PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 130, Number 7, Pages 2089-2096

S 0002-9939(01)06328-6

Article electronically published on December 31, 2001

BILIPSCHITZ EMBEDDINGS
OF NEGATIVE SECTIONAL CURVATURE
IN PRODUCTS OF WARPED PRODUCT MANIFOLDS

THOMAS FOERTSCH

(Communicated by Wolfgang Ziller)

ABSTRACT. Generalizing results due to Brady and Farb (1998) we prove the
existence of bilipschitz embedded manifolds of negative sectional curvature in
Riemannian products of certain types of warped products.

1. INTRODUCTION

In [BrFal the authors proved that the product X := H™ x...x H™* of hyperbolic
spaces H™i admits an embedding of Y := H™ - +ms=k+l iy X that is quasi-
isometric in the sense that the Riemannian distance functions dx and dy on X and
Y are related via

dx|ly <dy < a-dx|y + 5,

with constants o, 3 € RT, a > 1.

It turns out that a variation of their method of proof yields the existence of
Riemannian submanifolds (Y, gy) of negative sectional curvature within a wide
class of Riemannian products (X, gx) = M1 x Ma x ... X M}, of warped products
M;. Tt will be shown that in certain cases those submanifolds Y are embedded,
such that the Riemannian distance functions dx on X and dy on Y are Lipschitz
related. More precisely there exists a 1 < o € RT, such that

dxly <dy < a-dx|y.

In order for the canonical embedding (Y, gy) that we are going to consider be of
negative sectional curvature, there are certain conditions on the base space (B, gg),
the fibres (F;, g7, ), as well as the warping functions f; that have to be satisfied. To
be precise, the following holds.

Theorem 1. Let (B, gg) be either a one dimensional Riemannian manifold or a
Riemannian manifold of arbitrary dimension n(B) with negative sectional curva-
ture. Further, let f; : B — RT, i = 1,2,....k, be strictly conver functions on
(B, gB) without minimum that satisfy the relations

grad f; (f;) > 0 Vi,j e {1,2,...,k},
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and (Fi,g7,), t = 1,2,..., k, are either one dimensional Riemannian manifolds or
Riemannian manifolds of nonpositive sectional curvatures.

Let g, == m} g+ (fiom)?n; gr, be the warped product metrics on M; := Bx F;,
where m; and n; denote the canonical projections from M; to B and F; respectively
and define the Riemannian manifold (X, gx) and the manifold Y via

X = (Mlvg/\/h) X (MQagMz) X X (Mkngk) and
Y = B x Fi X Fo X X F
The embedding i : Y — X
i (e ad ) — (2], (73, (0 2

defines a metric gy :=i*gx on'Y that makes (Y, gy) a Riemannian manifold with
negative sectional curvature.

Furthermore, in the case that the warping functions f; are all the same, (Y, gy)
turns out to be bilipschitz embedded in (X, gx).

Theorem 2. For (X, gx) and (Y, gy) as above with f; = f; =: fVi,j=1,2,....k,
the Riemannian distance functions dx and dy on (X, gx) and (Y, gy) are related
via

@) i)
dxly < dy < (2:VE + k) -dxly,

2. PROOFS OF THE THEOREMS

We are going to denote the various canonical projections as follows:

oj: X — Mj, Y Y — Fi X oo X Fr,
Tt M; — B, T Y — B,
n; : Mj — Fj, n;/:Y—nﬂ.

2.1. Proof of Theorem
Proof. A straightforward calculation proves
Proposition 1. The metric gy above is given through
k
(1) gy = m(k-gs) + > (fiom)?*(n)) gr.
i=1
Another standard calculation gives
Lemma 1. Let h be a smooth, strictly convex function on (B, gp) that satisfies
grad f (h) > 0

for another smooth function f on B. Then the lift h of h on Bx¢F is strictly
convez, 100.

Recall the sectional curvature’s equation for a warped product (N, gnr) := Bx s F
([BiO’N]): Let IT be the nondegenerate plane in the tangent space T{;, N of N at
(p,q) € N that is spanned by the two orthonormal vectors Z + ¢ and § + @ with
Z,9, 0, w being lifts of vectors x,y € T,B and v,w € (T,F), i.e. gy(T+ 0,2+ 0) =
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l=gny(@+w,§+w), gv(@ + 0,7+ @) = 0. The sectional curvature K (II) of II is
then

(2) K(II) = KB(z,y) [|lEA7]°
— 7Hf(y,y) 0,0 7Hf(a:,x) T, T W, W
{ng(y,y) 958y, y) gn(0,0) + Fon(e. ) g5(z, ) gn (W, W)
L H () ., sV EAD — g A o2
2fgg(x,y) gB( 73/)9]\/( ) )}||§?/\1I} — g/\ﬁHQ
1 g (grad(f), grad(f))\ |1~ o -2
+ {Fm(v,w) _ Z }||v/\w|| :

where KB and K7 denote the sectional curvatures on B and F and the norm is
defined by ||c A d||?> = Ga(c Ad,c Ad), with

Gylend,eNd) = gn(e,c)gn(d,d) — gN(c,d)2.

Note that the particular form of equation is chosen most appropriately for our
purposes. The terms that are not defined for particular choices of Z, 7y, v and w
vanish in those cases.

OnY, =B x F| X ... x F; we define

l

g = my,*(k-gs) + Z(fiom)Q(mYl)*gﬂ
i=1

with 7y, and niyl on Y; analogous to m and ) on Y, and conclude as follows: The f;
are strictly convex on (B, gg) and thus of course on (B, k- gg) as well. Furthermore
f1 has no minimum and therefore is strictly convex on (B x Fi, gi-).

Applying Lemma 1 successively shows that f; is strictly convex on (B x Fj x
. X Fi—1,9% '). Now the (F, gr,) have nonpositive sectional curvatures and thus
the validity of the theorem follows from Proposition 1, equation (@) and equations
@) and (I0) successively applied to (B x Fi X ... x Fy_1, g5 ). O

From equations (@), (), [@) and (I0) we further conclude:

Corollary 1. Let KB < —68 <0, and assume that for fi:B—R,j=1,2,..,k,
there exist 617,06 € R such that

Hi
w25h>0 Vee TB, j=1,2,...k and
fng(xvx)
B, y
grad”filfi) < sii < g Vi, =1,2, ...,k
fifi

where grad® f; is the gradient of f; in (B, gp). Then the sectional curvature KY of
(Y, gy) is bounded by

1 3 3
Y » o B _(5fi2 _(§17\2 __ .50 _ 1.2 )
KY < i,ji?,%f?.,k{ k6B, —(590)2, —(517)2, —ko", k} <0

Proof. Write gmdgfl for the gradient of f; relative to (B, k- gg) and H7i for the
Hessian of the lift f; of f; to (Y}, g3).
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Consider (Y, gy) as the following warped product:
(Y, gy) = (((B X .7:1) X fy .7:2) Xifg eee Xfp .7:]6,1) X fi Fk,

where B denotes the Riemannian manifold (B, kgs) and F; is short for (F;, 9F;), J =
1, k.
For any f; one has
HYs 1 ,
(3) ﬁ > = min {5fj,5lj}.
Tz — kil

In order to see this let Z; = X + V4 be a vector of unit length in (Y1,g4-) and
calculate

HI (X + V1, X + V) HO(X,X) | HD (A V)
I [ [
H (X, X S B i (f;
_ X X) . g)l/(vhmgmjl(fg)
i fifj
§Fi Lt o 512
Z kgB(XvX) — + gY(Vlv‘/l) -5

k k

(4)

Now let Zo = X+ Vi + Vo € Yo b
calculation as in (@) shows that

Y

min{éfj,élj}.

ol

a vector of unit (Ya, g% )-length. The same

@

HI(X + Vi + Vo, X+ Vi +V 1 .y
( +Vl+}/2’ Vit V) e min{07%7, 617, 527},
J

It is obvious that the required inequality (@) follows by applying this argument
successively to the (Y;,¢4), [ =3, ..., k.
Now apply equation (2] to the warped products (Y}, ¢J,) and notice that one has

(5) Nz AgIP + NIz Ay — g5 ATIP + o Adyl]? = 1
KM (D) = KP(zy,y)|E A
B(2y Ny — Gy A0y, &1 Ay — §1 A D)

- ARALE LA A TR |
G(i‘l/\wl_yl/\vl,.ﬁl/\wl—yl/\ful)” 1 1 Y1 1||

1 - gvi (gradfi, gradfy))
_{f—lzK]: (vl,wl) — Lf f~'112 !

1 -
< = 20113 A gl

Hior A

. 1 1 5 5 - -
_mm{1, (072, ﬁ(511)2}||m1 Ay — 1 A |2
1
— 001 Ay ]2

1 B (sfiN2  (s11\2 11 g2
Skzmax{ ko8B, —(671)2, —(511)2, — ko1, k;}
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where the first inequality is due to equations ([B), (@), [B) and (@). The corol-
lary follows by applying the same arguments successively to the warped products
(Yz,gé/)XfH_l]:H_l,lzl,...,k‘—l. O

Arguments analogous to those above finally yield a proof for

Corollary 2. Let K8 > —¢8 < 0, fi:B—1R, j=12,..k, be such that there
exist /i, € € R with

HYi(z,x)

<efi>0 Yee TB, j=1,2,...,k, and
figs(z, )
grad’fill) _ i - g Vi j=1,2,..k
fi [
and assume that I}f? is bounded below by —€’, j = 1,2,...,k. Then the sectional
J
curvature KY of (Y, gy) is bounded by
1 3 S
Y : _..B . fi\2 (. 1\2 _ .0 11_2} .
K* > 2 ”:r{lénk{ ke”, —(e/)%, —(eV)%, —ke' ke”, —k* ¢ < 0

2.2. Proof of Theorem [21

Proof. 1) The inequality ) holds trivially, since (Y, gy) is a Riemannian submani-
fold of (X, gx).

2) In order to show the second inequality consider an arbitrary differentiable
curve ¢ : [tp,ty] — X connecting i(p) € X with i(¢) € X. The idea is now
to construct a curve é : [a,w] — Y in Y that connects p € Y with ¢ € Y,
whose Riemannian length Ly, 4,)(¢) in (Y, gy) is bounded by a constant times the
Riemannian length L(x g, )(c) of cin (X, gx).

Therefore we consider the projections ¢; := o o ¢ of ¢ to Mj, that connect
pj = 0;(i(p)) with ¢; := 0;(i(¢)). The 7; o ¢; are continuous, thus the set K :=
U; () 0 ¢j)([tp,tq]) C B is compact. Let b € [t,,ty] be a parameter such that
the warping function f takes its minimum in K at (mj, o ¢;,)(b) for some index
jo € {1,2,...,k} (compare Figure 1).

7 7

F1GURE 1. This figure shows possible projections of v to the fac-
tors M;. Take the base space to be the set of real numbers and
assume the warping function to be monotonously increasing. In
this case the maximum of f is attained at the point of ¢ with
largest projection to R, as the figure suggests.
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The continuous and piecewise differentiable curve v in Y that we are going to follow
from p to ¢ consists of three differentiable segments vy, A, and vy as follows:

e v; has constant projection nY owy to F1 X Fa X ... X Fy, that is given through
nY ovy = (n1(p1), .-, mk(pr)), while its projection to the base B is 7o vy =
(7o © Cjo)'[tp,b]'

e )\ is the curve keeping its projection to the base constant: (m o A)
(Tjy © ¢jo)(b), while varying along Fy x Fp X .. x Fj, with n¥ o A
(mocty .,k 0 ck).

e vy again has constant projection 7Y ovy to Fy x Fo X ... X F, that is, n¥ ovs
(m(q1), -, (qr))- Its projection to the base B is m o vy = (m), 0 ¢y )|1p,1,]-

The length of v := vg *x A * vy is the sum

Livgr)() = Lvgy) (1) + Livigy)(A) + Lv,gy) (v2)-
From (I)) it directly follows that

L(Y»QY)(Um) = \/E : L(B,gza)((ﬂ-jo o Cjo) Im)
< \/E ’ L(B,gza)(ﬂ-jo o Cjo)
(6) < V- Lix.gx(0),

where I; = [tp,b] and I, = [b, t,].
Again with and the particular choice of b it is

Liy,gyy(A) = / gy (N (), N (7)) dr

tq

= / iﬁ((% O%)(b)> 97, ((77;' °¢;)'(7), (n; © Cj)’(T)) dr

tp

i/\/ﬁ((mo o Cjo)(b)) gF; ((nj o¢;) (), (nj o cj)’(T)) dr

<
: i/q\/ﬁ((ﬂj ° Cj)(T)) gfﬂ'((nj °¢;)'(7), (n OCj)’(T)> dr
k »
= ZL(M.ngMJ)(Cj)
(7) < k]:nllaxk {L(Mj,gMJ)(Cj)} < k- Lixge(€) .

Thus with (@) and (7)) we can conclude that for an arbitrary curve ¢ in X connecting
two points i(p),i(q) € i(Y) C X there exists a curve v in Y connecting p and ¢
with

L(Y,gy)(’}/) < (2\/E + k)L(X,gx)(C)'
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Thus the required result follows by the definition of the Riemannian length func-
tions. |

Considering different warping functions f; on B, the proof above fails in general.
However, taking the f; to be Lipschitz related to each other, the same result may
be achieved. A more interesting further generalization is obtained if one takes the
base B to be the set of real numbers R. If the f; are all monotonous increasing
(decreasing respectively) dx and dy once again turn out to be Lipschitz related.

Finally note that the embeddings Y considered above are not quasiconvex in X
in general. If one of the factors F; of M; does not lie quasiconvex in M;, then it
is easy to see that Y is not quasiconvex in X either. For the cases of products of
hyperbolic spaces, see [BrFal.

APPENDIX A.

Consider the warped product (N, gn) := BxsF at n := (p,q) € B x F. The
two positive definite symmetric bilinear forms f2gr : T,F x T,F — R and H .

T,B x T,B — R define a positive definite symmetric bilinear form on the direct
sum T8 + T, F = T(p, N via

Na,
Az, ))glg(x,x).

Wi +5,5+0) = gyv(0,0) + —l
( ) = gn(0,) Fon(@.z

If HTf is strictly positive, then so is b. In order to see this, note that for every unit
vector T + 0 in T{;, )N one has

b(Z+0,z+0) = gn(0,0) +

(8) = min {1,

Denote the extensions of b and gn to bivectors by B and Ga and define
b:T(p’q)N—>T(p’q)N via

b(c,d) =: gN((;(C),d) Ve, de T(p’q)./\/'

B2
and B : Am 9
relative to gar, B is symmetric relative to Gar. Furthermore for an orthonormal

basis {u1, ..., un } of eigenvectors of b with eigenvalues \;, {uinujli<j,j=1,..,n}

N — A?p q)./\f analogously. Observe that with b being symmetric

is an orthonormal basis of eigenvectors of B with eigenvalues A\;\;. Thus with b
being bounded by ¢ B turns out to be bounded by €2

B(cANd,cnd)  Ga(B(cANd),chd) _
GynleNnd,end)  GaleAd,cAd) ’

9)

Note that with exactly the same arguments as above one proves that an upper
bound of £~ yields an upper bound for -£-.
f Gn
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Finally note that for Z, 7,0, w as in subsection 2]
BAW—gAD,ZAND—FAD)
(10) = B@EAG,EAD) + BHADGAD) — 2B(EAD,§AD)
arl Y,y ar T, T o
= {~ ( )gs(y,y) gn (0, 0) + ( 98(x, ) g (W, 0)
ng(yay) gB(iC,(E
of Y
o I 95(z,y) gN(v,w)}
fas(z,y
and
GN(EAND—GAD,TAD—GAD)
(11) = GN@EAD,ZAD) + GN(GAD,GAD) — 2GN (T AW, § A D)
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