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BILIPSCHITZ EMBEDDINGS
OF NEGATIVE SECTIONAL CURVATURE

IN PRODUCTS OF WARPED PRODUCT MANIFOLDS

THOMAS FOERTSCH

(Communicated by Wolfgang Ziller)

Abstract. Generalizing results due to Brady and Farb (1998) we prove the
existence of bilipschitz embedded manifolds of negative sectional curvature in
Riemannian products of certain types of warped products.

1. Introduction

In [BrFa] the authors proved that the productX := Hm1×...×Hmk of hyperbolic
spaces Hmi admits an embedding of Y := Hm1+...+mk−k+1 in X that is quasi-
isometric in the sense that the Riemannian distance functions dX and dY on X and
Y are related via

dX |Y ≤ dY ≤ α · dX |Y + β,

with constants α, β ∈ R+, α > 1.
It turns out that a variation of their method of proof yields the existence of

Riemannian submanifolds (Y, gY ) of negative sectional curvature within a wide
class of Riemannian products (X, gX) =M1 ×M2 × ...×Mk of warped products
Mi. It will be shown that in certain cases those submanifolds Y are embedded,
such that the Riemannian distance functions dX on X and dY on Y are Lipschitz
related. More precisely there exists a 1 < α ∈ R+, such that

dX |Y ≤ dY ≤ α · dX |Y .
In order for the canonical embedding (Y, gY ) that we are going to consider be of
negative sectional curvature, there are certain conditions on the base space (B, gB),
the fibres (Fi, gFi), as well as the warping functions fi that have to be satisfied. To
be precise, the following holds.

Theorem 1. Let (B, gB) be either a one dimensional Riemannian manifold or a
Riemannian manifold of arbitrary dimension n(B) with negative sectional curva-
ture. Further, let fi : B −→ R+, i = 1, 2, ..., k, be strictly convex functions on
(B, gB) without minimum that satisfy the relations

grad fi (fj) > 0 ∀i, j ∈ {1, 2, ..., k},
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and (Fi, gFi), i = 1, 2, ..., k, are either one dimensional Riemannian manifolds or
Riemannian manifolds of nonpositive sectional curvatures.

Let gMi := π∗i gB+(fi◦πi)2η∗i gFi be the warped product metrics onMi := B×Fi,
where πi and ηi denote the canonical projections from Mi to B and Fi respectively
and define the Riemannian manifold (X, gX) and the manifold Y via

X := (M1, gM1) × (M2, gM2) × ....... × (Mk, gMk
) and

Y := B × F1 × F2 × ....... × Fk .

The embedding i : Y −→ X

i : (tm, x1l
1 , x

2l
2 , ..., x

kl
k ) −→

(
(tm, x1l

1 ), (tm, x2l
2 ), ..., (tm, xklk )

)
defines a metric gY := i∗gX on Y that makes (Y, gY ) a Riemannian manifold with
negative sectional curvature.

Furthermore, in the case that the warping functions fi are all the same, (Y, gY )
turns out to be bilipschitz embedded in (X, gX).

Theorem 2. For (X, gX) and (Y, gY ) as above with fi = fj =: f ∀ i, j = 1, 2, ...., k,
the Riemannian distance functions dX and dY on (X, gX) and (Y, gY ) are related
via

dX |Y
i)

≤ dY
ii)

≤
(

2 ·
√
k + k

)
· dX |Y .

2. Proofs of the theorems

We are going to denote the various canonical projections as follows:

σj : X −→Mj , ηY : Y −→ F1 × ....×Fk,
πj :Mj −→ B, π : Y −→ B,
ηj :Mj −→ Fj , ηYj : Y −→ Fj .

2.1. Proof of Theorem 1.

Proof. A straightforward calculation proves

Proposition 1. The metric gY above is given through

gY = π∗(k · gB) +
k∑
i=1

(fi ◦ π)2(ηYi )∗gFi.(1)

Another standard calculation gives

Lemma 1. Let h be a smooth, strictly convex function on (B, gB) that satisfies

grad f (h) > 0

for another smooth function f on B. Then the lift h̃ of h on B×fF is strictly
convex, too.

Recall the sectional curvature’s equation for a warped product (N , gN ) := B×fF
([BiO’N]): Let Π be the nondegenerate plane in the tangent space T(p,q)N of N at
(p, q) ∈ N that is spanned by the two orthonormal vectors x̃ + ṽ and ỹ + w̃ with
x̃, ỹ, ṽ, w̃ being lifts of vectors x, y ∈ TpB and v, w ∈ (TqF), i.e. gN (x̃+ ṽ, x̃+ ṽ) =
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1 = gN (ỹ + w̃, ỹ + w̃), gN (x̃+ ṽ, ỹ + w̃) = 0. The sectional curvature K(Π) of Π is
then

K(Π) = KB(x, y) ||x̃ ∧ ỹ||2(2)

−
{Hf (y, y)
f̃ gB(y, y)

gB(y, y) gN (ṽ, ṽ) +
Hf(x, x)
f̃gB(x, x)

gB(x, x) gN (w̃, w̃)

− 2
Hf (x, y)
f̃ gB(x, y)

gB(x, y) gN (ṽ, w̃)
} ||x̃ ∧ w̃ − ỹ ∧ ṽ||2
||x̃ ∧ w̃ − ỹ ∧ ṽ||2

+
{ 1
f̃2
KF(v, w) − gN (grad(f̃), grad(f̃ ))

f̃2

}
||ṽ ∧ w̃||2,

where KB and KF denote the sectional curvatures on B and F and the norm is
defined by ||c ∧ d||2 = GN (c ∧ d, c ∧ d), with

GN (c ∧ d, c ∧ d) := gN (c, c)gN (d, d) − gN (c, d)2
.

Note that the particular form of equation (2) is chosen most appropriately for our
purposes. The terms that are not defined for particular choices of x̃, ỹ, ṽ and w̃
vanish in those cases.

On Yl := B × F1 × ...×Fl we define

glY := πYl
∗(k · gB) +

l∑
i=1

(fi ◦ πYl)2(ηYli )∗gFi

with πYl and ηYli on Yl analogous to π and ηYi on Y , and conclude as follows: The fi
are strictly convex on (B, gB) and thus of course on (B, k · gB) as well. Furthermore
f1 has no minimum and therefore is strictly convex on (B × F1, g

1
Y ).

Applying Lemma 1 successively shows that fi is strictly convex on (B × F1 ×
...×Fi−1, g

i−1
Y ). Now the (Fj , gFj) have nonpositive sectional curvatures and thus

the validity of the theorem follows from Proposition 1, equation (2) and equations
(9) and (10) successively applied to (B × F1 × ...×Fi−1, g

i−1
Y ).

From equations (2), (8), (9) and (10) we further conclude:

Corollary 1. Let KB ≤ −δB < 0, and assume that for fj : B −→ R, j = 1, 2, ..., k,
there exist δfj , δij ∈ R such that

Hfj (x, x)
fjgB(x, x)

≥ δfj > 0 ∀ x ∈ T B, j = 1, 2, ..., k, and

gradBfi(fj)
fi fj

≥ δij > 0 ∀ i, j = 1, 2, ..., k,

where gradBfi is the gradient of fi in (B, gB). Then the sectional curvature KY of
(Y, gY ) is bounded by

KY ≤ 1
k2

max
i,j=1,2,...,k

{
− kδB,−(δfj )2,−(δij)2,−kδii,−k2

}
< 0.

Proof. Write gradB̃f1 for the gradient of f1 relative to (B, k · gB) and H f̃j for the
Hessian of the lift f̃j of fj to (Yj , g

j
Y ).
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Consider (Y, gY ) as the following warped product:

(Y, gY ) =
(
...
((
B̃ ×f1 F1

)
×f2 F2

)
×f3 ...×fk−1 Fk−1

)
×fk Fk,

where B̃ denotes the Riemannian manifold (B, kgB) andFj is short for (Fj , gFj), j =
1, ..., k.

For any fj one has

H f̃j (z, z)
f̃jg

j
Y (z, z)

≥ 1
k

min
l=1,2,...,j

{
δfj , δlj

}
.(3)

In order to see this let Z1 = X̃ + Ṽ1 be a vector of unit length in (Y1, g
1
Y ) and

calculate

H f̃j (X̃ + Ṽ1, X̃ + Ṽ1)
f̃j

=
H f̃j (X̃, X̃)

f̃j
+

H f̃j (Ṽ1, Ṽ1)
f̃j

=
Hfj (X,X)

fj
+ g1

Y (Ṽ1, Ṽ1)
gradB̃ f̃1(f̃j)

f̃1f̃j

≥ k · gB(X,X)
δfj

k
+ g1

Y (Ṽ1, Ṽ1)
δ12

k

≥ 1
k

min
{
δfj , δ1j

}
.(4)

Now let Z2 = X̃ + Ṽ1 + Ṽ2 ∈ Y2 be a vector of unit (Y2, g
2
Y )-length. The same

calculation as in (4) shows that

H f̃j (X̃ + Ṽ1 + Ṽ2, X̃ + Ṽ1 + Ṽ2)
f̃j

≥ 1
k

min{δfj , δ1,j , δ2j}.

It is obvious that the required inequality (3) follows by applying this argument
successively to the (Yl, glY ), l = 3, ..., k.

Now apply equation (2) to the warped products (Yj , g
j
Y ) and notice that one has

||x̃j ∧ ỹj ||2 + ||x̃j ∧ w̃j − ỹj ∧ ṽj ||2 + ||ṽj ∧ w̃j ||2 = 1 :(5)

KY1(Π) = KB̃(x1, y1)||x̃1 ∧ ỹ1||2

− B(x̃1 ∧ w̃1 − ỹ1 ∧ ṽ1, x̃1 ∧ w̃1 − ỹ1 ∧ ṽ1)
G(x̃1 ∧ w̃1 − ỹ1 ∧ ṽ1, x̃1 ∧ w̃1 − ỹ1 ∧ ṽ1)

||x̃1 ∧ w̃1 − ỹ1 ∧ ṽ1||2

−
{ 1
f2

1

KF1(v1, w1) − gY1(gradf̃1, gradf̃1))
f̃2

1

}
||ṽ1 ∧ w̃1||2

≤− 1
k
δB||x̃1 ∧ ỹ1||2

−min
{

1,
1
k2

(δf1)2,
1
k2

(δ11)2
}
||x̃1 ∧ w̃1 − ỹ1 ∧ ṽ1||2

−1
k
δ11||ṽ1 ∧ w̃1||2

≤ 1
k2

max
{
− kδB,−(δf1)2,−(δ11)2,−kδ11,−k2

}
,
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where the first inequality is due to equations (3), (5), (8) and (9). The corol-
lary follows by applying the same arguments successively to the warped products
(Yl, glY )×fl+1Fl+1, l = 1, ..., k − 1.

Arguments analogous to those above finally yield a proof for

Corollary 2. Let KB ≥ −εB < 0, fj : B −→ R, j = 1, 2, ..., k, be such that there
exist εfj , εij ∈ R with

Hfj (x, x)
fjgB(x, x)

≤ εfj > 0 ∀ x ∈ T B, j = 1, 2, ..., k, and

gradBfi(fj)
fi fj

≤ εij > 0 ∀ i, j = 1, 2, ..., k,

and assume that KFj

fj2 is bounded below by −εj, j = 1, 2, ..., k. Then the sectional
curvature KY of (Y, gY ) is bounded by

KY ≥ 1
k2

min
i,j=1,2,...,k

{
− kεB,−(εfj )2,−(εij)2,−kεi, kεii,−k2

}
< 0 .

2.2. Proof of Theorem 2.

Proof. 1) The inequality i) holds trivially, since (Y, gY ) is a Riemannian submani-
fold of (X, gX).

2) In order to show the second inequality consider an arbitrary differentiable
curve c : [tp, tq] −→ X connecting i(p) ∈ X with i(q) ∈ X . The idea is now
to construct a curve c̃ : [α, ω] −→ Y in Y that connects p ∈ Y with q ∈ Y ,
whose Riemannian length L(Y,gY )(c̃) in (Y, gY ) is bounded by a constant times the
Riemannian length L(X,gX)(c) of c in (X, gX).

Therefore we consider the projections cj := σj ◦ c of c to Mj , that connect
pj := σj(i(p)) with qj := σj(i(q)). The πj ◦ cj are continuous, thus the set K :=⋃
j (πj ◦ cj)([tp, tq]) ⊂ B is compact. Let b ∈ [tp, tq] be a parameter such that

the warping function f takes its minimum in K at (πj0 ◦ cj0)(b) for some index
j0 ∈ {1, 2, ..., k} (compare Figure 1).

F1

B BB

p1

q1

pj0

qj0

qk

pk

Fj0
Fk

c1

cj0 ck

γ1 γj0
γk

......... .........

Figure 1. This figure shows possible projections of γ to the fac-
tors Mi. Take the base space to be the set of real numbers and
assume the warping function to be monotonously increasing. In
this case the maximum of f is attained at the point of c with
largest projection to R, as the figure suggests.
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The continuous and piecewise differentiable curve γ in Y that we are going to follow
from p to q consists of three differentiable segments v1, λ, and v2 as follows:

• v1 has constant projection ηY ◦ v1 to F1×F2× ...×Fk that is given through
ηY ◦ v1 ≡ (η1(p1), ..., ηk(pk)), while its projection to the base B is π ◦ v1 =
(πj0 ◦ cj0)|[tp,b].
• λ is the curve keeping its projection to the base constant: (π ◦ λ) ≡

(πj0 ◦ cj0)(b), while varying along F1 × F2 × ... × Fk with ηY ◦ λ =
(η1 ◦ c1, ..., ηk ◦ ck).
• v2 again has constant projection ηY ◦v2 to F1×F2× ...×Fk, that is, ηY ◦v2 ≡

(η1(q1), ..., ηk(qk)). Its projection to the base B is π ◦ v2 = (πj0 ◦ cj0)|[b,tq ].
The length of γ := v2 ∗ λ ∗ v1 is the sum

L(Y,gY )(γ) = L(Y,gY )(v1) + L(Y,gY )(λ) + L(Y,gY )(v2).

From (1) it directly follows that

L(Y,gY )(vm) =
√
k · L(B,gB)((πj0 ◦ cj0)|Im)

≤
√
k · L(B,gB)(πj0 ◦ cj0)

≤
√
k · L(X,gX)(c),(6)

where I1 = [tp, b] and I2 = [b, tq].
Again with (1) and the particular choice of b it is

L(Y,gY )(λ) =

tq∫
tp

√
gY (λ′(τ), λ′(τ)) dτ

=

tq∫
tp

√√√√ k∑
j=1

f2
(

(πj0 ◦ cj0)(b)
)
gFj

(
(ηj ◦ cj)′(τ), (ηj ◦ cj)′(τ)

)
dτ

≤
k∑
j=1

tq∫
tp

√
f2
(

(πj0 ◦ cj0)(b)
)
gFj

(
(ηj ◦ cj)′(τ), (ηj ◦ cj)′(τ)

)
dτ

≤
k∑
j=1

tq∫
tp

√
f2
(

(πj ◦ cj)(τ)
)
gFj

(
(ηj ◦ cj)′(τ), (ηj ◦ cj)′(τ)

)
dτ

=
k∑
j=1

L(Mj ,gMj
)(cj)

≤ k · max
j=1,...,k

{
L(Mj,gMj

)(cj)
}
≤ k · L(X,gX )(c) .(7)

Thus with (6) and (7) we can conclude that for an arbitrary curve c in X connecting
two points i(p), i(q) ∈ i(Y ) ⊂ X there exists a curve γ in Y connecting p and q
with

L(Y,gY )(γ) ≤
(

2
√
k + k

)
L(X,gX )(c).
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Thus the required result follows by the definition of the Riemannian length func-
tions.

Considering different warping functions fi on B, the proof above fails in general.
However, taking the fi to be Lipschitz related to each other, the same result may
be achieved. A more interesting further generalization is obtained if one takes the
base B to be the set of real numbers R. If the fi are all monotonous increasing
(decreasing respectively) dX and dY once again turn out to be Lipschitz related.

Finally note that the embeddings Y considered above are not quasiconvex in X
in general. If one of the factors Fi of Mi does not lie quasiconvex in Mi, then it
is easy to see that Y is not quasiconvex in X either. For the cases of products of
hyperbolic spaces, see [BrFa].

Appendix A.

Consider the warped product (N , gN ) := B×fF at n := (p, q) ∈ B × F . The
two positive definite symmetric bilinear forms f2gF : TqF × TqF −→ R and Hf

f :
TpB × TpB −→ R define a positive definite symmetric bilinear form on the direct
sum TpB + TqF = T(p,q)N via

b(x̃+ ṽ, x̃+ ṽ) := gN (ṽ, ṽ) +
Hf (x, x)
fgB(x, x)

gB(x, x).

If Hf

f is strictly positive, then so is b. In order to see this, note that for every unit
vector x̃+ ṽ in T(p,q)N one has

b(x̃+ ṽ, x̃+ ṽ) = gN (ṽ, ṽ) +
Hf (x, x)
fgB(x, x)

gB(x, x)

≥ min
{

1,
Hf (x, x)
fgB(x, x)

} (
gN (ṽ, ṽ) + gB(x, x)

)
= min

{
1,
Hf (x, x)
fgB(x, x)

}
=: ε.(8)

Denote the extensions of b and gN to bivectors by B and GN and define
b̂ : T(p,q)N −→ T(p,q)N via

b(c, d) =: gN
(
b̂(c), d

)
∀ c, d ∈ T(p,q)N

and B̂ : Λ2
(p,q)N −→ Λ2

(p,q)N analogously. Observe that with b̂ being symmetric

relative to gN , B̂ is symmetric relative to GN . Furthermore for an orthonormal
basis {u1, ..., un} of eigenvectors of b̂ with eigenvalues λi, {ui∧uj | i < j, j = 1, ..., n}
is an orthonormal basis of eigenvectors of B̂ with eigenvalues λiλj . Thus with b̂

being bounded by ε B̂ turns out to be bounded by ε2:

B(c ∧ d, c ∧ d)
GN (c ∧ d, c ∧ d)

=
GN (B̃(c ∧ d), c ∧ d)
GN (c ∧ d, c ∧ d)

≥ ε2.(9)

Note that with exactly the same arguments as above one proves that an upper
bound of Hf

f yields an upper bound for B
GN

.
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Finally note that for x̃, ỹ, ṽ, w̃ as in subsection 2.1

B(x̃ ∧ w̃ − ỹ ∧ ṽ, x̃ ∧ w̃ − ỹ ∧ ṽ)
= B(x̃ ∧ w̃, x̃ ∧ w̃) + B(ỹ ∧ ṽ, ỹ ∧ ṽ) − 2B(x̃ ∧ w̃, ỹ ∧ ṽ)(10)

=
{H f̃ (y, y)
f̃ gB(y, y)

gB(y, y) gN (ṽ, ṽ) +
H f̃(x, x)
f̃gB(x, x)

gB(x, x) gN (w̃, w̃)

− 2
H f̃(x, y)
f̃gB(x, y)

gB(x, y) gN (ṽ, w̃)
}

and

GN (x̃ ∧ w̃ − ỹ ∧ ṽ, x̃ ∧ w̃ − ỹ ∧ ṽ)
= GN (x̃ ∧ w̃, x̃ ∧ w̃) + GN (ỹ ∧ ṽ, ỹ ∧ ṽ) − 2GN (x̃ ∧ w̃, ỹ ∧ ṽ)(11)
= gB(x, x)gN (w̃, w̃) + gB(y, y)gN (ṽ, ṽ) − 2 gB(x, y)gN (ṽ, w̃).
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