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ABSTRACT. Let ® C Z"™ be one of the root systems A, _1, By, C, and Dy,
and write ®() for the set of positive roots of ® together with the origin of R™.
Let K[t,t~1,s] denote the Laurent polynomial ring K[tl,tl_l, R A ]|
over a field K and write Ry [®(T)] for the affine semigroup ring which is
generated by those monomials t2s with a € () where t2 = it tnn if
a= (a1,...,an). Let K[®)] = K[{za; a € ®(1)}] denote the polynomial
ring over K and write I5(4) (C K[®M)]) for the toric ideal of ®(+). Thus
I4(+) is the kernel of the surjective homomorphism 7 : K[®(H)] — Ry [@(H)]
defined by setting 7(za) = t?s for all a € &), In their combinatorial study

of hypergeometric functions associated with root systems, Gelfand, Graev and
(+)

Postnikov discovered a quadratic initial ideal of the toric ideal I of A) 7.

The purpose of the present paper is to show the existence of a rg;érse lexico-
graphic (squarefree) quadratic initial ideal of the toric ideal of each of B%Jr),
Cg{” and Dg{”. It then follows that the convex polytope of the convex hull
of each of BS{H, CS{H and Dg{” possesses a regular unimodular triangula-
tion arising from a flag complex, and that each of the affine semigroup rings

Ri[BSY], Rx[C5P)] and Ry [DSP)] is Koszul.

INTRODUCTION

A configuration in R™ is a finite set A C Z". Let K|[t,t™!, s] denote the Laurent
polynomial ring K[ty tfl, ooy tn,tb 8] over a field K. We associate a configura-
tion A C Z™ with the homogeneous semigroup ring Ri[A] = K[{t*s;a € A}],
the subalgebra of K[t,t™!,s] generated by all monomials t®s with a € A, where
t2=1¢7' - t¢ if a = (a1,...,ay). Let K[A] = K[{za; a € A}] be the polynomial
ring in the variables z, with a € A over K. The toric ideal 14 of A is the kernel of
the surjective homomorphism 7 : K[A] — Rx[A] defined by setting m(za) = t2s
for all a € A. It is known [10, Lemma 4.1] that the toric ideal I 4 is generated by
the binomials v — v, where v and v are monomials of K[A], with 7(u) = 7(v).

Before discussing the details of the present paper, we recall fundamental material
on initial ideals of toric ideals. Let M (K[A]) denote the set of monomials belonging
to K[A]. Thus, in particular, 1 € M(K[A]). Fix a monomial order < on K[A];
thus < is a total order on M(K[A]) such that (i) 1 < w if 1 # u € M(K[A]) and
(ii) for u,v,w € M(K[A]), if u < v then uw < vw. The initial monomial in<(f) of
0 # f € I 4 with respect to < is the biggest monomial appearing in f with respect to
<. The initial ideal of I 4 with respect to < is the ideal in.(I4) of K[A] generated
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by all initial monomials in<(f) with 0 # f € I 4. One of the most fundamental facts
on the initial ideal in< (I 4) is that {m(u); u € M(K[A]),u € in(I4)} is a K-basis
of Rig[A]. An initial ideal in<(I4) is called quadratic (resp. squarefree) if in<(I4)
is generated by quadratic (resp. squarefree) monomials. Let, in general, G be a
finite subset of I 4 and write in<(G) for the ideal (in<(g); g € G) of K[A]. A finite
set G of I 4 is said to be a Grébner basis of I 4 with respect to < if in<(G) = in<(14).
Dickson’s Lemma 4] p. 69], which says that any nonempty subset of M(K[A]) (in
particular, in<(I4) N M(K[A])) has only finitely many minimal elements in the
partial order by divisibility, guarantees that a Grobner basis of I 4 with respect to
< always exists. Moreover, if G is a Grobner basis of I 4, then 14 is generated by
g.

Even though the following fact (0.1) on Grobner bases is simple and well-known
(e.g., [I Lemma 1.1]) and, in fact, can be easily proved, this technique will play
important roles throughout the present paper.

(0.1) A finite set G of L4 is a Grobner basis of 14 with respect to < if and only if
{m(u); ue M(K[A]),u & in<(G)} is linearly independent over K in other words,
if and only if w(u) # 7(v) for all u € in(G) and v & in(G) with u # v.

Consult, e.g., @] and [5] for detailed information about Grébner bases and related
topics on commutative algebra, algebraic geometry and combinatorics.

Let ® C Z™ be one of the classical irreducible root systems A, _1, B,,, C,, and
D, ([8, pp. 64 — 65]) and write ®*) for the configuration consisting of the origin
of R™ together with all positive roots of ®. More explicitly,

A”(VLt)l = {O}uU{ei—e;;1<i<j<ni,

B(Y = A% Ufer,...,en}U{ei+e;;1<i<j<n},
ciH = Agt)lu{Zel,... 2e,}U{e;+e;;1<i<j<n}
D) = A Ufe;+e;;1<i<j<n}

Here e; is the ith unit coordinate vector of R™ and O is the origin of R™.
In the study of combinatorics of hypergeometric functions associated with root
systems, Gelfand, Graev and Postnikov [7] discovered a squarefree quadratic initial

ideal of the toric ideal of the configuration Aslt)l. Let

KA = K[{z} U{fijh<ici<n]
denote the polynomial ring in n(n—1)/2+1 variables over K. The affine semigroup
ring Ry [Ag:r)l] is the subalgebra of K[t,t™!, s] generated by s together with the

n(n—1)/2 monomials tit]ﬂs with 1 <4 < j <n. The toric ideal I, (+) is the kernel

n—1
of the surjective homomorphism 7 : K [Aflt)l] — Rk [A;t)ﬂ defined by setting
m(x) = s and W(fi,j) = titj_ls. Write <%

2. for the reverse lexicographic order on

K [Ant)l] induced by the ordering of the variables satisfying (i) « < f;; for all
1<i<j<mnand (i) fi; < fir, if either (a) i <, or (b) i =4 and j > j’. Then
[1, Theorem 6.3] guarantees the following;:

(0.2) The set of binomials

finfie— fiefie, 1<j<k<H{,
fiifik —xfik, i<j<k,

is a Grobner basis of I, +) with respect to <j,,.

n—1



QUADRATIC INITIAL IDEALS OF ROOT SYSTEMS 1915

Since fiofjr <tep firfijeif i < j <k < (it follows that inca (IAELHI) is
generated by the squarefree quadratic monomials f;  fj ¢ with ¢ < j < k < £ and
fiifik withi < j < k. (In [7, Theorem 6.3], instead of using the notion of Grébner
bases and initial ideals, Gelfand, Graev and Postnikov state and prove their result
in terms of triangulations of the convex hull of the configuration Aglt)l. A simple
and quick proof of the above fact (0.2) is obtained by applying the technique (0.1).
Consult, e.g., (Case I) with r = p = 0 in the proof of Theorem [.)

It turns out that the question whether the toric ideal of each of the configurations
B%Jr), C%Jr) and D%Jr) possesses a squarefree quadratic initial ideal is reasonable. In
fact, our goal of the present paper is to show the existence of a reverse lexicographic
squarefree quadratic initial ideal of the toric ideal of each of the configurations Bg{”,
Cg:r) and Dg:r). On the other hand, in her dissertation [6] Wungkum Fong studies
combinatorial aspects of reverse lexicographic initial ideals of the toric ideals of
BS{H,CS_) and Dg{”. In our Appendix we briefly discuss the combinatorial and
algebraic significance of the existence of squarefree quadratic initial ideals of toric
ideals.

We conclude by remarking that the role of the origin of R™ is essential in our
discussions. In fact, the toric ideal of the configuration consisting of all positive
roots of the root system ® C Z™, where ® is one of the root systems A, _1, B,
C, and D,,, is not generated by quadratic binomials if n > 6.

1. THE ROOT SYSTEM B,

First of all, the existence of a reverse lexicographic squarefree quadratic initial
ideal of the toric ideal of the configuration B%Jr)

KBV = K[{z} U{yi hi<i<n U{eijh1<icicn U{fij hi<ici<n)

be the polynomial ring in n? + 1 variables over K. The affine semigroup ring
Rk [BW] is the subalgebra of K[t,t71, s] generated by the n? 4+ 1 monomials

will be proved. Let

s, tis (1<i<n), titjs (1<i<j<mn), tit;'s (1<i<j<n),

The toric ideal I5(+) is the kernel of the surjective homomorphism 7 : K [B%Jr)] —

Rk [ng_)] defined by setting
m(x) =s, w(y)=tis, w(ei;) =titys, n(fi;)=tit; " s.

We now introduce the reverse lexicographic order <%, on K [B%Jr)] induced by the
ordering of the variables

Y1 < y2 < o0 < Yp

< fin<fina1 < < fia<fon<fon1<--<fa3
< - < fn—Q,n < fn—Q,n—l < fn—l,n

< éep<ep-1<---<e2<en,<ep-1<---<e€23
< e <epoan<eéen2n-1<e€n-i1n < T.

To simplify the notation below, we understand e;; = e; ; in case of i < j.
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Theorem 1.1. Under the above conditions, the set of the binomials
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€i,j€k,e — €i0Cj k; 1<j<k<{,
€i,k€j,0 — €i0Cj k, 1<j<k<{,
finfie— fielin, i<j<k<d,
fijfiw—xfin, i<j<k,
€ijfre — fi0€) ks i<j<k<d,
einfio— fieejn, 1<j<k<l,
eiefjk — fikeje, 1<j<k<{,
fijein —vivk, <4, j#k,
€i,jYk — Yi€j k> 1< j <k,
€ikYj — Yi€y ks 1< j <k,
firyi —vifie,  1<j<k,
figyi —viz, i <],
we;; — Yy, 0 <J

b

rev”

is a Grobner basis of Igv) with respect to the reverse lexicographic order <

Proof. Each binomial g = u — v listed above belongs to IB5,,+> with u of its initial
monomial in., (g). Let G denote the set of binomials listed above and in., (G) =
(inee_ (9): 9 éb) To see why the finite set G is a Grobner basis of I ,Te\;/e rely
on the technique (0.1), and our work is to show that

{m(u); ue MKBLH]),u ¢ ingy_ (G)}

is linearly independent over K.
Let

U= T Yk, Yk Car,by " Capby fivgi  Sigujes
’
u = a% Y Yk, Cag by Car, b Jin g i g
belong to M(K[Bg{”]) with u & iny_ (G) and v’ € inoy_ (G), where

Yk é?e'u e SIr)’ev Yk,.» €aq,by é?e'u e SIr)’ev €ap,bps f’i1,j1 SIr)’ev e éize'u fiq,qu

Yi! SIr)’ev e <’Ib"6’U yk/rﬂ Cal b} SIr)’ev e S?ev ea;/,b;/’ fi/laji SIr)’ev e S?ev fi;/aj;/'
In what follows, it will be proved that if 7(u) = 7(u’), then at least one variable of
K[Bg{”] appears in both u and u'.

To begin with, the equalities & = o/, r = ', p = p’ and ¢ = ¢’ will be proved.
Since fi,jfj,k € in<z;€v (g) ifi <j <k, fi’jej,k € in<z;€v (g) if i < j with j 75 k
and fi y; € iney (G) if @ < j, one has ¢ = ¢, a+7r+p = o + 7"+ p and
r+2p=1+2p. fa=a =0,thenp=p andr =7". If « > o’ > 0, then
p=p = 0since we;; € incy (G) for all i < j; thusr =7" and a =o' fa =0
and o/ > 0, then r +p = o + 7" and r + 2p = 7/; thus o/ + p = 0, a contradiction.

(CaseI) Leta=a’ =0 and g=¢ > 0.

We will prove fi, ;, = fi j;. Let iy < ig. One has i, <ij <iq < j; = jy
for some 1 < s’ < g. Since f;py; € incy (G) if i < j < k, there is no k;, with
iqg < ki, < jq. Thus p =p’ >0 and aj < i, Note, in particular, that i; = i, if
p=p =0.
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(i) Let a1 < ig. Since €;jfre € incy () if i <j <k </l exfje€inc (G)
ifi<j<k<Clandeifjr €incy (G)ifi <j <k </{ onehas b =i,z Since
€ij€re € ingy (G)ifi<j<k<{, it follows that ag < by =14, forall 1 <& < p.
If a¢ < 44, then bg = i,. Hence, for each 1 < £ < p, one has either ag = 44 or
be = iq. Thus the total number of the variable ¢;, appearing in 7(u) is at least
p + 1. However, since k:L, = iq for no 1 < g < r, the total number of the variable
t;, appearing in 7(u’) is at most p, a contradiction.

(i) Let 44 < aq. If either r =+ =0 or r =7’ > 0 with k.. < i, then the total
number of variables t5 with 0 > i, appearing in 7(u) (resp. 7(u')) is at least 2p+1
(resp. at most 2p).

If r = 7" >0 with (&, <)iq <k, then (ji, =) j, < k;.. Since e; jyx € incy_ (G)
if i <j <kande;ry; €incy (G)if i <j <k, it follows from aj < i, that one
has b} = k... In addition, if k/'ﬂ < kI, then k/'ﬂ < ¢/, since k/'ﬂ < aj < ji. Again,
since e; jerr € incy (G) if i < j <k <, there is no 1 < ¢ < p with (b] =)
k, < ag. Thus, for each 1 < ¢" < p, one has either a;, = kj. or b, = k;. Hence
the total number of variables ts with k. # ¢ > i, appearing in m(u’) is at most p.
Since either i < ag # k.. or iy < be # k.. for each 1 < £ < p, the total number of
variables ts with k. # ¢ > i, appearing in m(u) is at least p + 1.

This completes the proof of i, = i;. Let j; < jq. Since fixfje € inc (G) if
i < j <k </ thereis no 1 < n < ¢ with i, < iy =i < ji = j, < jq. Hence
Jq = Jq, as desired.

(Case II) Let a=a'=0,r=7">0,p=p' >0 and g =¢' = 0.

If k1 <aq and k] < af, then k1 = k7. If a1 < k1, then by =k, for all 1 < g <r.
One has a¢ < by for all 1 < ¢ < p and, moreover, b = k; if ag < by = k1. Hence
the total number of the variable ¢, appearing in 7(u) is 7+ p. It then follows that
k:ﬂ =k for all 1 < g/ <r and that each €a, b, satisfies either a’g, =k, or b’g, = k.

(Case III) Leta=a' =0, r=7"=0,p=p' >0 and ¢g=¢ =0.

Even though the desired result follows from [J, Theorem 1.4], we give its quick
proof here for the sake of completeness. Let aj, < a,. Since e; je o € incy (G) if
i < j <k <, each bg satisfies a, < be. In addition, each a'g, satisfies a'g, < ap, < ap.
Hence the total number of variables ts with § > a, appearing in 7(u) (resp. 7(v'))
is at least p+1 (resp. at most p), a contradiction. Thus aj, = a,,. Let bj, < by,. Since
eikeje € iney (G) if i < j <k < {, there is no be with bg = bj,. Thus b}, = b, as
required. O

2. THE ROOT SYSTEM C,,

Second, the existence of a reverse lexicographic squarefree quadratic initial ideal
of the toric ideal of the configuration Cg:r) will be proved. Let

K[CH] = K[{} U{eijhizizjcn U{fighizicizn]
be the polynomial ring in n? + 1 variables over K. The affine semigroup ring
Rk [C%Jr)] is the subalgebra of K[t,t7!, s] generated by the n? + 1 monomials

s, titys (1<i<j<n), tit;'s (1<i<j<n).
The toric ideal I (1) is the kernel of the surjective homomorphism 7 : K[Cg:r)] —
Ri [Cg{”] defined by setting

m(x) =5, w(ei;) =titys, m(fij)="tit;'s.
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We now introduce the reverse lexicographic order <¢,, on K [Cgf)] induced by the
ordering of the variables

z < fin<fin-1<-<fia<fon<fon-1<--<fo3
< o< frmon < fam2me1 < facim
< ep<elp1<-<ela<er)<esn<egn1<-c<eys<ens
< o <ep2n<eén—2n-1<€p2an-2<e€pn_1n<eln-1n-1<Enn-

To simplify the notation below, we understand e;; = e; ; in case of i < j.

Theorem 2.1. The set of the binomials

€i,jCk,¢ — CiLEj k) 1 << k<l
€i,k€j,¢ — €i L€ k) 1<j<k</{,
€ij€ik — €ik€jg, 1 <J<k,

firfie = fielin,  1<j<k<d,
fijfik —xfin, 1<j<k,

il — fivejn, 1<j<k<Ut,

eikfio— fivejn, 1<j<k<l{,

€ijfik — fir€jj,  1<j<k,
eiofin — firejo, 1<j<k<{,
fijejk — ek, <],

is a Grobner basis of 1) with respect to the reverse lexicographic order <7,

Proof. Each binomial g = u — v listed above belongs to I with uw =ince | (9)-
Let G denote the set of binomials listed above and in<._ (G) = (in<:_ (9); g € G).
Our proof will proceed along the proof of Theorem[T ], and the goal is to show that

{(u); uw e M(K[CJH]),u ¢ in;,, ()}

is linearly independent over K.
Let

U= xaeal,bl T 'eap,bpfh,jl T fiqvjq7
’
u' =2 eay by ear, v S gy f
belong to M(K[C%ﬂ]) with u € in<. (G) and v’ & in<.  (G), where

€a1,b; é7C"e'u e Sf’ev eap7bp7 fi17j1 Sf’ev e é7C"e'u fiq»jq’
€al,b; é7C"ev tU S7C“ev ea'pub'p/’ fi'l»ji é7C"ev tU S7C“ev fi;uj;/ :
In what follows, it will be proved that if w(u) = mw(u’), then at least one variable
of K[Cgf)] appears in both u and v'. Since f;;fjx € in<.  (G)ifi < j <k and
fijeik €ince (G)ifi < j, onehasa=a',p=p and ¢=¢.

(CaseI) Leta=a'=0and qg=¢ > 0.

We claim f;, ;, = fif;vjf’;' Let i; < ig. Since the monomials e; ;fr¢ (i < j <k <
f), €i7kfj7g (’L <j<k< E), 6i,jfj7k (Z <3< k?) and 6i,gfj7k (Z <j<k< f) belong
to in<c_ (G), there is no ag¢ with a¢ < i,. Hence the total number of variables s
with § > i, appearing in 7(u) (resp. 7(u’)) is at least 2p + 1 (resp. at most 2p), a
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contradiction. Thus ij, = i,. Since fixfje € ince (G)if i <j <k </, it follows
that j, = ji, as desired.

(Case II) Let a =&’ =0 and g = ¢ = 0.

A slight modification of Case III in the proof of Theorem [T 1]is valid. Let a;, < ap.
Since e; jere € ince (G) if i < j < k < £, each be satisfies a, < be. In addition,
each a'g/ satisfies a'g, < a; < ap. Hence the total number of variables ¢5 with § > a,
appearing in 7(u) (resp. w(u')) is at least p + 1 (resp. at most p), a contradiction.
Thus a;, = ap. Let b, < b,. Since e;reje € ince (G) if i < j < k < £ and
eijejk € ince, (G) if i < j < k, each be satisfies b, < be. Moreover, each ag
satisfies a’g, < a;) < b;) < bp. Hence the total number of variables t5 with § > b,
appearing in 7(u) (resp. 7(u’)) is at least p (resp. at most p — 1), a contradiction.
Thus bj, = by, as required. O

3. THE ROOT SYSTEM D,

Finally, the existence of a reverse lexicographic squarefree quadratic initial ideal

of the toric ideal of the configuration Dg:r

KD = K[{z} U{ei j hi<icicn U{fijhi<icj<n]
2

) will be proved. Let

be the polynomial ring in n* — n 4 1 variables over K. The affine semigroup ring
Ri [ng)] is the subalgebra of K[t,t™1, s] generated by the n? —n + 1 monomials

s, titjs (1<i<j<mn), tit;'s (1<i<j<n).

The toric ideal I +) is the kernel of the surjective homomorphism 7 : K[Dg:r)] —
Rk [Dg{”] defined by setting

m(x) =s, wlei;) =titys, w(fij)=tit;'s.

We now introduce the reverse lexicographic order <%, on K [D&ﬁ] induced by the
ordering of the variables
fin<fin1 << fiza<fon<fon1<-<fa3
< - < fn—Q,n < fn—Q,n—l < fn—l,n
< ep<eini1<--<ep<er,<ern1<--<eas
< e <epoan<eéen2n-1<e€n-in < T.
Theorem 3.1. The set of the binomials
€i,jCh,t — €i €]k, 1<y <k<l{,
€i,1Cj.0 — € 0C) k) 1<j<k<ld,
fiwFie = fiefim, 1< <k<{,
Jigliw —afik, 1<j<k,
€ijfoe — fieejn,  1<j<k<H{
eikfio— finejn,  1<j<k<HL
eiefik — fineje, 1<j<k<L
fixejk — finejn 1<j<k<n,
€ikfik — fin€im  1<j<k<nm,
figeik = fimerm 1 <j<k<m,
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fij€im = fin—1€n-1n 1<j<n—1,
reij — finejn 1 <j<mn,
LCin — fi,n—len—l,n t<n— 17

d

is a Grébner basis of ID5L+> with respect to the reverse lexicographic order <2, .

Proof. Each binomial g = u — v listed above belongs to Iy with u =ina_ (9).
Write G for the set of binomials listed above and in.a (G) = (in<a_ (9); g € G).
Again, our work is to show that

{m(u); uwe M(EDP)),udincg, (G)}

is linearly independent over K.
Let

w=2fi, 41" fig.ja€ar b1 " €apbys
u =2 fu St €at by el b
belong to M(K[Dg;r)]) with u € inca (G) and v’ € in_a (G), where
Firgi Stev Shew Figder Carbr Srew " Stew Cap by
fi'1 W1 Sf“lev tU Sf“lev fi;,,j;/’ €al by égev tU Sf“lev 6a’p,,b’p,'

Write p; (resp. pj) for the number of e p, (resp. eaé”b;/) with b = n (resp.

bz = n) and write py (resp. pj) for the number of €,,_1, appearing in u (resp.
u'). Write q1 (resp. qp) for the number of f; ; (resp. fi ;s ) with j, = n (resp.
wdn
Jy = n) and write g2 (vesp. ¢3) for the number of f; ; (resp. fy ;) with
n n

Jn=mn—1 (resp. j;, =n—1). Let

r=min{p1,q1} + min{ps, g2}, ' = min{p},q;} + min{ph, g5}
If w(u) = w(u'), then
p=p, a+q=d+¢, atr=d+1, pi—q=p;—dq.

Now, in what follows, it will be proved that a contradiction arises if 7(u) = 7(u’)
and if none of the variables of K [Dgf)] appears in both u and u'.

(Case I) Let p=0.

Since fijfjx € inca (G)ifi < j <k, one has i, =ig. Since f;fje € inca (G)
if i <j <k <{, it follows that j, = ji, as required.

(Case II) Letp >0, a > 0 and o/ = 0.

Since ze; ; € inc,,,(G) unless i = n — 1 and j = n, the monomial u is of the
form

u = xaf’ihjl o fiq,jqeg—l,n'

Since p > 0, one has p) = 0. Let ¢ < p}. Then r > ¢ and ' = ¢}. Since
Py —qi =p—q and ¢} > ¢1 + «, one has pj > p, a contradiction. Let ¢} > pf.
Then r > p and 1’ = p). This contradicts a +r =17,

(Case III) Letp >0, a =o' =0 and ¢ = 0.

Since e; jere € inca (G)ifi<j<k<{ande;rejs € inca G)ifi<j<k<
£, the required argument coincides with Case III in the proof of Theorem [T1]

(Case IV) Let a =o' =0, p2 > 0 and g2 > 0.

Since p2 > 0, one has py = 0. Since e; jege € ince (G) if i < j <k < £ and
since pz > 0, it follows that each e4, », appearing in u satisfies either b =n —1 or
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be = n. However, since go > 0 and since f; ,—1€jn—1 € inca (G)ifi <n—1and
J <n—1, each e, ;. appearing in u must satisfy b¢ = n. Thus p = p;.

Let ¢; <p)j. Thenp—q1 =p}—q}, 7 = ¢} and r > q;. Since p > p} and ¢1 < ¢,
a contradiction arises. Let ¢ > p}. Then 1’ = p} and r > p, a contradiction.

(Case V) Leta =o' =0,p>0, ¢ >0, p2q2 =0 and pyqs = 0.

Since 7 = " and p; — 1 = p} — ¢}, one has p; = p| and ¢; = ¢}. Let w(u)™ =

- ~1
[T tactoe [Thoy tiy, m(u)t = [1E2y tag, tyy, | | tir, m(uw)” = [Th-y t; and
_ 1 _ _
mw')” =1l tj;,. Then 7(u)t = 7(uw)" and m(u)™ = m(v/)".

(i) Let zﬁl < ig and a1 < iq. Since e; j fi ¢, €k fj,0 and e; o fj 1 belong to inca (9)
ifi <j <k </, it follows that if a¢ < ¢y then b¢ = i4. In particular, by = i4. Since
eijeke € inca (G) if i <j <k </, one has either a¢ = iq or be = i,. Hence the
variable ¢;, appears in 7(u)" at least p + 1 times. However, ¢;, appears in 7(u/)"
at most p times, a contradiction.

(ii) Let 4, < iq and a; > iy. Then each a¢ satisfies ag > i,. Hence the variables
ts with § > i, appear in 7(u) ™ at least 2p+1 times. However, 5 with § > i, appear
in m(u)* at most 2p times, a contradiction.

(iii) Let iy, = 44 and ji < jq. Since fixfie € inca (G) if i < j <k </, it follows
that tj_,1 cannot appear in 7(u)~, a contradiction. O

q

APPENDIX

We briefly discuss the combinatorial and algebraic significance of the existence of
(squarefree) quadratic initial ideals of toric ideals. We work with the same notation
ACZ" Ri|A], K[A] and I4 as in the Introduction.

First, a fundamental question in commutative algebra is to determine whether
Rx[A] is Koszul [2]. Even though it is difficult to prove that Ry [A] is Koszul, the
hierarchy (i) = (ii) = (iii) is known, e.g., [3], among the following properties:

(i) 14 possesses a quadratic initial ideal;

(i) Rk [A] is Koszul;

(iii) I4 is generated by quadratic binomials.

Thus, in particular, each of the affine semigroup rings RK[AS;)J? RK[BS_)],

Ri[CS7] and Ry [DS] is Koszul.

Second, to construct a triangulation of the convex polytope conv(A) C R™,
the convex hull of A, is one of the most traditional topics in discrete geometry and
combinatorics. Let < be any monomial order on K[A] and /in<(I4) the radical of
the initial ideal in< (1 4). Write A(in<(I4)) for the (abstract) simplicial complex on
the vertex set A whose faces are those subsets A" C A with [[,c 4 Ta & /in<(la).
It is known [10, Theorem 8.3] that |A(in<(14))| = {conv(A’); A" € A(in<(14))}
is a triangulation of conv(A). Such a triangulation is called regular. Moreover,
|A(in<(14))| is unimodular (i.e., the normalized volume of each simplex conv(A’)
with A" € A(in<(I4)) is equal to 1) if and only if in(I4) is squarefree.

When in<(I4) is squarefree and quadratic, the simplicial complex A(in<(14))
is a flag complex, i.e., every minimal nonface of A(in(I4)) is a two-element sub-
set of A. Thus the combinatorics on |A(in<(l4))| can be discussed in terms of
the skeleton A(in<(I4))™ of A(in<(I4)), the finite graph on the vertex set A
whose edge set consists of all two-element faces of A(in<(I4)). For example, the
normalized volume of conv(A) coincides with the number of maximal complete sub-
graphs of A(in<(I4))™"). Note that the normalized volume of the convex polytope
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CODV(A,E;E)I) is computed in [7, Theorem 6.4] and the normalized volume of each

of the convex polytopes conV(Bgf)), Conv(Cgf)) and conv(Dﬁ{H) is computed in
Fong [6].
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