PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 130, Number 8, Pages 2335-2342

S 0002-9939(02)06342-6

Article electronically published on January 23, 2002
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ABSTRACT. In this paper, we prove that the norm of the continuous square
function in L2(w) is bounded linearly in the A2 norm of the weight w.

1. INTRODUCTION

The boundedness of singular integral operators in L?(w) for w € Az has been
known for a long time, by the Hunt-Muckenhaupt-Wheeden Theorem. Recently,
some of the sharp bounds of these operators in terms of the As norm of w have
been discovered. S. Buckley [Buc93] proved that the Hardy-Littlewood maximal
operator norm is bounded by [|w[|,, and the square function operator bound is

no larger than ||w||::’4/2 ®.S. Pott and S. Petermichl [PP] showed that the Hilbert

transform norm is bounded by no more than ||w||?4/22. The author proved that the
bounds of both the dyadic square function, and the dyadic analog of the Hilbert
transform, the martingale transform, are bounded linearly in [w| ,, [Wit00]. Tt
is easily seen that each of these operators cannot have a better bound than linear
in [lw[l 4, (just look at power weights). In this paper, we give a proof that the
continuous square function is bounded linearly in [lwl| 4, .

2. NOTATION

In what follows, h; will denote the normalized Haar function for the dyadic

interval I, i.e. hy = %, where I;, I, denote the left and right children of I

respectively. The collection of all dyadic intervals is denoted by D. The weight w
and its inverse w—! will be Ay weights. Let (f); denote ﬁ [; f(x)dx for I a (not
necessarily dyadic) interval. Sometimes the parentheses are omitted when it is clear
which function we are averaging. w;l will denote ‘—}‘ f[ ﬁdm. Let u(I) = ’LU]’LU;I
and [|wl| o, = sup; u(I). (,)w will denote the inner product in L?(w(z) dz). If the
subscript is omitted, w = 1. Let ¢ be a function with [¢ = 0. ¢! = ﬁqﬁ(mgfl),
where A is the starting point of the interval I, and B is the length |I|. Similarly,
ou(z) = %qﬁ(%) In this paper, ¢ will denote a constant, not necessarily the same

at each occurrence, which is independent of f and w, but may depend on ¢.
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The continuous square function will be denoted by Sf and is defined by

1/2
dyd
Sf(x) = (/M |f*¢t<y)|2§j—3t> ,

where T'(z) = {(y,t) : |y — x| < t}.
The dyadic square function takes the form

1/2
1
Sdf(x) = Z <fa h1>2m )
IeD,xel
and the wavelet square function is

1/2

1

Spaf@ =1 > (£, ¢>I>2m

IeD,xel

3. STATEMENTS OF THEOREMS

Theorem 3.1. Let ¢(x) be compactly supported in [0,1], C, such that {¢'}; is
an orthonormal basis of L*(dz), and [ ¢ = 0. Then

160 g2 < 1wl 17122
forw € Ay and f € L*(w).
Theorem 3.2. Let ¢(x) be compactly supported in [0,1], C1, such that {¢'}r s
an orthonormal basis of L*(dz), and [ ¢ = 0. Then
ISF L2y < €llwlla, 1112 )
forw € Ay and f € L*(w).

Note. Such ¢ are called wavelets. See [Dau92] for a well written discussion of
wavelets and information on how to construct C” wavelets with compact support.

4. PROOFs
Proof (Theorem[3]). By [FP97] we know that
1/2

1 —1/2
1ol = ||| 32 pifihn)? > cllwllay 112 -
IeDzel
L2 (w)
To prove the theorem, we shall prove that Sq(z) < CSy a(x), and that therefore

the norm of Sy q is bounded below by ¢ Hw|\114/22. Once we know the lower bound,
we can derive the upper bound using the same proof used in [Wit00].
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Step 1 (see also [Wil89]): Show Sqf(z) < ¢Ss.af(x).

f(x) = > ;eplf #7)¢”. Inserting this expression for f into the definition of
Saf(x), we have

Sif(@) = <<Z<f,¢>">¢",h1>>ﬁ

IeDzel \ J

2
= <Z<f,¢‘]><¢‘],h1>> T
IeDzel \ J

Let A\; = (f,#”). We need to estimate

> (@) < > )\J<¢J7h1>> |—}|,

IeD J:I1CJ

where we only sum over J : I C J, since otherwise the inner product is 0, as
J ¢ = 0. Apply Cauchy-Schwarz to get

T 3
Sif(e) < XII;I) <Z A%%) (Z (67, hr)? ||‘;||3>

I J:ICJ J:ICJ

Let us estimate (¢, hr).
Let M satisfy [|¢[, + [|¢']l < M. Then

||32

<¢%m>=ﬁ(/ o~ ¢J)m (@ (€)= ¢ €@ )VITI/2 € eM {77

since (j) < M Therefore, S2f(z) is bounded by
713/

w2 (£ 55) (£,7)

JiICT JICd
(xa(x)? o |1
< cM? N —=
e
o X () o 2 A ea 2
<cM |J|2 A5 Z [I|xr < cM Z il =cM=Sy 4" f(x),
1:IcJ Jizeld

where we have used the fact that x5 < x. Therefore, Sqf(z) < cM Sy qf(z).
Step 2: Derive the upper bound from the lower bound.
Let
__ ¢
fr= TR
and
gr = ¢I(w1)1/2w 1

Then (fr,9s)w = 1 if I = J and 0 otherwise. Let f € L?(w).

1/2 1/2
= <Z<f7¢1>2w1> = <Z<f7gl>%u> :

IeD IeD
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In that notation, the estimate to prove becomes
2 2
> (g < ellwlia, £ 117w -
IeD
We will bound this by first showing that
2
Do < cllwlla 122 »
IeD

from which the desired inequality can be extracted by algebraic manipulations.
By Step 1, we know the following:

1/2
1F 1 2y < ellwll 4, <Z<f7 gz%i) :

IeD

This allows us to compute the norm of the sequence valued operator (Jg); =

(9, f1)w from L*(w) to 2

sup sup Zkl/gflw
lollp2(uy=1 ks Hi2=1 &5

N D

”9“L2(w)_1 ||{k1}”l2— IeD

by Cauchy-Schwarz, and the above inequality,

< sup Zk‘lfl ||9HL2(w)
H{kl}”ﬂ*l Hg”L2(w) 1 IeD L2 (w)

1/2
colul ) s | ket ,gJ>a]
{ki}2=1 | 7ep \1eD

1/2
=cluwl,,"*  sup k2| =cllw]
k2=t 1;3 ’

This means that
2
> g 0% < cllwll a, 190122 w)
IeD

for every weight in As. In particular, this is true for the weight w=?

¢! 2
>0 s aes S el Nl

IeD

Let g* = gw™!. Then this becomes

-
(g7, _7>dx > CkuA llg" ||L2
i (wr)Y? ’
The left-hand side can be rewritten as

* o (w) Y 2ww ! 2 1 .
IeD H
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So finally, we have the inequality

S a1 < cllwl, g 122,
IeD

which is what we needed to prove. O

Proof (Theorem[3.2)). We will prove Theorem [3.2] using Theorem [31]

We will proceed as follows: First we will prove that the upper bound on the
wavelet square function is still valid if we translate and dilate the dyadic grid. Then
we write the continuous square function as an average of the translated/dilated
operators over a continuum of translations and dilations.

Recall that ¢! = ﬁ (ng), where A is the starting point of the interval I, and
B is the length |I|. By Theorem 3.1}

1/2
1
> m<f7 ¢')? < cllwllag 17122 ) -
IeD,zel
L2(w)
For o« € R and 1 < 8 < 2, define
Dop={I:1=[pk2'+a,B(k +1)2" +a);i, k € Z}.
Lemma 4.1. For fized o and (3, let

1/2

Soasf@=| S oif.e)

I€D, gzl ]

Then,

159,.8F (@)l L2y < €l gy 1F1 22 a0

where ¢ is independent of a and 3.

Proof.
1/2||2
1
> m<f7¢1>2 = > (f.6")
IEDQ,B,;CEI L2( ) IEDa’ﬁ
w
u (Bk2° +oz)) 2 1
/f ’321 ————du / w(u)du.
B2 )ik +a,p(k+1)2i +a]

Change variables by letting 7 = (u — «) /0.
The above becomes

A 2
T — k2" Bdr 1
T . — T dr
> < [ o+ et W) = /{kzi’(kﬂm w(Br +a)
Z (BT + a), ¢! (7)) |I|/ w(BT + a)dr

IeD
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which, by the boundedness of the operator with regular dyadic cubes, is

< pelull, [ £0r +ayulsr + a)dr =l 113
using the reverse change of variables.

Note. cllw(BT + a)ll 4, = cl[w]| 4,, since dilation and translation do not affect the
As norm. O

Let N be a measurable subset of the oo — 3 plane. Then ||Sy. gf(x )HLQ(N dads)

is a function of z, with norm in L?(w), and furthermore,

H||S¢7a,ﬁf(x)”L2(N,dﬁ\7‘ﬁ) LQ(w):H||S¢,a7[3f($)”L2(w)‘ L, 2538 <cllwll 4, 11122 ()
for any N.
Let N be [-M, M] x [1,2] for a fixed real M. For this N,
2
”SCZ%O!ﬂJC(J")||Lz(N7 d‘%i‘ﬁ)
(u=(Bh2! +o¢)) 2 .
52’
B du | —dpd
2M/ /1 /f ) 5 Bda
I€Dy g,xel
(4= (k2 +a>) 2

Z/ 2M/ /f 52’ M mzdadﬁ,

where k = k(a, 3,1, z), namely the unique k such that z € [k2/3+a, (k+1)2!3+a).
Now break up the integral fi\/lM into chunks of « for which k is the same, i.e.

a € (x—2'6(k+ 1),z — 2!Bk]. Obviously, we cannot always break up the integral
exactly into such chunks (and for some i, there will be no chunks at all), so we
only take the whole chunks, and throw away the end pieces, since they are positive
anyway. Therefore the above is bigger than

[ >

where a calculation shows that A(M, 8,4, z) = the closest integer bigger than

B(M B,i,x) u—(Bk2' )

o—2 Bk p(H=Opz e
—d —dad,
/x2"ﬂ(k+1) /f(u) (21 . 621 adf

=M
278
and B(M, 3,4, x) = the closest integer small than ‘”24'24 — 1. The sum is understood
to be 0 if B < A.

Now change variables y = o + k23 and t = 2¢3. This change of variables has
determinant 2~%, which is proportional to . (Remember that 3 € [1,2].)

T
The resulting integral is
’ 1
u) t—2dydt

/3
-~/ 5w ng)/ % 6uo) P sy,

k=A(M,t,x)

where ¢(x) denotes ¢(—z).

k=A(M,B,i,x)

9i+1 B(M,t,x)

ARV

k A(M,t,z)
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Notice that k£ no longer appears in the integrand, so we can replace ZB(M’t’x)
§er app grand, P k= A(M,t,z)

by max{0, B(M,t,z)— A(M,t,x)+1}. B(M,t,z)—A(M,t,z)+1 > Mtz _z=M_

2=2M _2 s0if M >t (and certainly if M/2 > t), the second term of the max is
larger. Therefore the above is at least

‘ - 1
a7 2 2 dydt
/o<t§% 2M( t )/x t|f*¢t(y)| P y

ZC/<t<M(;—;)/I 7% Bu(w)? sy

= c/ / |f* qSt —dydt
o<t<d

To summarize, we have proven that

||S¢7 ,ﬁf( )”L? —M,M]x[1,2], duz\L/iJB)

,1
s ] P g
<<

uniformly in M. Therefore,

el 11 2oy 2 [[1S0.000 @lar s 2258 |

. . 1/2
(e [ |f*¢t<y>|2t—3dydt>
o<t< Jax—t

uniformly in M. Take the limit as M — oo to get

([ ] |f*¢Bt<y>|2t%,dydt)é

By considering f(—u) instead of f(u), and following the minus sign through, it
is also easily seen that

x4+t B 1 %
| (L] 1rwatp i)

which proves that

L2 (w)

< cllwll g, 11l 22 ) -
L2 (w)

< cllwll g, 11l 22 ) »
L2(w)

IS T @) 22wy < €llwlla, 11 L2 )
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