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ON SIMPLE FAMILIES OF CYCLIC POLYNOMIALS
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(Communicated by David E. Rohrlich)

ABSTRACT. We study polynomials giving cyclic extensions over rational func-
tion fields with one variable satisfying some conditions. By using them, we
construct families of cyclic polynomials over some algebraic number fields.
And these families give non-Kummer (or non-Artin—Schreier) cyclic exten-
sions. In this paper, we see that our polynomials have two nice arithmetic
properties. One is simplicity: our polynomials and their discriminants have
more simple expressions than previous results, e.g. Dentzer (1995), Malle and
Mazat (1999) and Smith (1991), etc. The other is a “systematic” property: if
one of our polynomials f gives an extension L/K, then for every intermediate
field M we can easily find polynomials giving M/K from f systematically.

1. INTRODUCTION

For a finite group G and a field k, a polynomial whose Galois group over k is
isomorphic to G is called a (G, k)-polynomial. It is an important problem for inverse
Galois theory to find a family of (G, k)-polynomials.

We construct a family of (Z/mZ, k,,)-polynomials with one parameter for each
integer m > 3 and a suitable field k,,. If k,, includes a primitive m-th root of
unity, then these polynomials give Kummer (or Artin-Schreier) cyclic extensions
over k,,, and we easily have a generic family of such polynomials. So it is important
to make the assumption on k,, weaker. Our results give a family of non-Kummer
(or non-Artin—Schreier) cyclic polynomials.

We know that Auty, k. (T), where k,,(T) is the rational function field with
one variable, is isomorphic to PGLa(ky,), the group of the linear fractional trans-
formations over ky,. Suppose that Auty, kn,(T) has a cyclic subgroup Cy, of or-
der m; then the extension ky,(T)/k,(T)¢™ is cyclic of degree m, which gives a
(Z/mZ, ky, (T)¢™)-polynomial. By using Liiroth’s theorem, one can regard a gener-
ator of k,,,(T)“™ as a variable Y over ky,. So one has a (Z/mZ, k,,,(Y))-polynomial.
Hilbert’s irreducibility theorem assures that we get an infinite set of (Z/mZ, ky, )-
polynomials by a specialization of the variable, Y +— t € k,,.

It is, however, difficult to execute this method to obtain a reasonable expression
for the (Z/mZ, k,,(Y))-polynomial because of the hard calculation. There were
only a few examples for small groups such as Z/3Z (by Shanks [6]), Z/4Z and
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Z/6Z (by Gras [2]), etc., until recently when Miyake [5] and Hashimoto-Miyake [3]
overcame the difficulty for every cyclic group of odd degree:

Theorem 1.1 (Hashimoto-Miyake). Let m > 3 be an odd integer and k a field of
characteristic zero. Assume that k contains w = ¢ + (™1, where ¢ is a primitive
m-th root of unity. Then (X — )™+ (X — ¢ H™)/2 — YH;";OI(—@X +&i11),
where £ = (¢ —¢77) /(¢ —¢7Y), is a (Z/mZ,k(Y))-polynomial.

In this paper, we expand their result for every cyclic group and find more simple
expressions of (Z/mZ, k,,(Y))-polynomials.

2. CYCLIC POLYNOMIALS

Let n > 2 be an integer and K a field whose characteristic does not divide 2n.
We assume that K contains w = ¢ + (™!, where ( is a primitive n-th (resp. 2n-th)
root of unity if n is odd (resp. even). We put

1o (-0 —(-¢y
A= GLo(K =
e R =B (=
for j € Z. 1t is clearly seen that v; € K. The matrix A is diagonalized as

Ao (O (1= 0 Nt )T
1 1 0 1-¢t 1 1)

from which we easily obtain

(21) 4 = <—<2 —wpie oy ) |

vj (2—w) lwjte

Observe that A7 is a scalar matrix if and only if (1 —¢)? = (1 — (1), or j =
0 mod 2n. Hence we obtain the following:

Proposition 2.1. The order of A mod K* in PGLa(K) is equal to 2n. In other
words, the projective representation payn : Z/2nZ — PGL2(K) : jmod 2n —
AV mod KX is faithful.

Remark 2.2. Suppose that n is odd. The homomorphism ¢,, : Z/nZ — Z/2nZ :
7 mod n — 27 mod 2n is injective. Hence the projective representation p,, = pa, o
¢, is faithful. This covers the case treated by Miyake [5] and Hashimoto—Miyake [3].

Keep the above notation and put N := 2n. Let K(T') be the rational function
field over K with one variable T'. The automorphism group Aut x K (T') is naturally
identified with PGLy(K). Thus we associate A mod K* with the linear fractional
transformation 7 € Autx K (T') given by

T-1
T+1-w
It follows from Proposition Tl that (7) is a cyclic subgroup of Autx K (T) of order
N, that is, the extension K(T)/K(T){™ is cyclic of degree N with the Galois
group (7). We consider a defining polynomial of this extension. For this purpose,
we choose the following:

T7:T +—

N

=

LS~ iy e k(7).

’LL(T) = N -
j=0

<
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From (Z1l) we have
—(2 - w)uj_gT —Vj

2.2 NT) = :
22) T = T o) s
Then we define p(T') and ¢(T) € K[T] by

N-1
p(T) = Z —(2—w)y;- QT—Vj)H(VkT+(2—U})_1Vk+2),
j=0 k#j
N—1
o(T) =N [| T+ (2~ w)  vj42),
7=0

so that u(T) = p(T)/q(T). By the definition of u(T) and ZJ), Nu(T) — N¢*!
have the following power series expansions in 7' — ¢*!:

o0 _ pELVR+L V1 ) _
Nu(r) - N¢H = 3 Tt S ey - (e

k=0 §=0

Because (—¢*1)!*! are non-trivial N-th roots of unity for every integer 0 < [ <
N — 2, we obtain

N-—1 k N-—1
Z(—cﬂ)ju—(—cﬂw‘)’“:Z() )Y (—¢E D g,

j=0 =0 j=0
Therefore one has

o (T <i1k+1N1

Nu(T) =N = 3 e 2 (¢ = (¢,
7=0

k=N-1
which shows that p(T) — ¢F1q(T) is divisible by (T — ¢*1)¥: hence it is a con-
stant multiple of (T — ¢*1)¥. Hence we obtain the following remarkably simple
expressions of p(T) and ¢(T):

Proposition 2.3. Put Il := ]_[kN:_l1 vi. Then we have I1 # 0 and

p(T) = %«-%T SOV ST - YY),
o(T) = ﬁ(@ QN (T - YY),

1/ AN _ _ A 1\N
) SO =T = ¢

(T =N = (T =YY
Proposition 2.4. K(u(T)) = K(T)‘".

Proof. Obviously we obtain [K(T) : K(T)™] = N and K(T){") > K (u(T)) by the
definition of u(T"). On the other hand, the above result shows that the degree of
p(X) —u(T)q(X) € K(u(T))[X] with respect to X is N, and has a root X = T.
So we have [K(T) : K(u(T))] < N. Hence we have K (u(T)) = K(T){"). This
completes the proof. O

The above discussion concludes the even part of our first main result. This result
extends Theorem [[T] to general degree.
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Theorem 2.5. Let N > 3 be an integer and K a field whose characteristic does not
divide N . Assume that K contains w = (+( ™1, where ¢ is a primitive N/2-th (resp.
N-th) root of unity if N =2mod 4 (resp. N £ 2mod 4). Define 7 € Autg K(T)
to be the following linear fractional transformation of order N :

-1
e if N is odd,
HT) = T;“_’ '
————  otherwise.
T+1—-w
Then
N-1 ‘
P(X)—u(T)Q(X) = [[ (X —7(T) € K(u(T))[X],
=0
where

QX) = (=) HEX =N = (X =¢HM),
is an irreducible (Z/NZ, K (u(T)))-polynomial with the Galois group (7).

We can improve the above discussion for a divisor d of N, so we obtain defin-
ing polynomials for every intermediate field of K(7T')/K (u(T')) systematically. By
Liiroth’s theorem, K (u(T)) is a purely transcendental extension of K of dimension
one, so we regard u(7T) as a variable Y and hence K (u(T)) = K(Y).

Corollary 2.6. Ford | N, let
P e =D =07 = V)X =
=<
and define LY to be the splitting field of F(Y(X) over K(Y). Then FY(X) is a
monic irreducible (Z/dZ, K (Y'))-polynomial and K (Y') C L4 c LN,

Remark 2.7. The discriminant of F(9)(X) with respect to X is
dd(4 _ w2)(d—1)(d—2)/2(y2 — WY + 1)d—1.

{ P(X):= (' =X =N —¢(x —¢hHM),

€ K(YV)[X]
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