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ABSTRACT. Let S be a compact space and let X, ||-|| - be a (real, for simplicity)
Banach space. We consider the space Cx = C' (S5, X) of all continuous X-
valued functions on S, with the supremum norm ||| .

We prove in this paper a Bochner integral representation theorem for bound-
ed linear operators

T:Cx — X
which satisfy the following condition:
2 y*eEX* fLgeECx z*of=y*og=a"oTf=y* 0Ty
where X* is the conjugate space of X. In the particular case where X = R,
this condition is obviously satisfied by every bounded linear operator
T:Ckr — R
and the result reduces to the classical Riesz representation theorem.

If the dimension of X is greater than 2, we show by a simple example that
not every bounded linear T : Cx — X admits an integral representation of
the type above, proving that the situation is different from the one dimensional
case.

Finally we compare our result to another representation theorem where the
integration process is performed with respect to an operator valued measure.

1. INTRODUCTION

The problem of the integral representation for certain classes of linear operators
has been studied for a long time by several authors.

Among the most celebrated theorems which have been proved in this domain, one
can cite the Riesz representation theorem ([3], p. 265, and the references therein).

We can briefly describe the problem we will be concerned with in this paper as
follows:

Let us consider a compact Hausdorff space S and a Banach space X, |||y (to
simplify matters, take X real).

Now, we consider a real finite signed measure p on the o-field Bg of the Borel
sets of S, and form the Bochner integral

(1) Tf = /S £ (s) 1 (ds)
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for continuous X-valued functions
f:85—X.

Then it is a simple consequence of Bochner integral properties [4] that relation (1)
defines a bounded X-valued operator on the space Cx = C (5, X) of all continuous
X-valued functions on S equipped with the supremum norm ||-|| .

By analogy with the Riesz representation theorem, cited above, it is natural to
ask the following:

For which bounded linear operators

T:CX—>X

do we have the integral form (1) with respect to a signed measure p on Bg?

In the case X = R we have the integral form for every linear bounded operator
T : Cr — R . This is indeed the classical theorem of F. Riesz.

In this paper we consider arbitrary Banach space X, and will give a condition
under which bounded linear X-valued operators on C'x do have the integral form
(1) with respect to a suitable signed measure.

2. THE MAIN RESULT

First we make precise some notations we will use in the sequel:
1. For each z* € X*, let us introduce the linear operator U, : Cx — Cg

defined by
(2) feCx, Upf =" 0 f.
It may be seen that U,~ is bounded and we have
3) Uzl = "] -

2. We denote by Cxx the Banach space of all linear bounded operators T :
Cx — X normed by

(4) T € Oxx, |7 = sup {I TSIl : f € Cx. fllo < 1}

3. Finally we will be interested in the set Hxx of all T in Cxx satisfying
condition (C) below:

iyt e XY, f,geCx: " of=y'og=a"oTf=y"oTyg.

It is easy to see that Hx x is a closed subspace of Cxx. Note also that in the
case X = R we have

(5) HXX:CXX:C]EQ-
We are now in a position to give the main theorem of this paper:

Theorem 2.1. There is an isometric isomorphism between the Banach space Hx x
and the conjugate space Cy for each nontrivial Banach space X.
In other words, there exists a linear bijective mapping

@ HXX — C]E
such that
(6) o (M) = 11T
for every T € Hxx.

For the proof we prepare two lemmas.
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Lemma 2.2. There ezists a functional z* € X* with ||z*|| = 1 such that for every
h in Cr we can find a function f in Cx with
(7) h=z"of and |fle=[nl;

in other words U+ is onto.

Proof. Choose o € X with ||a|y = 1. Then by the Hahn-Banach theorem there
exists a functional z* € X* such that

2 (a) =llofx =1 and 2" =1.
We show that U,« is onto. Let h € Cr and define f in Cx by
(8) sesS, f(s)=h(s) a

Then we have

Us=f(s) = (70 f)(s)

= 27 (h(s)-q)
= h(s)z"(a)
= h(s) (since 2" (a)=1);
therefore
U, f=h.
From (8) and the choice of a, it is clear that | f|| . = [|h] - O

Lemma 2.3. Let V' be a bounded linear functional on Cgr (i.e. V € C§). Then

9) VI =sup{{[V o Up- || : [z7]| <1}.
Proof. For each z* in X*, we have
Vol < [V [|Us
= V] |lz*|] in view of (3)
< [VIF il <1
Therefore
(10) sup {[|V o Up-|| - [l2™]| < 1} < [V

To prove the reverse inequality, put A for the right-hand side of (9) and let € > 0
be given; then citing (4) with X = R, there exists h € Cg, ||h|, < 1, such that

(11) V| —e < |Vh].
By Lemma 2.2 there exist z* € X* and f € Cx such that
[z =1, h=Uxf, and |[fllo=hl-

It is noteworthy that z* does not depend on . But the function f, like h, may
depend on it. Now with these ingredients we have

[Vh| = [V oU.- (f) <[V oU.-

since || fl < 1.
Hence

Vh| < A
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which gives, in view of (10) and (11),
VI—e<A<|VI.
Since € > 0 is arbitrary we conclude that A = ||[V|| and this proves (9). O

Proof of Theorem 2.1. This will be presented in several steps. We will define linear
mappings

QDIHX)(—>C]§ and QIC]E{—>HX)(,

and will show that ¢ and 6 are isometries with ¢~ = 6.
Step 1. We begin with ¢ which is a priori more subtle.
Let T be in Hxx and let h be in Cg. By Lemma 2.2 we have h = z* o f for

some z* in X* with ||2*|| = 1, and some f in Cx with ||f| . = [|h|| .- Let us define
V :Cr — R by
(12) heCr, Vh=2"oT(f).

We check that V' is a well defined linear bounded functional on Cr (i.e. V € Cf).

Take f, g in C'x such that h = 2" o f = 2* 0 g as in Lemma 2.2. Then since T is
in Hxx, condition (C) is valid for T, and we have z* (T'f) = z*(Tg); therefore V
is well defined by (12). On the other hand V is linear since 7' is as well.

Finally from (12) we can write

VA = [z7oT (f)]
< e T - 1l
= |lz"o Tl |kl since [[fllo = lIAlls;

this shows that V' is bounded.
Now define ¢ : Hxx — Cj by

(13) TeHxx, ¢(I)=V
where V' is defined from T by (12).
¢ is linear. Indeed if Th, T € Hxx, and if V1 = ¢ (T1), Vo = ¢ (T2), V =
@ (Ty + T3), then, with h = 2z* o f € Cr as in (12), we have
Vh Z* o (Tl + TQ) (f)
ZoTi(f)+2" o Ta(f)
Vi (h) +Va(h).

Thus
p(Ti+T2) = (Th) +¢(T2),
likewise
v@l)=ap(T), YaceR ,VT € Hxx.
Step 2. For every T in Hx x and for every x* in X*, we have
(14) VoUg =a"0T
where

V=p(T).
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For f € Cx and z* € X, write 2* o f = 2* o g, using Lemma 2.2. Then

Vol (f) = V(o)
z7oT(g) (by (12))
= z*oT(f) (by condition (C)).

Since f is arbitrary, we deduce (14).
Now it is clear from (14) that

sup {||V o Uy~

lla¥]l <1} = sup{[[z* o T« [7[| < 1}.
Citing Lemma 2.3 for the left-hand side we find
[Vl =sup{llz" o T|| : [lz"[| <1},
and a simple estimation of the right-hand side leads to
(15) VI=1Ti-

This proves that ¢ is an isometry.
Step 3. We turn to the definition of the mapping

92C§—>HX)(.

If Ve Cf, there exists by Riesz representation theorem a unique signed real
measure on the Borel o—field Bg, such that

(16) h € Cg, Vh:/sh(s)u(ds).

Furthermore, ||V|| = ||u|| (=total variation of 1) (see [3] for more details).
With this measure y we define the Bochner integral [ f (s) u (ds), for f € Cx,
which turns out to be the bounded operator T': Cx — X given by

(17) feCy, Tf= /Sf(S)u(dS)-
Now put
(18) o(V)=T.

Note that 6 is well defined and linear from C} into Hx x. (The fact that § (V) €
Hx x is a consequence of a well known fact according to which z* ([ f (s) p (ds)) =
Jsz* o f(s) u(ds) for each z* € X*.)
Now we deduce from (16) and (17) that * o T =V o U« for every z* € X*.
Arguing as in Step 2, we get

1T = 1le (Ml =1V,

that is, € is an isometry.
Step 4. The mapping 6 o ¢ is the identity operator of Hx x.

Indeed let T € Hxx,s0 V = ¢ (T) € Ck. We must show that 6 (V) =T.

Let p be the real measure on Bg corresponding to V. Then by (18) we have,
for f € Cx, 0(V) f =[5 f(s)u(ds). On the other hand, if z* € X* and f € Cx,
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o0 () = o ([ Feu)

/S:v*of(S)u(dS)
— V@ o)
& o T (f)

where the last equality results from (14).
Since z* is arbitrary we deduce from the Hahn-Banach theorem that

O(V)f=Tf VYfeCx,

that is, 6 (V') =T, as was to be shown.
In the same way one can see that ¢ o 6 is the identity operator of Cg.
This completes the proof of Theorem 2.1. O

then

3. INTEGRAL REPRESENTATION OF OPERATORS IN THE CLASS Hx x

As an immediate consequence of Theorem 2.1, we have the following result which
gives an integral representation of operators in Hxyx. We use the notations of
section 1.

Recall that S is a compact space and Bg is the o—field of the Borel sets of S.

Theorem 3.1. Let T be an operator in Hxx. Then there exists a unique signed
real measure . on the o—field Bg, such that:

(i) VfeCx Tf=[sf(s)p(ds),
(i) ||IT| = lnll  (total variation of w),

the integral (i) being in the sense of Bochner.

Proof. Let V = ¢ (T) as in the proof of Theorem 2.1 (Step 1 (13)). Then, write V
as

heCr, Vh= /h 1 (ds),

where p is the (unique) real measure on Bg given by Riesz theorem.
From Step 2 of the proof of Theorem 2.1 we know that

V(ztof)=a"oT(f)

for every z* € X* and f € Cx (see (14)).
But

Vitof) = /Sfc*Of(S)u(dS)

([ rema).
orm s ([ s0)

for every z* € X* and f € Cx this implies (i).
To prove (ii), note that for every z* € X*, V oU,+ = * oT and use Lemma 2.3
once more. O

Therefore
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4. SOME REMARKS
The following lemma gives a consolidated form of condition (C).

Lemma 4.1. Let T be an operator in Cxx. Then T satisfies condition (C) if and
only if the following holds for each x* € X*:

(19) T (ker Ug~) C ker x™.

Proof. Condition (C) implies (19):
Let z* € X* and let f € ker U,«; then U~ (f) = 2* o f = 0. By condition (C)

we may write
2¥oTf=a"0T(0),
thus T'f € ker z*.

Condition (19) implies condition (C):
Assume condition (19), i.e.,

T (ker Uy~) C kerz™, for all z* € X™.
Let *,y* € X*, f,g € Cx and x* o f = y* 0 g. We need to show that
2*Tf=y"Tg.

Step 1: If f = g, then (2™ —y*) (f) = 0 and thus (z* —y*) (T'f) = 0 by (19). It

follows that z* (T'f) = y*(T'g) in this case.

Step 2: If a* = y*, then z*(f — g) = 0 and thus 2*T (f — g) = 0 by (19). Again

x* (Tf)=y*(Tg). If * and y* are linearly dependent, then Step 2 can be applied.
Suppose next that * and y* are linearly independent. Then there exists z,y € X

so that

" (z) = 1=y"(y),
' (y) = 0=y"(z),
" (z+y) = 1=y (z+y).

x

Set h(s) = (z"of(s)) - (x4+y) = (g og(s)): (x+y). Then h € Cx and

x*oh(s)=a*of(s)=y*og(s) =y*oh(s). By Step 1 *Th = y*Th and by Step
2, applied to the preceding equations,

2" (Th) = o* (Tf) and y* (Th) = y*(Tg).
Combining the last three equalities, we get
2¥oTf=y*"oTg,
and condition (C) follows as wanted. O

Corollary 4.2. An operator T : Cx — X has a Bochner integral representation if
and only if T satisfies condition (19).

Proof. Y Tf = [ fdp and z* o f =0, then z* (T'f) = z* ([ fdu) = [ga* fdu =0
which gives (19).

Conversely assume the validity of (19) for 7'; then condition (C) is satisfied by
Lemma 4.1. Therefore, by appealing to Theorem 3.1, we get a Bochner integral
representation for 7. O
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Remark 4.3. First of all let us recall that every X-valued bounded operator on C'x
which has the integral form (1) satisfies condition (C). Note also that in the case
X = R every bounded operator T on Cg satisfies condition (C), in other words
Hppr = Cy.

Now we show that if the dimension of X is greater than 2 the inclusion Hxx C
Cxx is strict. In view of Theorem 3.1 this means that the Riesz theorem fails to be
valid on all of C'x x as in the one dimensional case, but is verified only for operators
in the class Hxx. We prove the validity of this remark by:

Example 4.4. Let X = R"™ be the Euclidean space of dimension n > 2. Let T be
the bounded operator on Cx defined by the following recipe.

Fix 0 < a < 1 and also fix sg in the compact space S.

If g = (91,92, .. ,9n) is a continuous R™-valued function on S, let us put

(20) Tg = (g1 (s0),92(50) 5+ - »gn (50)) -
It is easy to check that T is a bounded R"-valued operator on Cgn.
We show that T' does not satisfy condition (C).
Let z* be the continuous functional on R™ given by
(Y1,92,- -, ¥n) ER™, 2" (Y1, 02, sUn) =1 Y2+ ...+ Y
By a simple argument, construct a continuous function

h:(hl,hg,... ,hn):S—>Rn

such that
(21) hi(s)4+ha(s)+...+h,(s)=0 VseS,
(22) hi (So) 75 0.

Then relation (21) says that z* oh =0, i.e., h € KerU,».
By (20) we have

z"oT (h) = ahy (so) + ha(so)+ ...+ hn(s0),

and in view of (21) and (22) we conclude that z* o T'(h) # 0, that is Th ¢ Kerz*.

It follows that (19) of Lemma 4.1 is not satisfied, which at once implies that
condition (C) fails for T'.

This shows that T is not in the class Hxx for X = R™,n > 2.

It may be noticed more directly that there is no Borel measure p on Bg for
which we have

(23) ng/sg@)u(ds):(/Sgus)u(ds),...,/Sgn<s>u<ds>).

Indeed if there were such measure, we would have y = J,, (=Dirac mass on s¢);
but it is obvious that (23) is impossible in this case.

5. A COMPARISON RESULT

For the sake of completeness, it may be of interest to compare Theorem 3.1 to
other integral representation theorems, where the integration process is performed
not with respect to scalar measure but with respect to vector measure (see [2] or
[5] for the framework of this integration process).

In what follows we propose a comparison to Dinculeanu-Singer theorem where
the integral representation is defined with respect to an operator valued measure.
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Before citing the theorem, let us make precise some notations and facts which will
be used in the sequel.

The symbols S, Bg, C (S, X) = Cx have the meaning of the preceding sections.
On the other hand let X,Y be Banach spaces and let

G:Bs — L£(X;Y™)
be a finitely additive vector measure on Bg with values in the Banach space
£ (X;Y™*) of all bounded linear operators from X into the second conjugate space
Y** of Y. For each y* € Y* let us define the set function Gy« : Bs — X* by
(24) Gy- (E) (x) =y"G (E) (2),

where F € Bg and x € X.

Then it is known that G- is a finitely additive X* -valued measure and moreover
if it is regular, then it is countably additive (see [I], chap. VI).

Let us observe that formula (24) allows us to define a family of scalar measures
A’y”* on By via

(25) Ee€Bs, z€X,y* €Y : A% (E) = Gy (E) (2).

We are now in a position to give the Dinculeanu-Singer theorem. The version given
below will suffice for our purpose.

Theorem 5.1 (Dinculeanu-Singer). Every bounded linear operator T : Cx — Y
determines a unique finitely additive measure G : Bg — £ (X;Y™) such that

(26) Tf= /SfdG for all f € Cx.

Moreover, for each y* € Y*, Gy« is a regular countably additive bounded measure
on Bg with values in X™* and we have

(27) T*y* = Gy-.

In (27) we use the identification between the dual space C% and the Banach space
rcab (Bg, X*) of all reqular countably additive bounded measures on Bg with values
i X*.

For the proof see [2] or [5] in the general setting of topological vector spaces.
As an immediate consequence we have:

Proposition 5.2. The scalar measures Aj., defined by (25) with the G given in
Theorem 5.1, are regular.

Proof. The measures G~ are regular by Theorem 5.1. |

Now we take Y = X and we consider a bounded operator T : Cx — X. Then
we have the following comparison result.

Theorem 5.3. Assume that T satifies condition (C) (or equivalently condition
(19)). Let u be the scalar measure giving the Bochner integral form (1) for T ac-
cording to Theorem 3.1 and let G be the operator valued measure giving the integral
form (26), by virtue of Dinculeanu-Singer theorem. Then we have

(28) GO =pnl)

where 7y is the canonical isomorphism of X into X**.
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Before giving the proof let us say that equation (28) has the following meaning:
(29) G(A)(x) =pu(A) -v(x) forall AePBgandxz € X.
Since for every y* in X*, v (x) (y*) = y* (), this in turn is equivalent to
(30) Gy (A)(z) =p(A)-y"(x) for all Ain Bg, z € X and y* in X~

Proof of Theorem 5.3. Let f in Cx be of the form f (s) = g (s) -z, whereg: S — R
is a continuous scalar function on S and x a fixed vector in X. Then by Theorems
3.1 and 5.1

Tf:/Sg(S)de:/Sg(S)-xdw

Applying y* € X* to T'f gives
v D=1 (1) = [ )6, = [ 992G,

where the second equality follows from (27). But [¢ g (s)-2dGy- = [5g(s)dAj. as
may be seen by first taking g as a simple function (using (25)) and then extending
it with standard integration tools (see [3], equation 9, p. 381).

Now, going back to the Bochner form of T'f and applying again an y* € X*, we
obtain

y*Tf=/Sg(S)y* (z) dp.

Finally we deduce from the two preceding forms of y*T'f that

[a@v @dn= [ g)an;.

S

for every continuous g : S — R.

But, in view of Theorem 3.1 and Proposition 5.2 respectively, the measures
y* (v) p and Aj. are scalar regular. Thus by appealing to the classical Riesz theo-
rem, we conclude that

Yy (@) p(A) = Ay (A) = Gy- (A) (),
which is (30), and consequently (28) is proved. O
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