily obtained. For example, if v = ¢~ !, and « and ¢ are

sufficiently small, we can infer the existence of a unique a.p. solution of the special
case of (1.1):

(1.5) 2 4 3% 4 eal(xy) = f(t).

We may also assume even in the general case of Theorem 1, that r = oo; i.e., h(¢)
is a function on Cy, the space of functions continuous and bounded on (—o0, 0]
with the usual supremum norm; i.e., the infinite delay case.

An open question is whether a can be deleted from (2) and (1.1) and replaced
by some other condition on h in (2) or £ in (1.1), or in general, whether such results
as Theorem 1 can be obtained in cases where the delay term is not small.

Finally, it may be observed that equations such as (1.1) can model a kind of
oscillator with a control that depends linearly on the state y not only at time ¢, but
at a previous time ¢t = r, the delay being a consequence of the fact that the control
is situated at a distance from the oscillator. If the forcing is the sum of periodic
functions with incommensurate periods, such as, for example, acost + bcosmt,
it might be of interest to see if for sufficiently small linearities and controls, the
oscillator will display an almost periodic time dependence.
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