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A WEAK ASPLUND SPACE
WHOSE DUAL IS NOT IN STEGALL’S CLASS

ONDŘEJ F. K. KALENDA

(Communicated by Jonathan M. Borwein)

Abstract. We show that, under some additional set-theoretical assumptions
which are equiconsistent with the existence of a measurable cardinal, there is
a weak Asplund space whose dual, equipped with the weak* topology, is not
in Stegall’s class. This completes a result by Kenderov, Moors and Sciffer.

A Banach space X is weak Asplund if every real-valued continuous convex func-
tion on X is Gâteaux differentiable at the points of a dense Gδ subset of X . This
is a large class of Banach spaces which includes many interesting subclasses that
are thoroughly studied in [1]. To date, the largest subclass of weak Asplund spaces
was introduced by C. Stegall in [15]. This is the class of those Banach spaces X
such that (X∗, w∗) belongs to the so-called “Stegall class”. A topological space T
is in Stegall’s class if, whenever B is a Baire space and ϕ an upper semicontinuous
nonempty compact-valued mapping from B into T which is minimal with respect
to inclusion, then ϕ(b) is a singleton for all points b from a dense Gδ subset of B.

A further subclass of weak Asplund spaces is that of all Banach spaces X such
that (X∗, w∗) is fragmentable. Recall that a topological space (T, τ) is fragmentable
if there is a metric ρ on the set T such that any nonempty subset of T has nonempty
relatively τ -open subsets of arbitrarily small ρ-diameter.

While it is easy to see that any fragmentable topological space is in Stegall’s
class and any Banach space whose dual, with the weak∗ topology, is in Stegall’s
class is weak Asplund, the converse implications were open for a rather long time,
see the comments in [1]. In [6] a consistent example of a Stegall compact space
which is not fragmentable was constructed. This result was recently improved in
[7], where a consistent example was shown of a Banach space X such that (X∗, w∗)
is in Stegall’s class but is not fragmentable.

The main result of the present paper is point (3) of the following theorem. Point
(1) is in fact the mentioned result of [7]. Point (2) follows easily from [6] and [7].
We prefer to include these three assertions in one theorem in order to make things
more transparent.

Let us further remark that the Theorem below (in fact, already the result of [7])
gives consistent examples of weak Asplund spaces without any Gâteaux smooth
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Lipschitz bump function. Indeed, if X has a Gâteaux smooth norm [12] or at least
a Gâteaux smooth Lipschitz bump function [2], [9], then X∗ is weak* fragmentable.

Theorem. (1) If ℵ1 = ℵL1 , then there is a Banach space X such that (X∗, w∗)
is in Stegall’s class but not fragmentable.

(2) If Martin’s axiom and the negation of the continuum hypothesis hold, then
there is a weak Asplund space X such that (X∗, w∗) is not fragmentable.

(3) If there is a precipitous ideal on ω1 and Martin’s axiom and the negation of
the continuum hypothesis hold, then there is a weak Asplund space X such
that (X∗, w∗) is not in Stegall’s class.

Let us make a few remarks on the axioms used. The letter L denotes the con-
structible universe. So ℵ1 = ℵL1 is satisfied for example under the axiom of con-
structibility (i.e., V = L) but also in other situations (cf. [6]). For the definition of
a precipitous ideal we refer to [4] or [3]. Its existence on ω1 is equiconsistent with
the existence of a measurable cardinal. Further, it follows from [5] and [14] that if it
is consistent to suppose that there is a measurable cardinal, then the assumptions
of (3) are consistent. Indeed, if it is consistent that there is a measurable cardinal,
then, due to [4], it is consistent to suppose there is a normal precipitous ideal on
ω1. Now apply the Theorem in section 7.11 of [14] to get a complete Boolean al-
gebra satisfying the countable chain condition which yields an extension in which
Martin’s axiom and the negation of the continuum hypothesis hold. Finally, such
an extension preserves normal precipitous ideals on ω1 due to [5]. Notice also that
the assumptions of (1) and (3) cannot hold simultaneously.

To prove the main result we need to introduce, consistently with [6], the following
subclasses of Stegall’s class. Let C be a class of Baire spaces which is closed with
respect to taking open subsets and dense Baire subspaces. We say that a topological
space T is in Stegall’s class with respect to the class C if, whenever B is from C and
ϕ is an upper semicontinuous nonempty compact-valued mapping from B into T
which is minimal with respect to inclusion, then ϕ(b) is a singleton for all points b
from a dense Gδ subset of B.

Let us remark that T is in Stegall’s class if and only if it is in Stegall’s class with
respect to the class of all Baire metric spaces by [8]. Further, if X is a Banach space
such that (X∗, w∗) is in Stegall’s class with respect to the class of all Baire metric
spaces with density at most equal to the density of X , then X is weak Asplund; cf.
[1, Theorem 3.2.2 and its proof].

Further we recall the construction used in [6] and then in [7]. Let A ⊂ (0, 1) be
an arbitrary subset. Put

KA := ((0, 1]× {0}) ∪ (({0} ∪A)× {1})
and equip this set with the lexicographical order (i.e., (s, a) < (t, b) if either s < t,
or s = t and a < b) and the order topology. Then KA is a compact Hausdorff space,
see [6, Proposition 2]. Now we give the key proposition.

Proposition. Let C be a class of Baire metric spaces which is closed with respect
to taking open subspaces and dense Baire subspaces, and suppose that A ⊂ (0, 1).
Then the following assertions are equivalent.

(a) (C(KA)∗, w∗) is in Stegall’s class with respect to C.
(b) KA is in Stegall’s class with respect to C.
(c) For any B ∈ C and any continuous function f : B → A the function f has at

least one local extremum, i.e., a local minimum or a local maximum.
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(d) For any B ∈ C and any continuous function f : B → A there is a nonempty
open U ⊂ B such that f is constant on U .

Proof. The implication (a)⇒ (b) is trivial, as KA is homeomorphic to a subspace
of (C(KA)∗, w∗).

The equivalence of (b) and (c) is proved in [6, Proposition 4].
The implication (d)⇒ (a) is proved in [7].
So it remains to show that (c)⇒ (d). Suppose that (c) holds and that there is

some B ∈ C and a continuous function f : B → A which is not constant on any
nonempty open subset of B. Fix a metric ρ generating the topology of B. For
n ∈ N put

M≥n := {b ∈ B : f(b) = max{f(b′) : ρ(b, b′) < 1/n}},
M≤n := {b ∈ B : f(b) = min{f(b′) : ρ(b, b′) < 1/n}}.

Then clearly both of the sets M≥n and M≤n are closed. If one of these sets has
an interior point, then f is constant on a neighborhood of it. Indeed, if b is an
interior point of M≥n , then Bρ(b, δ) ⊂M≥n for some δ > 0. Let b′ ∈ B be such that
ρ(b, b′) < min(δ, 1

n ). Then both f(b) ≥ f(b′) and f(b′) ≥ f(b), so f(b′) = f(b).
Hence both of the sets M≥n and M≤n are closed and nowhere dense. Therefore,

M :=
⋃
n∈N

(M≥n ∪ M≤n ) is a meager set and hence has an empty interior. Thus

B′ := B \M is a dense Baire subspace of B; therefore it belongs to C. So, by (c),
f � B′ has a local extremum at a point b. Then, by the continuity of f and the
density of B′ in B, f has a local extremum at b, with respect to B, too. Thus
b ∈M , a contradiction.

Proof of the Theorem. (1) Suppose ℵ1 = ℵL1 . By [13] there is an uncountable coan-
alytic set A ⊂ (0, 1) which has no perfect subset. By [11, Lemma 5.1] this A satisfies
condition (d) of the Proposition if C is the class of all Hausdorff completely regular
Baire spaces. By the Proposition (C(KA)∗, w∗) is in Stegall’s class with respect to
the class of all Baire metric spaces, and so it is in Stegall’s class by [8]. Further,
(C(KA)∗, w∗) is not fragmentable, as KA is not fragmentable by [6, Proposition 3].

(2) Suppose Martin’s axiom and the negation of the continuum hypothesis hold.
Then there is (by [10, p.162]) a set A ⊂ (0, 1) of cardinality ℵ1 such that each subset
of A is relatively Fσ . By [6, Proposition 7(1)] the set A satisfies condition (d) of
the Proposition if C is the class of all Baire spaces of weight at most ℵ1. Hence,
by the Proposition, (C(KA)∗, w∗) is in Stegall’s class with respect to the class of
all metrizable Baire spaces of weight at most ℵ1. Moreover, C(KA) has density
ℵ1, so it is weak Asplund. Again, (C(KA)∗, w∗) is not fragmentable, as KA is not
fragmentable by [6, Proposition 3].

(3) Suppose there is a precipitous ideal on ω1 and Martin’s axiom and the nega-
tion of the continuum hypothesis hold. By point (2) there is an uncountable
A ⊂ (0, 1) such that C(KA) is weak Asplund. However, by [11] (or [6, Propo-
sition 8]) there are no uncountable subsets of (0, 1) that satisfy condition (d) of the
Proposition with respect to metrizable Baire spaces of weight at most 2ℵ1 . Hence,
by the Proposition, (C(KA)∗, w∗) is not in Stegall’s class.

Now we collect some open problems. First, notice that the axioms used in
assertions (1) and (3) of the Theorem cannot hold simultaneously. Indeed, if there
is a precipitous ideal on ω1, then it follows from Theorem 3.2 and the Lemma in
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the proof of Theorem 3.3 in [3], together with [16], that ℵ1 > ℵL1 . So the following
question is natural.

Question 1. Is it consistent that all three classes – weak Asplund spaces, Banach
spaces whose dual, with the weak∗ topology, lie in Stegall’s class, and Banach spaces
with weak* fragmentable dual – are mutually distinct?

The following question has a positive answer within the spaces KA.

Question 2. Suppose K is a Stegall compact space. Is (C(K)∗, w∗) in Stegall’s
class as well?

The next question concerns a possible strengthening of assertion (3) of the The-
orem.

Question 3. Is there a weak Asplund space X with density ℵ1 such that (X∗, w∗)
is not in Stegall’s class with respect to the class of metrizable Baire spaces of weight
at most ℵ1?

Finally, we can ask about the necessity of some of the set-theoretical assumptions.

Question 4. Is it consistent that fragmentable and Stegall compact spaces coin-
cide? Is it true if there is a precipitous ideal on ω1? Is it consistent that each weak
Asplund space has a weak* fragmentable dual? Is it true if there is a precipitous
ideal on ω1 and the continuum hypothesis holds?

The author is grateful to B. Balcar for helpful consultations on forcing.

Added in proof

A positive answer to Question 1 was obtained by K. Kunen and the author.
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