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SET-THEORETIC COMPLETE INTERSECTIONS
ON BINOMIALS

MARGHERITA BARILE, MARCEL MORALES, AND APOSTOLOS THOMA

(Communicated by Wolmer V. Vasconcelos)

Abstract. Let V be an affine toric variety of codimension r over a field of
any characteristic. We completely characterize the affine toric varieties that
are set-theoretic complete intersections on binomials. In particular we prove
that in the characteristic zero case, V is a set-theoretic complete intersection on
binomials if and only if V is a complete intersection. Moreover, if F1, . . . , Fr are
binomials such that I(V ) = rad(F1, . . . , Fr), then I(V ) = (F1, . . . , Fr). While
in the positive characteristic p case, V is a set-theoretic complete intersection
on binomials if and only if V is completely p-glued.

These results improve and complete all known results on these topics.

Introduction

The determination of the minimum number of equations needed to define an
algebraic variety V set-theoretically or ideal-theoretically is an old and important
problem in Algebraic Geometry. In this paper we consider the case of toric varieties
and it turns out that these two problems are strongly related in characteristic zero;
see Theorem 4.

The ideal of a toric variety is a prime binomial ideal. A binomial ideal is an ideal
minimally generated by binomials. Eisenbud and Sturmfels began the systematic
study of binomial ideals in [5], where the ubiquity of binomial ideals was also
presented. There have been numerous publications in recent years on binomial
ideals, and several of them treat the problem of the minimal generation of a binomial
ideal or of the radical of it; for example, [1, 3, 6, 7, 8, 10, 12, 13, 15].

The binomial arithmetical rank of a binomial ideal I (written bar(I)) is the
smallest integer s for which there exist binomials f1, . . . , fs in I such that rad(I) =
rad(f1, . . . , fs). Hence the binomial arithmetical rank is an upper bound for the
arithmetical rank of a binomial ideal (written ara(I)), which is the smallest integer
s for which there exists f1, . . . , fs in I such that rad(I) = rad(f1, . . . , fs). From
the definitions we deduce the following inequality for a binomial ideal I:

h(I) ≤ ara(I) ≤ bar(I) ≤ µ(I).
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Here h(I) denotes the height and µ(I) denotes the minimal number of generators
of I. When h(I) = ara(I) the ideal I is called a set-theoretic complete intersection
and when h(I) = µ(I) it is called a complete intersection.

Let K be a field of any characteristic and let K̄ be the algebraic closure of K.
Let ai = (ai,1, . . . , ai,n) ∈ Zn for 0 ≤ i ≤ m be a set T of vectors of rank n such
that the semigroup generated by T , NT = {l1a1 + · · ·+ lmam : l1, . . . , lm ∈ N}, is
an affine semigroup. An affine semigroup is a finitely generated semigroup with no
invertible elements. Define

φ : K[x1, . . . , xm]→ K[t1, . . . , tn, t−1
1 , . . . , t−1

n ]

as the homomorphism of K-algebras for which

φ(xi) = tai for all i = 1, . . . ,m,

where tai = t
ai,1
1 . . . t

ai,n
n . Then Kerφ = IT is the toric ideal of T and its affine

variety V = V (IT ) of zeros inKm is an affine toric variety of codimension r = m−n,
in the sense of [5, 14], which also includes non-normal varieties. IT is called an affine
toric ideal. The image φ(K[x1, . . . , xm]) is the affine semigroup ring of T .

Let

Φ : Zm → Zn

be the homomorphism of groups defined by

(s1, . . . , sm) 7→ (
m∑
i=1

siai).

The elements of the lattice KerΦ are in a one-to-one correspondence with the
binomials of IT without monomial factors: any vector v ∈ KerΦ is associated with
the binomial in IT , Fv = xv+ − xv− , where v+,i = max{0, vi}, v−,i = max{0,−vi}
and xv+ = x

v+,1
1 . . . x

v+,m
m , xv− = x

v−,1
1 . . . x

v−,m
m .

Let ZT = {l1a1 + · · ·+ lmam : l1, . . . , lm ∈ Z} be the lattice spanned by T . We
denote the dimension of the lattice by dim(ZT ), which in this case is equal to n.

We recall the definition of semigroup gluing.

Definition 1. Let T1 and T2 be non-empty subsets of T such that T = T1∪T2 and
T1 ∩ T2 = ∅. Then T is called a gluing of T1 and T2 if there is a non-zero element
a ∈ NT1 ∩NT2 such that Za = ZT1 ∩ ZT2.

The concept of semigroup gluing was defined by J.C. Rosales in [11] and used by
K. Fischer, W. Morris and J. Shapiro in [8] to characterize all complete intersection
affine semigroups. They proved that for an affine semigroup NT which is not a free
abelian semigroup it holds: NT is a complete intersection if and only if there are
two subsets T1 and T2 of T such that T is the gluing of T1 and T2 and NT1,NT2

are complete intersection subsemigroups.
Here we also define the notion of p-gluing and inductively the notion of completely

p-glued, which will be very important for the characterization of set-theoretic com-
plete intersections on binomials in characteristic p.

Definition 2. Let p be a prime number and T1 and T2 be non-empty subsets of T
such that T = T1 ∪ T2 and T1 ∩ T2 = ∅. Then T is called a p-gluing of T1 and T2

if there are an integer k and a non-zero element a ∈ Zn such that ZT1 ∩ ZT2 = Za
and pka ∈ NT1 ∩ NT2.
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Definition 3. An affine semigroup NT is called completely p-glued if T is the p-
gluing of T1 and T2, where each one of the semigroups NT1,NT2 is completely p-glued
or a free abelian semigroup.

The purpose of this paper is to prove the following results:
1. In characteristic zero the complete intersection affine toric varieties are char-

acterized as those affine toric varieties which are set-theoretic complete intersections
on binomial hypersurfaces. This result provides a new proof of the result of [8] and
a new characterization of complete intersection affine toric varieties.

2. In positive characteristics the previous result is not true since the class of
toric varieties which are set-theoretic complete intersections on binomials is larger
than the one of complete intersections. We refer to [1], where we have proved
that all simplicial toric varieties with full parametrization are set-theoretic com-
plete intersections on binomials. In positive characteristic p, affine toric varieties
which are set-theoretic complete intersections on binomial hypersurfaces are those
whose underlying semigroups are completely p-glued. This result generalizes all
known results about set theoretic complete intersection toric varieties in positive
characteristic.

Throughout the paper we shall refer to the notations introduced in this section.

1. Main results

Definition 4 ([7]). A matrix M with coefficients in Z is called mixed if every row
has a positive and a negative entry. M is called dominating if it does not contain
any square mixed submatrix.

Theorem 1. Let IT be an affine toric ideal, and let KerΦ ⊂ Zm be its corre-
sponding lattice of relations of rank r. Consider r vectors u1, . . . , ur of the lattice
KerΦ ⊂ Zm and let M be the matrix formed by the rows u1, . . . , ur and let Fi
be the binomial corresponding to the vector ui. If IT = rad(F1, . . . , Fr), then the
vectors u1, . . . , ur are linearly independent and the matrix M is mixed dominating.

Proof. Assume that the vectors u1, . . . , ur are linearly dependent over Q; then
they are also linearly dependent over Z. Therefore without loss of generality we
have nur = m1u1 + . . . + mr−1ur−1, where the coefficient n of ur is a positive
integer not divisible by the characteristic p of the field K. By changing ui to
−ui, if that is necessary, we can assume that all mi ≥ 0. Using the formula
NFv+w = xv+Fw + xw−Fv with N some monomial we have that NFnur belongs to
the ideal generated by Fu1 , . . . , Fur−1 . Setting Fur = X − Y , we have that

N(Xn−1 +Xn−2Y + . . .+ Y n−1)Fur = B1Fu1 + . . .+Br−1Fur−1 .

Fu1 , . . . , Fur is a regular sequence, therefore A = N(Xn−1 +Xn−2Y + . . .+Y n−1)
as a coefficient of a syzygy belongs to the ideal generated by Fu1 , . . . , Fur . But this
is a contradiction, since the point (1, . . . , 1) is a common zero of all Fu1 , . . . , Fur
while A(1, . . . , 1) = n is not zero. We conclude that the vectors u1, . . . , ur are
linearly independent.

The semigroup NT does not have invertible elements, i.e., there is no positive
integral combination of the ai’s which equals zero. Therefore each of the vectors
ui is mixed, i.e., it has positive and negative components—by definition this means
that M is mixed.
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Now we prove that M is dominating, i.e., no square submatrix of M is mixed.
The following proof is inspired by 2.3 of [7]. Assume that N is a mixed s × s
submatrix of M , with s ≥ 1 and suppose that s is maximal with respect to this
property. Then up to permutations of the rows and of the variables we may assume
that N consists of the first s lines and the first s columns, so that we can write

M =
(
N B
C D

)
.

In a first step we prove that if s < r, then C = 0. If a row of C is mixed, then
we can produce a mixed (s+ 1)× (s+ 1) submatrix of M adding this row and any
column to N . Hence we may assume that all the lines of C have constant sign. In
this case, whenever uj,i 6= 0, for some index i and some j > s, then some other
entry uj,k, with k > s, must be non-zero of opposite sign, because the row vector
uj is mixed. If we add the jth row and the kth column to N we obtain a mixed
(s + 1) × (s + 1) submatrix of M , which again contradicts the maximality of s.
Hence we conclude that s < r implies C = 0.

Let Ĵ = (Fu, u ∈ spanQ(us+1, . . . , ur) ∩ Zn), where we set Ĵ = 0 if s = r.
• We have that

(F1, . . . , Fs) ⊂ (x1, . . . , xs)

because N is mixed, and

(Fs+1, . . . , Fr) ⊂ Ĵ

by definition. Moreover, Ĵ is a prime ideal, so that also (x1, . . . , xs, Ĵ) is
a prime ideal, since x1, . . . , xs do not appear in any of the generators of Ĵ .
Therefore (F1, . . . , Fr)⊂(x1, . . . , xs, Ĵ) and, furthermore, I=rad(F1, . . . , Fr)
⊂ (x1, . . . , xs, Ĵ).
• Since Ĵ is a prime ideal of height r − s, (x1, . . . , xs, Ĵ) is a prime ideal of

height r, but I is also a prime ideal of height r. Hence I = (x1, . . . , xs, Ĵ). In
particular, since s > 0, then I contains the variable x1, which is impossible.
This completes the proof by contradiction.

Now we recall the following decomposition theorem for mixed dominating ma-
trices (see [8]) adjusted to our notation.

Theorem 2. Let M be a mixed dominating r ×m matrix with m > r > 0. Then
there is a rearrangement of the rows and columns of M such that the resulting
matrix has the form

M =

A 0
0 B
a b


where A,B are mixed dominating matrices of sizes s× g and t× q respectively with
g ≥ s ≥ 0, q ≥ t ≥ 0 and s + t + 1 = r, g + q = m. Additionally a and b are
non-zero, unmixed 1× g and 1× q matrices of opposite signs.

Remark 1. Up to rearrangement we can assume that F1, . . . , Fs correspond to the
first s rows of M and Fs+1, . . . , Fs+t correspond to the following t rows of M .
Hence we have the decomposition T = T1 ∪ T2, where T1 = {b1, . . . ,bg} and
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T2 = {c1, . . . , cq}. It is clear that T1 ∩ T2 = ∅. Denote by y1, . . . , yg the vari-
ables xi corresponding to the vectors b1, . . . ,bg, and by z1, . . . , zq the variables xi
corresponding to the vectors c1, . . . , cq.

Remark 2. Note that IT1 = IT ∩K[y1, . . . , yg] and IT2 = IT ∩K[z1, . . . , zq].

Lemma 1. With the notations introduced in Remark 1, we have that IT1 =
rad(F1, . . . Fs) and IT2 = rad(Fs+1, . . . , Fs+t).

Proof. We shall prove the lemma for IT1 . The binomials F1, . . . , Fs belong to
IT1 , so that (F1, . . . , Fs) ⊂ IT1 , whence V (IT1 ) ⊂ V (F1, . . . , Fs). Suppose that
the inclusion is strict; then there is a point (ξ1, . . . , ξg) of V (F1, . . . , Fs) ⊂ K̄g

which is not a point of V (IT1) ⊂ K̄g. Recall that Fr = Mr − Nr, where Mr

is a monomial in the y1, . . . , yg-variables and Nr is a monomial in the z1, . . . , zq-
variables. Let w = Mr(ξ1, . . . , ξg) and set Nr(uc1 , . . . ,ucq) = uc. Moreover let
(v1, . . . , vn) ∈ K̄n be any root of the polynomial uc −w ∈ K̄[u1, . . . , un]. Then the
point (ξ1, . . . , ξg; vc1 , . . . ,vcq ) is a point of V (F1, . . . , Fs, Fs+1, . . . , Fs+t, Fr) ⊂ K̄m

which is not a point of V . A contradiction.

Theorem 3. Let I be an affine toric ideal, and let KerΦ ⊂ Zm be its corresponding
lattice of relations whose rank is r. Suppose that I = rad(F1, . . . , Fr) where Fi is a
binomial corresponding to the vector ui ∈ KerΦ ⊂ Zm. Then up to rearrangements
with respect to the notations introduced in Remark 1 we have:

• In char 0, the semigroup T is the gluing of T1 and T2.
• In char p, the semigroup T is the p−gluing of T1 and T2.

Proof. Let M be the matrix formed by the rows u1, . . . , ur and let ur = (a, b)
be the last row of M , where a = (α1, . . . , αg), b = (β1, . . . , βq). Assume that
αi ≥ 0, βi ≤ 0 for all i. We set

b =
g∑
i=1

αibi = −
q∑
i=1

βici ∈ NT1 ∩ NT2.

We claim that ZT1 ∩ ZT2 is a rank one lattice generated by a, such that:

• In char 0, a = b, i.e. the semigroup T is the gluing of T1 and T2.
• In char p, pka = b for some natural number k, i.e. the semigroup T is the
p−gluing of T1 and T2.

Let a′ ∈ ZT1 ∩ ZT2. By definition we can write

a′ =
g∑
i=1

γibi =
q∑
i=1

−γs+ici

for some integers γi, 1 ≤ i ≤ g + q = m. This implies that the vector u =
(γ1, . . . , γm) belongs to KerΦ. Let L⊂KerΦ be the lattice generated by u1, . . . , ur.
By our hypothesis both lattices are of the same rank, hence there exists some nat-
ural number τ such that τKerΦ ⊂ L. Suppose τ is minimal with respect to this
property. Then

τu =
s∑
i=1

δiui +
t∑
i=1

δs+ius+i + δ(a, b)
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for some integers δ1, . . . , δr−1 and δ. Thus

τ(γ1, . . . , γg) =
s∑
i=1

δiui + δa,

τ(γg+1, . . . , γm) =
t∑
i=1

δs+ius+i + δb,

whence

τa′ =
g∑
i=1

τγibi = δ

g∑
i=1

αibi = δb.

This implies that ZT1∩ZT2 is a rank one Z−module, which also contains the vector
b. It follows that ZT1 ∩ ZT2 = Za for some a, and there exists a natural number
λ such that b = λa.

We claim that in the zero characteristic case λ = 1 and in the characteristic p
case λ = pk for some k.

Suppose that our claim is not true. Then there exist a positive integer λ1 > 1
and an integer k such that λ = λ1p

k and p does not divide λ1, in the characteristic
zero case set pk = 1. Let w ∈ Zn; the w-degree of an element c of Zn is the dot
product with w, degw(c) = w · c. Choose w such that degw(b) > 0; for example
w = b. Let d = degw(b) and d′ = degw(a). Then d = λd′. Let ω ∈ K̄ be a
primitive λ1-th root of unity and let ξ ∈ K̄ be such that ξd

′
= ω. Re-arrange

the coordinates of K̄m in order to form the sequence (z1, . . . , zg;w1, . . . , wq). The
point (1, . . . , 1; ξw·c1 , . . . , ξw·cq) is a zero of all F1, . . . , Fs, because (1, . . . , 1) is a
point of V (IT1). It is also a zero of all Fs+1, . . . , Fs+t, because (ξw·c1 , . . . , ξw·cq)
is a point of V (IT2 ). Moreover Fr(1, . . . , 1; ξw·c1 , . . . , ξw·cq) = 1 − ξd = 0. Thus
(1, . . . , 1; ξw·c1 , . . . , ξw·cq) ∈ V . But a ∈ ZT1 ∩ ZT2 means that a =

∑g
i=1 νibi =∑q

i=1 µjcj, for suitable integer coefficients νi, µj . Let ν = (ν1, . . . , νg) and µ =
(µ1, . . . , µq). Then the second equality shows that the binomial G = zν

+
wµ
− −

zν
−
wµ

+ ∈ I(V ). Moreover d′ = w · a =
∑q
j=1 µjw · cj. But then from

G(1, . . . , 1; ξw·c1 , . . . , ξw·cq) = 0,

we have that 0 = 1− ξd′ = 1− ω 6= 0, which is a contradiction.

2. Characterizing set-theoretically complete intersections

Theorem 4. Let V be a toric variety of codimension r over a field of character-
istic zero. Then bar(I(V )) = r if and only if V is a complete intersection. More-
over, if F1, . . . , Fr are binomials such that I(V ) = rad(F1, . . . , Fr), then I(V ) =
(F1, . . . , Fr).

Proof. Suppose that V is a complete intersection. Then

h(I(V )) = r ≤ bar(I(V )) ≤ µ(I(V )) = r.

Therefore bar(I(V )) = r.
For the converse suppose that bar(I(V )) = r. We proceed by induction on

r ≥ 1. The statement is obvious for r = 1. Suppose that every affine toric variety
of codimension smaller than r whose binomial arithmetical rank is equal to the
codimension is a complete intersection.
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By virtue of Theorem 3 and Remark 1, up to rearrangements of F1, . . . , Fr one
has that T is the semigroup gluing of T1 and T2. Note that the Krull dimension
of IT1 is equal to dim(ZT1) (see [14]) and bar(IT1 ) = s by Lemma 1. Therefore
h(IT1) = g − dim(ZT1) ≤ s, and similarly h(IT2 ) = q − dim(ZT2) ≤ t. Adding the
two inequalities we have g+ q−dim(ZT1)−dim(ZT2) ≤ s+ t. From Theorem 3 we
have that T is the semigroup gluing of T1, T2. Therefore g+q−dim(ZT )−1 ≤ s+t,
from which we have r − 1 ≤ r − 1, which is an equality. Therefore we started
with equalities, which means that h(IT1) = s and h(IT2 ) = t. By the induction
hypothesis we have that IT1 is a complete intersection and IT1 = (F1, . . . , Fs), and
also IT2 is a complete intersection and IT2 = (Fs+1, . . . , Fs+t). By [11] semigroup
gluing implies

I(V ) = IT1 + IT2 + (Fr) = (F1, . . . , Fr)

and this completes the proof.

Theorem 5. Let V be a toric variety of codimension r over a field of characteristic
p. Then bar(I(V )) = r if and only if V is completely p-glued.

Proof. Suppose that bar(I(V )) = r. We proceed by induction on r ≥ 1. The state-
ment is obvious for r = 1. Suppose that every affine toric variety of codimension
smaller than r whose binomial arithmetical rank is equal to the codimension is
completely p-glued.

By virtue of Theorem 3 and Remark 1, up to rearrangements of F1, . . . , Fr, one
has that T is the semigroup p-gluing of T1 and T2. By reasoning as in Theorem
4 we have that the binomial arithmetical ranks of IT1 and IT2 are equal to their
codimension, therefore by the induction hypothesis they are completely p-glued.
This completes the proof of one implication.

For the converse, let V be a toric variety of codimension r over a field of char-
acteristic p. Let T be the semigroup defining V and suppose that it is completely
p-glued, and it is the p-gluing of T1 and T2. We shall prove that bar(I(V )) = r
by induction on r. For r = 1 the claim is obvious, since I(V ) is a principal ideal.
Therefore bar(I(V )) = 1. Suppose that the claim is true for all toric varieties of
codimension smaller than r. By hypothesis ZT1 ∩ ZT2 = Za and there is an in-
teger k such that pka ∈ NT1 ∩ NT2. Let T1 = {b1, ...,bg} and T2 = {c1, ..., cq}.
We denote by yi, for all i = 1, . . . , g, the variables corresponding to the vectors
of T1 and we denote by zj , for all i = 1, . . . , q, the variables corresponding to the
vectors of T2. Clearly IT1 = IT ∩ K[y1, ..., yg] and IT2 = IT ∩ K[z1, ..., zq]. Since
pka ∈ NT1 ∩ NT2, we can write

pka =
∑

εibi =
∑

ηjcj

for some natural numbers εi, ηj . This implies that the binomial F = yε11 ...y
εg
g −

zη1
1 ...z

ηq
q = yε − zη belongs to IT . We claim that

IT = rad(IT1 + IT2 + (F )).

The ideal IT is generated by binomials of the form:

B = yγ+zδ− − yγ−zδ+ .

We have that B ∈ IT , therefore
∑
γ+ibi −

∑
γ−ibi =

∑
δ+jcj −

∑
δ−jcj ∈

ZT1 ∩ ZT2 = Za. Thus there exists a natural number τ such that
∑
pkγ+ibi −
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pkγ−ibi =

∑
pkδ+jcj −

∑
pkδ−jcj = pkτa. In particular we get the relations:∑

pkγ+ibi =
∑

pkγ−ibi +
∑

τεibi,
∑

pkδ+jcj =
∑

pkδ−jcj +
∑

τηjcj.

But

Bp
k

= yp
kγ+zp

kδ− − yp
kγ−zp

kδ+

= (yp
kγ+ − yp

kγ−+τε)zp
kδ− − yp

kγ−(zp
kδ+ − zp

kδ−+τη)

+ yp
kγ−zp

kδ−(yτε − zτη).

From the previous relations we get (yp
kγ+ −yp

kγ−+τε) ∈ IT1 , (zp
kδ+ − zp

kδ−+τη) ∈
IT2 and (yτε − zτη) ∈ (F ). Therefore B ∈ rad(IT1 + IT2 + (F )). The claim follows
by the inductive hypothesis since V (IT1 ) and V (IT2) are completely p-glued and
their codimensions are smaller than r.

The cone of T is the set of all positive rational combinations of elements of T .
A ray R in the cone of T is an extreme ray of the cone of T , if given any vector
u ∈ R, positive integers µ, c1, . . . , ct and elements w1, . . . , wt of NT such that

µu = c1w1 + . . . ctwt,

then wj ∈ R for all j = 1, . . . , t. In [8] it was shown that for an n-dimensional
complete intersection affine semigroup with n ≥ 2, its cone contains no more than
2n−2 extreme rays. The corresponding statement is true for semigroups such that
the corresponding toric variety is a set-theoretic complete intersection on binomials.

Corollary 1. Let NT be an affine semigroup of rank n, if for some field K the
toric variety VT is a set-theoretic complete intersection on binomials and n ≥ 2,
then the cone of T contains no more than 2n− 2 extreme rays.

Proof. The proof is exactly the same as the proof of Corollary 2.4 in [8], since it
was based on the fact that dim(ZT1) + dim(ZT2) = dim(ZT ) + 1, which according
to Theorem 3 is true for set-theoretic complete intersections on binomials.

3. Examples

In this section we are going to present several examples to clarify the concept of
p-gluing.

Example 1. There are examples of affine semigroups that are completely p-glued
for every prime number p. From the definition and the main result of [8] we see
that every complete intersection affine semigroup is completely p-glued for every
prime p. But there are also examples that are not complete intersections: in [1] we
have proved that over a field of positive characteristic all simplicial toric varieties
with full support are set-theoretic complete intersections on binomials. Note that
an n-dimensional toric variety is called simplicial if its cone has exactly n extreme
rays. It follows from Theorem 5 that every simplicial toric variety with full support
is completely p-glued, for every p. In fact the same proof of Theorem 1 in [1] gives
a stronger result:

Let V be a simplicial toric variety of codimension r over a field of characteristic
p, such that after a suitable rearrangement of the indices it holds that supp(a1) ⊂
supp(a2) . . . ⊂ supp(ar). Then V is completely p-glued for every prime p and
therefore it is a set-theoretic complete intersection on binomials.
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We will explicitly work out an example of this sort which was first considered
by Hartshorne in [9], but the approach that we will use resembles more the one
used by Moh in [10]. Consider T to be {(d, 0), (d − 1, 1), (1, d − 1), (0, d)} and let
T1 = {(d, 0), (d − 1, 1), (0, d)} and T2 = {(1, d − 1)}. Then the semigroup NT1 is
the gluing of two free semigroups; therefore it is a complete intersection and thus
completely p-glued for every p. In fact IT1 = (xd2 − xd−1

1 x4). The semigroup NT2

is free and ZT1 ∩ ZT2 = ZT2, since (d, 0) − (d − 1, 1) + (0, d) = (1, d − 1). Also
NT1∩NT2 is the semigroup generated by d(1, d−1), (d−1)(1, d−1) which is of rank
one and isomorphic with the numerical semigroup generated by d, d− 1. Therefore
the semigroup generated by d(1, d− 1), (d− 1)(1, d− 1) contains all large multiples
of (1, d−1). For each prime number p choose k such that pk > d(d−1)−d− (d−1)
(the Frobenius number of the semigroup generated by d, d−1). Then pk(1, d−1) ∈
NT1 ∩ NT2, which means that T is completely p-glued for every p. From Theorem
5 we have V (IT ) is a set-theoretic complete intersection on binomials in positive
characteristic and the two binomials are xd2 − xd−1

1 x4 and xp
k

3 − xm1
1 xm2

2 xm4
4 for

appropriate m1,m2,m4 which are determined by pk(1, d − 1) ∈ NT1 ∩ NT2. Note
that one binomial depends on the characteristic. From Theorem 4 we have that in
characteristic zero V (IT ) is not a set-theoretic complete intersection on binomials,
since (1, d − 1) 6∈ NT1 ∩ NT2. It is a long-standing open problem to determine if
V (IT ) is a set-theoretic complete intersection in characteristic zero.

Example 2. There are examples of affine semigroups that are completely p-glued
only for one value of p. For example let

T = {(qs, 0, 0, 0), (0, qs, 0, 0), (0, 0, qs, 0), (0, 0, 0, qs),

(1, 1, 0, 0), (0, 1, 1, 0), (0, 0, 1, 1), (1, 0, 0, 1)},

where q is prime. If T were completely p-glued for some p, then it would be the
p-gluing of T1 and T2, where dim(ZT1) = 3 and dim(ZT2) = 2, or dim(ZT1) = 4
and dim(ZT2) = 1, since dim(ZT ) = 4 and dim(ZT1 ∩ ZT2) = 1. When looking at
T we see that the first case is impossible; therefore we should have dim(ZT1) = 4
and dim(ZT2) = 1. Note also that by [2], for simplicial affine semigroups which are
p-glued, dim(ZT1) = dim(ZT ) and dim(ZT2) = 1 always hold.

Each of the two vectors of T are linearly independent; therefore T2 has just one
element. From the definition of the p-gluing we conclude that this element cannot be
any of (qs, 0, 0, 0), (0, qs, 0, 0), (0, 0, qs, 0), (0, 0, 0, qs), since otherwise NT1∩NT2 = 0.
By symmetry we may assume that

T1 = {(qs, 0, 0, 0), (0, qs, 0, 0), (0, 0, qs, 0), (0, 0, 0, qs),

(1, 1, 0, 0), (0, 1, 1, 0), (0, 0, 1, 1)}

and T2 = {(1, 0, 0, 1)}. Simple computations show that the semigroup generated
by T1 is a complete intersection; therefore it is completely p-glued for any p. Also
ZT1 ∩ ZT2 = Z(1, 0, 0, 1), since (1, 1, 0, 0)− (0, 1, 1, 0) + (0, 0, 1, 1) = (1, 0, 0, 1), and
NT1 ∩ NT2 = N(qs, 0, 0, qs). Therefore T is completely p-glued only for p = q. In
this case we have IT = rad(xq

s

5 − x1x2, x
qs

6 − x2x3, x
qs

7 − x3x4, x
qs

8 − x1x4).

Example 3. There are examples of affine semigroups that are never completely
p-glued. Corollary 1 and Theorem 5 give a necessary condition for a semigroup to
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be completely p-glued. Therefore any n-dimensional affine semigroup with more
than 2n− 2 extreme rays is never completely p-glued.

But there are also simplicial affine semigroups that are never completely p-glued.
For instance, in Example 2, if we replace qs with an integer greater than one which
is not a power of a prime, with exactly the same reasoning, we get an example
of a semigroup that is never completely p-glued. But is easy to find different
examples, e.g., taking T = {(2, 0, 0), (0, 2, 0), (0, 0, 3), (1, 1, 0), (1, 0, 1), (0, 1, 1)}. As
in Example 2 one can argue in the following way: if V (IT ) were p-glued for some
prime p, then by symmetry the only possible partitions for T would be T11, T12

or T21, T22, where T12 = (1, 0, 1), T22 = (1, 1, 0) and T11, T21 are respectively their
complements with respect to T .

In the first case we have that T11 and T12 are both complete intersections but
ZT11 ∩ ZT12 = Z(1, 0, 1) and NT11 ∩ NT12 = N(6, 0, 6), which means that T is not
the p-gluing of T11, T12 for any p.

In the second case we have that ZT21 ∩ ZT22 = Z(1, 1, 0) and NT21 ∩ NT22 =
N(2, 2, 0), which means that T is the p-gluing of T21, T22 only for p = 2. Now T22

is a complete intersection, but T21 is completely p-glued only for p = 3, since by
reasoning as before, the only possible partition of T21 is

T211 = {(2, 0, 0), (0, 2, 0), (0, 0, 3), (1, 0, 1)}

and T212 = {(0, 1, 1)}, for which we have ZT211 ∩ ZT212 = Z(0, 2, 2) and NT211 ∩
NT212 = N(0, 6, 6). Therefore in the second case as well we do not have that T is
completely p-glued for some p.
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