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ON ZARISKI’S MULTIPLICITY PROBLEM

GEORGES COMTE, PIERRE MILMAN, AND DAVID TROTMAN

(Communicated by Paul Goerss)

Abstract. We show that to answer affirmatively Zariski’s question concerning
the topological invariance of the multiplicity of complex analytic hypersurfaces
at isolated singular points, it suffices to prove two combined statements, each
of which may be obtained separately.

A celebrated question of Zariski, posed in 1971 [Za], concerns the topological
invariance of the multiplicity of complex hypersurfaces. This was part of the vast
equisingularity programme initiated by Zariski in the sixties, aiming at understand-
ing the relations between the invariants of different nature (topological, differential,
numerical and algebraic) of a singular germ. From this point of view, the question
of the behaviour of the multiplicity under homeomorphism is natural, since the
multiplicity is the simplest analytic invariant of a complex germ.

We first recall Zariski’s question. Let f, g : (Cn, 0) −→ (C, 0) be two germs
at 0 of holomorphic functions, and let f−1(0) and g−1(0) be the germs at 0 of the
hypersurfaces they define in Cn. We denote by e(f−1(0), 0) the local multiplicity at
0 of f−1(0); thus e(f−1(0), 0) is the number of points of intersection near 0 of the
hypersurface f−1(0) with a generic complex line passing close to 0, but not through
0. Suppose that there exists a germ of a homeomorphism φ : (Cn, 0) −→ (Cn, 0)
sending f−1(0) onto g−1(0). In this case we say that the two hypersurfaces have
the same topological type or are topologically V-equivalent. Zariski asked: is it then
the case that e(f−1(0), 0) = e(g−1(0), 0)? Zariski wrote in 1971 that he would
be “greatly disappointed” if topologists were unable to answer this question “in a
relatively short order” ([Za], page 483).

Almost thirty years later, the problem is still unresolved, even for analytic fam-
ilies of complex hypersurfaces with isolated singularities and constant topological
type in C3, although the question is periodically asked (see for instance [Te]). Sur-
veys describing some of the many partial results obtained can be found in [Tr], [Ka]
and [Ri-Tr] and [Co]. Quite recently the first author has shown that local bilips-
chitz triviality along a smooth analytic subspace implies equimultiplicity along the
subspace for complex analytic sets of any codimension [Co] (while the Zariski ques-
tion concerning the topological equivalence makes sense only for hypersurfaces). In
particular the simple argument of [Co] gives equimultiplicity along strata of a lips-
chitz stratification (in the sense of [Mo]). J.-J. Risler and the third author proved
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in [Ri-Tr] that if f and g are right-left bilipschitz equivalent germs at 0 of complex
analytic functions on Cn, then e(f−1(0), 0) = e(g−1(0), 0). It is this last result
that we improve here, at least for isolated hypersurface singularities, since in what
follows we assume that the origin is an isolated critical point of f .

First we observe that in 1989 it was established that if f−1(0) and g−1(0)
have the same topological type, then there exists locally near 0 a homeomorphism
ϕ1 : (Cn, 0) −→ (Cn, 0), sending f−1(0) onto g−1(0) and such that |ϕ1(z)| = |z|
for all z in some neighbourhood of the origin. This follows from very deep work
of Osamu Saeki [Sa]: he used major results in cobordism theory of Kirby and
Siebenmann [KS1], [KS2], Perron [Pe], Quinn [Q] and Wall [W], to prove that in
all dimensions the two hypersurfaces f−1(0) and g−1(0) have the same topological
type if and only if there exists a small sphere S2n−1

ε centred at the origin in Cn and
a homeomorphism sending (S2n−1

ε , S2n−1
ε ∩ f−1(0)) onto (S2n−1

ε , S2n−1
ε ∩ g−1(0)).

One says that f−1(0) and g−1(0) are link-equivalent. Clearly, when f−1(0) and
g−1(0) are link-equivalent, the proof of Milnor [Mi, Theorem 2.10] on the conical
structure of isolated singularities then implies the existence of ϕ1, sending f−1(0)
onto g−1(0) and such that |ϕ1(z)| = |z| for all z in some neighbourhood of the
origin.

Now it is also known that if f−1(0) and g−1(0) have the same topological type,
there exists a homeomorphism ϕ2 : (Cn, 0) −→ (Cn, 0), sending f−1(0) onto
g−1(0) and such that |(g ◦ ϕ2)(z)| = |f(z)| for all z near 0. This result is a con-
sequence of theorems due to H. King [Ki] when n 6= 3 and to Perron [Pe] when
n = 3, stating that topological V-equivalence is the same as topological right-left-
equivalence, together with another theorem of King [Ki] stating that topological
right-left equivalence of f and g implies that g is topologically right-equivalent
either to f or to f̄ , the conjugate of f , which has the same multiplicity as f .

After these two remarks, we formulate our result:

Proposition. With the notations above, if there exists a homeomorphism-germ
ϕ : (Cn, 0) −→ (Cn, 0) having the properties of both ϕ1 and ϕ2, then e(f−1(0), 0)
= e(g−1(0), 0).

In fact it suffices to assume there are positive constants A,B,C and D such that:
(1) A|z| ≤ |ϕ(z)| ≤ B|z|, for all z near 0, and
(2) C|f(z)| ≤ |(g ◦ ϕ)(z)| ≤ D|f(z)|, for all z near 0.

Comments. We have seen that one can obtain homeomorphisms ϕ having either
the property of ϕ1 or the property of ϕ2, but it is apparently not known whether
topological equivalence implies the existence of a homeomorphism having simulta-
neously the properties of ϕ1 and of ϕ2.

The hypothesis of [Ri-Tr], that there exists a germ of a homeomorphism ϕ3 :
(Cn, 0) −→ (Cn, 0) and positive constants A and B such that

A|z − w| ≤ |ϕ3(z)− ϕ3(w)| ≤ B|z − w|

for all w and z near 0 with w ∈ f−1(0), is weakened here to the hypothesis (1) of
the Proposition above, by using the characterization of multiplicity in the following
lemma (cf. [Pl]) which differs from the characterization of [Ri-Tr]. Note that it is
still not known whether topological equivalence implies the existence of ϕ3 as in
[Ri-Tr], whereas the existence of ϕ1 follows from [Sa] as we described above. It is in
this sense that the present note should be of interest because it suggests a plausible
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strengthened topological statement for topologists to attack which would answer
Zariski’s question affirmatively.

Write δ(f) = sup{δ :
|f(z)|
|z|δ is bounded near 0}.

Lemma. Let f : (Cn, 0) −→ (C, 0) be the germ of an irreducible holomorphic
function. Then e(f−1(0), 0) = δ(f).

Proof. The multiplicity e(f−1(0), 0) is just the lowest degree of the homogeneous
polynomials in the expression of f as a convergent power series near 0 (we assume
that f and g are irreducible).

First we show that e(f−1(0), 0) ≤ δ(f). Suppose that δ < m = e(f−1(0), 0). We

must show that lim
z→0

|f(z)|
|z|δ = 0. Now f(z) = f0(z) + f1(z) where f0 is a non-zero

homogeneous polynomial of degree m, and f1 has only terms of degree larger than
m . Write

f0(z) =
∑
|α|=m

z1
α1 . . . zn

αn .

By the triangle inequality, it suffices to show that each term
z1
α1 . . . zn

αn

|z|δ

tends to 0. But
|z1

α1 . . . zn
αn |

|z|δ ≤ |z1|α1 . . . |zn|αn
|z|δ ≤ (sup{|zi| : 1 ≤ i ≤ n})m

|z|δ

which tends to 0 as |z| tends to 0, because |z| is equivalent to sup{|zi|m : 1 ≤ i ≤ n}
(equivalence of norms), and δ is assumed to be less than m.

To prove that δ(f) = e(f−1(0), 0) it is enough to show that δ(f) ≤ m. So
suppose now that δ > m. Consider z = (z1, . . . , zn) such that z1 = . . . = zn. We
can suppose that z is not in the tangent cone of f−1(0), after a suitable change of
coordinates. Then |f(z)|/|z|δ is equivalent to |z1|m−δ, which is unbounded as |z1|
tends to 0. It follows that δ > δ(f), and hence that δ(f) ≤ m. This completes the
proof that δ(f) = e(f−1(0), 0).

Proof of the Proposition. Let δ(g) = δ and z 6= 0 in Cn. The ratio

|f(z)|
|z|δ =

|f(z)|
|ϕ(z)|δ

|ϕ(z)|δ
|z|δ ≤ |g ◦ ϕ(z)|

C|ϕ(z)|δ B
δ =
|g(z′)|
C|z′|δB

δ

is uniformly bounded near 0, using the hypotheses (1) and (2) and the definition
of δ(g). Again by definition of δ(g) and δ(f), this implies that δ(g) ≤ δ(f). By
symmetry, δ(g) = δ(f). The Proposition then follows from the characterisation of
the Lemma.

References

[Co] G. Comte, Multiplicity of complex analytic sets and bilipschitz maps, Real analytic and
algebraic singularities, Pitman Research Notes in Mathematics Series 381 (T. Fukuda,

T. Fukui, S. Izumiya, S. Koike, eds.), (1998), 182–188. MR 99a:32048
[Ka] U. Karras, Equimultiplicity of deformations of constant Milnor number, Proceedings of the

Conference on Algebraic Geometry, Berlin 1985, Teubner-texte zur Mathematik, Band 92
(H. Kurke, M. Roczen, eds.), (1986), 186–209. MR 89f:32012

http://www.ams.org/mathscinet-getitem?mr=99a:32048
http://www.ams.org/mathscinet-getitem?mr=89f:32012


2048 GEORGES COMTE, PIERRE MILMAN, AND DAVID TROTMAN

[Ki] H. King, Topological type of isolated critical points, Annals of Math. 107 (1978), 385–397.
MR 58:13081

[KS1] R. Kirby and L. C. Siebenmann, Normal bundles for codimension 2 locally flat embeddings,
Geometric topology (Proc. Conf., Park City, Utah, 1974, edited by L. C. Glaser and T.
B. Rushing), Lecture Notes in Math. 438, Berlin-Heidelberg-New York, Springer (1975),
310–324. MR 53:4072

[KS2] R. Kirby and L. C. Siebenmann, Foundational essays on topological manifolds, Annals of
Math. Studies no. 88, Princeton University Press (1977). MR 58:31082

[Mi] J. Milnor, Singular points of complex hypersurfaces, Annals of Math. Studies no. 61,
Princeton University Press (1968). MR 39:969

[Mo] T. Mostowski, Lipschitz equisingularity, Dissertationes Math. 243 (1985). MR 87e:32008
[Pe] B. Perron, Conjugaison topologique des germes de fonctions holomorphes à singularité
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Orsay, January 1980.

[W] C. T. C. Wall, Surgery on compact manifolds, Academic Press, New York (1970). MR
55:4217

[Za] O. Zariski, Some open questions in the theory of singularities, Bull. Amer. Math. Soc. 77
(1971), 481–491. MR 43:3266
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