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ABSTRACT. In this note we give a necessary and sufficient condition for the
existence of a fiber preserving branched covering between two closed, orientable
Seifert manifolds (for sufficiency we need the additional assumption that the
genus of the base orbifold of the target manifold > 1). Combining this with two
theorems of Rong we get a necessary and sufficient condition for the existence
of a nonzero degree map between two such manifolds.

0. INTRODUCTION
In [7] Yongwu Rong proved:

Theorem. Let f: M — N be a nonzero degree map between closed P%-irreducible
Seifert manifolds of infinite 1. Then f ~ pgm, where 7 is a composition of finitely
many vertical pinches, g is a fiber preserving branched covering, and p is a cover-
ing. Furthermore, p can be chosen to be the identity map unless N is a Fuclidean
manifold.

Using this theorem Rong [8] gave a necessary and sufficient condition for the
existence of a degree one map between two aspherical, closed, orientable Seifert
manifolds (see Theorem 3.2 of [§]), and proved as a corollary: If M is an aspherical,
closed, orientable Seifert manifold, then there are only finitely many aspherical
Seifert manifolds N such that there exists a degree one map f : M — N (see
Corollary 4.1 of [8]).

In this note we try to generalize the results above in [§] to the case of arbitrary
degree (but for sufficiency we need the additional condition that the orbifold genus
of the target manifold > 1). In Section 1 we give two general facts about branched
coverings of Seifert manifolds, which will not be used in the later sections. Then we
give a necessary and sufficient condition that there exist a fiber preserving branched
covering between two closed, orientable Seifert manifolds (for sufficiency we need
the additional assumption that the orbifold genus of the target manifold > 1) (see
Theorem 2.2 in Section 2). One of the key ingredients in the proof is a theorem of
Husemoller (see Theorem 4 of [4] and Proposition 3.3 of [2]) which guarantees the
existence of the branched covering of a closed, orientable surface with nonpositive
Euler characteristic with any given branch data with even total branching. As a
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consequence, we get an elementary proof of the naturality of the Euler numbers of
Seifert manifolds [6]. Combining Theorem 2.2 with Rong’s theorems above we get
a necessary and sufficient condition that there exist a nonzero degree map between
two such manifolds (see Theorem 3.0 in Section 3). As a consequence, we show that
for a given aspherical, closed, oriented Seifert manifold M and a nonzero integer d,
there are only finitely many such Seifert manifolds NV such that there is a degree d
map f: M — N (see Corollary 3.1).

1. TWO GENERAL FACTS ABOUT BRANCHED COVERINGS
OF SEIFERT MANIFOLDS

In this section we generalize two well-known facts about coverings of Seifert
manifolds to the case of branched coverings, which will not be used in the later
sections.

Proposition 1.0. A finite sheeted branched covering space of a Seifert manifold
branched over fibers admits a Seifert fibration.

The proof is easy and omitted.

Remark. If we remove the condition “branched over fibers”, then the result is ob-
viously not true.

Conversely, we have

Proposition 1.1. Let S be a compact, connected, irreducible, orientable 3-mani-
fold. Suppose that some finite sheeted branched covering space S’ of S admits a
Seifert fibration such that the inverse image of the downstairs branch set consists
of some fibers. Then S itself admits a Seifert fibration such that the downstairs
branch set consists of some fibers.

Proof. Suppose we have a finite sheeted branched covering p : S’ — S, where S’
is a Seifert manifold and the inverse image of the downstairs branch set consists
of some fibers. Let p| : S' — p~}(N(Bp)) — S — N(B,) be the corresponding
unbranched covering, where B, is the downstairs branch set and N(B,) is an open
regular neighborhood of B, such that p~*(N(B,)) is fibered. By [5, Theorem 6.3]
and the positive solution of the Seifert fibered space conjecture by Gabai, Casson
and Jungreis [1], [3], S — N(B,) admits a Seifert fibration, which can extend to
N(B,) such that B, consists of some fibers as is easily seen.

Note that for any nonzero degree map f : M — N between two aspherical,
closed Seifert manifolds, we have f ~ fip, where p : M — M is a fiber preserving
branched covering (in fact p is the natural projection from M to some M/Z,,, where
Z, is in the S' action on M), and fi.(h) = h, where h represents regular fibers
of both M, N. So we shall first consider nonzero degree map f : M — N of fiber
degree 1 in the next section.

2. FIBER PRESERVING BRANCHED COVERINGS
BETWEEN SEIFERT MANIFOLDS

From now on, “Seifert manifold” will always mean an oriented closed connected
3-manifold admitting a fixed point free action of S*. As is well known, such a man-
ifold is equivariantly classified by its “Seifert invariants” [10]. We shall use unnor-
malized Seifert invariants (see [6]). The unnormalized Seifert invariant of a Seifert
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manifold M is denoted by I(M) = {g;(a1,51),.-. s (@m,Bm)} or {g;r1,... ,Tm}
where ¢ is the orbifold genus of M, («y, 5;) (ai,B; coprime and «; > 1) are the
Seifert invariants of the maybe-singular fibers, and r; = 3;/«;.

The unnormalized Seifert invariant of a Seifert manifold M is not unique. We
can transform it while not changing the isomorphic type of the Seifert fibration of
M by the following moves which we call equivalent moves (see [6], [§]):

(1) permute the r;.

(2) add 0 to or delete 0 from the list 71,... , 7.

(3) replace r;,r; by r; +1,r; — 1.

As preparation, let’s see when there exists a k-fold fiber preserving branched
covering of fiber degree 1 between two Seifert fibered solid tori V; and V5 such that
upstairs and downstairs branch sets are their central fibers.

Let the Seifert invariant of V2 be (o, S2) under a (cross section, fiber) basis
(ca, ha), i.e. the meridian ps of Vo can be represented by ¢5? h§2. If such a branched
covering f : V3 — V5 exists, then co lifts to a cross section ¢y of the fibration of V4
restricted to OV, for fiber degree one. Thus we have f|.(c1) = &, where f| is the
restriction of f to 9V;.

By the definition of branched covering we can write f|.(u1) = p, where s is some
nonzero integer. So f|.(c¢{h5Y) = (¢52h5?)*, where we set the Seifert invariant of
V4 under the (section, fiber) basis (c1, k1) to be (ay, 81). Thus i hS" = 522 h5P2,
i.e. kal = Stg, ﬁl = Sﬁg. So ﬁl/alz kﬁg/ag.

Conversely, if V; has Seifert invariant (o, 8;), and «;, 5; (i = 1,2), and k satisfy
the relation above, then clearly there exists a branched covering Vi — V5 satisfying
the given condition (by a direct construction; cf. [10]).

Definition 2.0. Let R = {fi/a1,...,0s/cos}, R'= {B1/a},... B, /ca)} be two
unordered sets of rational numbers (repetitions allowed). Let d be a positive integer.
We say R >4 R’ if R can be split into a “disjoint” union R = Ry U...U Ry such
that for any ¢ (1 < ¢ < k) and any 3;/a; € R;, Bj/a; = a;f;/c), (where a; is
some positive integer), and ) a; = d, where the summation is over all j such that

ﬂj/aj € R;.

Lemma 2.1. Let M, N be closed oriented Seifert manifolds. Suppose I(N) =
{¢’;R'}, where ¢ > 1 and R' = {B}/a4,... .0, /al} (n > 1). Then there is a
d-fold fiber preserving branched covering M — N with fiber degree one if and only
if M has Seifert invariant {g; R}, where R >4 R' and nd—|R| < 2d(1—g¢’)—2(1—g).
Here |R| is the number of elements in the multiset R (counted with multiplicity).

Proof. Suppose there is such a branched covering f : M — N. Recall how we get
the Seifert invariant of N as in [6]. Let O1,... , O, be a nonempty collection of fibers
in N, including all singular fibers. Let 71, ... , T, be disjoint Seifert fibered tubular
neighborhoods of Oy, ... ,0,, and Ny = N —int(T1U...UT,,). Take the section ¢z of
the bundle Ny — No/S! which leads to the Seifert invariant {¢’; R’} of N. Let My =
M — f=1(int(T1U...UT,)). Then c; lifts to a section c¢; of the bundle My — Mg/ S*
for fiber degree one. Let {g; R} be the Seifert invariant of M under the (section,
fiber) frame (c1, h1), where hy stands for a regular fiber of M. Considering T; and
its inverse image under f we get the relation R >4 R’ by the local computation
before Definition 2.0. The inequality nd — |R| < 2d(1 — ¢') — 2(1 — g) follows from
the Riemann-Hurwitz formula since nd — | R| is a part of the total branching of the
induced branched covering f : M/S' — N/S.
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Conversely suppose the Seifert invariants of M,N satisfy the relation in the
lemma we’ll go to construct a branched covering f : M — N as required. Let

k=2d(1-g')-2(1-g)—(nd—|R]).

Let D={A1,..., 40, Ant1,... ,Anyr}, where A; (i =1,...,n) are the partitions
of d given by the relation R >4 R’ (i.e. each A; consists of the a;’s (depending on 7)
in Definition 2.0), A,,+; = [2,1,...,1] (d—2 times 1) for j = 1,... , k. By Theorem
4 of [4] or Proposition 3.3 of [2] there is a d-fold branched covering f : F, — F,
with branch data D, where Fj is the closed, orientable surface of genus g. Based on
this and the local constructions (as what we have done in the preparation before
Definition 2.0) decided by the relation R >4 R’, a branched covering M — N as
required can be constructed: We have the induced covering between surfaces with
boundary f| : F, — Til(int(Dl U...UDpyk)) = Fy —int(D1U...U Dp4x). Then
clearly

_ -1,
flxid: (Fg—f (int(D1U...UDypyg)))
x St — (Fy —int(D1 U ... U Dpyy)) X St

extends to a d-fold fiber preserving branched covering f : M — N with fiber degree
one.

Remark. In the proof of the necessity of the lemma above we do not need the
condition ¢’ > 1. But for sufficiency we do need ¢’ > 1 as shown in the following
example.

Example. Let I(M) = {0; R} = {0;2/13,2/13,4/17,4/17,9/19,3/19}, I(N) =
{0; R’} = {0;1/13,2/17,3/19}. Then R >4 R and nd — |R| = 6 = 2d(1 — ¢') —
2(1 — g). However there is no 4-fold fiber preserving branched covering M — N
with fiber degree one, for {[2,2],[2,2],[3,1]} cannot arise as the branch data of a
connected branched covering of S? (see Proposition 5.3 of [2]).

In the case of arbitrary fiber degree we have the following:

Theorem 2.2. Let M, N be closed, oriented Seifert manifolds with Seifert invari-
ants

I(M)={g;R} ={g;1/c1,... . Bm/om}
I(N)={g"sR'} ={g"; 81/, ... ., Bn/ar},

where g¢' > 1. Let d,dy be positive integers and di|d. Then there is a d-fold fiber
preserving branched covering M — N with fiber degree di if and only if diR :=
{d181/a1, ... ,d1Bm/cm} can be equivalently moved to a set R >4, R' (where dy =
d/dy) and ndy — |R| < 2d2(1 — ¢') — 2(1 — g).

Proof. First we prove necessity. If there exists such a branched covering f : M — N,
then f factors through M/(Z/d;) (where Z/d; is inside the S* action on M). By
a fact due to Seifert (see [10] or Lemma 1.3 of [6]) M/(Z/d;) has Seifert invariant
{g;d1f1/0a,... ,d1Bm/am}. Now the necessity clearly follows from the lemma
above.

Sufficiency can be proved by a direct construction as in the lemma above.

Remark. Again in the proof of the necessity ¢’ > 1 is not used.
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As an application we have the following.

Corollary 2.3 ([6]). Let M, N be aspherical, closed, oriented Seifert manifolds.
Suppose there is a degree d (d # 0) fiber preserving map f : M — N with fiber
degree di. Then e(M) = (da/di)e(N), where e(M) (resp. e(N)) is the Euler
number of the Seifert fibration of M (resp. N), and d2 = d/d;.

Proof. By the theorem of Rong cited at the beginning of this note, f ~ gm, where
7 M — M is a composition of finitely many of vertical pinches, and g : M — N
is a fiber preserving branched covering. By Corollary 3.3 of [8] e(M) = e(M). We
can write ¢ = gog1, where g1 : M — M := M/(Z/dl) is the natural projection,
and go : M — N is a da-fold fiber preserving branched covering of fiber degree one.

By the fact due to Seifert cited above, e(M) = (1/d1)e(M). By Theorem 2.2 and

Definition 2.0, e(M) = d2e(N). So e(M) = (d2/dy)e(N).

Remark. The proof of the fact above sketched in [6] used more algebraic topology,
while our proof here is quite elementary.

Corollary 2.4 ([8]). Let M, N be closed, oriented Seifert manifolds, where x(On)
< 0. Suppose there is a d-fold fiber preserving branched covering f : M — N with
orbifold degree dy. Then [x(Onr)| > d2|x(On)|, where Opr (resp. On) is the base
orbifold of M (resp. N) and x(Onr) (resp. x(On)) is its Euler characteristic. The
equality holds if and only if f is a covering.

Proof. Tt follows from a direct computation using the Theorem.
Let M = M/(Z/dy), where d; = d/d2. We have

—x(O37) + d2x(On)
= —x(10g]) + 0 (1 = 1/a0) + dax(|On ) — d2 ), (1 — 1/a)
dax(|On]) = x(10x7]) = (ndz — [R]) + 327 (do/0) = 325z R, 1/)
ggx(|ON|) — X(|O37]) = (nd2 — |R|) (using the relation R >4, R')

VIV

The last two equalities hold if and only if M — N is a covering.
On the other hand, —x(Oum) > —x(O3;) by the fact due to Seifert cited above;

the equality holds if and only if f : M — M is a covering.
Combining these two things the proof is complete.

Remark. Tt is indicated in [8] that the inequality in Corollary 2.4 can be proved
by a covering space argument. This in turn depends on the fact that every good,
compact 2-dimensional orbifold without boundary is finitely covered by a manifold
(see for example [9]). But the proof of this fact is not very easy. We also note that
the inequality has independent meaning, i.e. it can be applied directly to 2-orbifold
branched coverings.

We note that however the condition “nd—|R| < 2d(1—¢') —2(1 —g)” in Lemma
2.1 cannot be replaced by |x(Oar)| > d|x(On)| as shown in the following example.

Example. Let I(M) = {5; R} = {5;2/5,3/5,2/7,3/7,2/11,3/11}, I(N) = {1; R'}
={1;1/5,1/7,1/11}, d = 5. Then R >5 R’ and |x(Oam)| > 5|x(On)|. But it is
easy to see that R cannot be equivalently moved to a set R; such that Ry >5 R’
and 15 — |Ry| < 10(1 — 1) —2(1 — 5) = 8.
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Similarly using Theorem 4 of [4] (or Proposition 3.3 of [2]) we have the following.

Proposition 2.5. Let N be a closed, orientable Seifert manifold with Seifert in-
vatiant I(N) = {¢’; (a4, 81), ..., (&l B1)}, where g > 1. Suppose d, da are two
positive integers and do|d. Let D = {A1,...,An, Apny1,..., Antik} be a collec-
tion of partitions of do (with repetitions allowed). Then there is a closed, oriented
Seifert manifold M and a d-fold fiber preserving branched covering M — N with
orbifold degree da and orbifold branch data D (the corresponding branch set in
N/S* is the n cone points and k regular points) if and only if the total branching
v(D) := (n—i—k)dg—zfjlk |A;| is even, where |A;| denotes the number of components
of A; (abusing notation,).

Remark. A cone point of the orbifold Oy of N may be a downstairs branch point
of the induced map f : Opy — Opn while the corresponding singular fiber is not in
the downstairs branch set of f : M — N, and vice versa.

3. APPLICATIONS TO NONZERO DEGREE MAPS
BETWEEN SEIFERT MANIFOLDS

Now we can generalize Theorem 3.2 of [§] to the case of arbitrary degree (but for
sufficiency we need the additional assumption that the orbifold genus of the target
manifold > 1).

Theorem 3.0. Let M, N be aspherical, closed, oriented Seifert manifolds with
Seifert invariants I(M) = {g; R}, I(N) = {¢; R'}, where ¢ > 1. Let d be a
positive integer. Suppose N admits no Fuclidean geometry. Then there is a map
M — N with degree d if and only if there is a set {§; R} such that g > g and R > R
(which is defined in [8]), and {§; R} and {¢'; R'} satisfy the relation in Theorem
2.2 (satisfied by {g; R} and {g'; R'}) for some integer dy|d.

Proof. First we prove necessity. If there is a map f : M — N of degree d, then
by the theorem of Rong cited at the beginning of this note we have f ~ gm, where
7 : M — M is a composition of finitely many vertical pinches, and g is a fiber
preserving branched covering. By Theorem 3.2 of [8] M has Seifert invariant {g; R}
which satisfies ¢ > § and R > R. Now the necessity follows from Theorem 2.2.
Sufficiency follows immediately from Theorem 3.2 of [§] and Theorem 2.2.

Now we have the following generalization of Corollary 4.1 of [§].

Corollary 3.1. Let M be an aspherical, closed, oriented Seifert manifold. Then
given a nonzero integer d, there are only finitely many aspherical, closed, oriented
Seifert manifolds N such that there is a map f: M — N with degree d.

Proof. We may assume d > 0. Suppose NV is an aspherical, closed, oriented Seifert
manifold such that there is a map f : M — N with degree d. Note that there are
only 10 closed Euclidean 3-manifolds, so we can assume that N admits no Euclidean
geometry. Then the Seifert invariants of M and N have the relation as described
in Theorem 3.0. By Corollary 4.1 of [8] there are only finitely many aspherical,
closed, oriented Seifert manifolds M such that there is a degree one map M — M.
So we need only show that given an aspherical, closed, oriented Seifert manifold M,
there are only finitely many aspherical, closed, oriented Seifert manifolds N such
that there is a d-fold fiber preserving branched covering M — N. By Corollary
2.4 —x(Oy;) > —dox(On), where dy is the orbifold degree. Let M = J\Z/(Z/dl)7
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where di = d/dy. From Theorem 2.2 and Definition 2.0 we have @; < o} < do@;
for any 4, where Bj /a; € R;. There are only finitely many 2-orbifolds Oy which
satisfy these two conditions. Also e(N) = (di/d2)e(M). So there are only finitely
many such N. O

Corollary 3.2. Let M, N be aspherical, closed, oriented Seifert manifolds with
given Seifert invariants, where the orbifold genus of N > 1. Then given a nonzero
integer d there is an algorithm to decide whether there is a map f : M — N of
degree d. Furthermore, if e(N) # 0 and x(On) # 0 the set {d : there is a map f :
M — N of degree d} is finite and can be decided.

Proof. For simplicity we assume e(N) # 0 and x(On) # 0. If there is a map f :
M — N of degree d, say, then e(M) # 0 and |d| < |e(N)|x(Ox)?/(le(M)|x(On)?)

by Corollaries 2.3 and 2.4. We can find the finitely many Seifert manifolds M such
that there is a degree one map M — M by the proof of Corollary 4.1 of [8]. For each
M let M = M/(Z/dy) (where d; is the divisor of d such that e(M) = (da/dy)e(N)
and |x(Onr)| > do|x(On)| (where dy = d/d;)). By Lemma 2.1 and the finiteness
of the number of partitions of do we can decide whether there is a ds-fold fiber
preserving branched covering M — N of fiber degree one.
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