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ABSTRACT. In this paper we prove that the diagonal components Vp and V3 of
a Peirce grading of a Jordan pair or triple system V, inherit strong primeness,
primitivity and simplicity from V.

INTRODUCTION

Peirce gradings V = Vo @ V1 @ V; of a Jordan pair V' are introduced in [8 1] as
a generalization of Peirce decompositions with respect to idempotents. In [8] 4.1] it
is shown that the components V,,, « = 0, 1, 2, inherit nondegeneracy and regularity,
among other conditions.

In the first section of this paper we show that V) and V5 inherit strong primeness,
primitivity, semiprimitivity and simplicity from V. The proof follows from the
corresponding results on inheritance of regularity conditions by subquotients [3| 5|
6l 8], once it is shown that Vo and V» are isomorphic to certain subquotients of V.

In the second section we extend the above results to Peirce gradings of triple
systems. Dealing with arbitrary Peirce gradings (instead of Peirce decompositions
related to idempotents) has a cost, namely the existence of ideals which are not
graded. This difficulty is overcome by introducing the notion of graded tight double
pair which is used to link Jordan triple systems and Jordan pairs, both with a Peirce
grading. The properties of graded tight double pairs established in the second
section of the paper are based on a study of ideals in Jordan pairs with a Peirce
grading done in the previous section.

Since Peirce decompositions T' = Ta(e) @ T1(e) ® Tp(e) of a Jordan triple system
T with respect to a tripotent e € T are particular cases of Peirce gradings, the main
result of the second section contains as a corollary the central result of McCrimmon
[9] on the simplicity of To(e) and T(e) when T is simple. However, the proof given
in this paper cannot be considered an alternative to the proof by McCrimmon in
[9]. Indeed the results of this paper are based on the results of [5], which depend
on the inheritance of regularity by local algebras proved in [6]. These latter results
are based on the results by McCrimmon [9].
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0. PRELIMINARIES

0.1. We will deal with Jordan pairs and triple systems over an arbitrary ring of
scalars ®. The reader is referred to [3|, [4, [7} [I0] for basic results, notation and
terminology, though we will stress some definitions and basic notions.

—TFor a Jordan pair V = (V, V™) we will denote the products by Q,y, for any
x €V, ye V7, o==, with linearizations denoted by Q, .y = {z,y, z}.

—A Jordan triple system T is given by its products P,y, for any x,y € T, with
linearizations denoted by P,y = {z,y, z}.

0.2. By doubling any Jordan triple system 7' one obtains the double Jordan pair
V(T) = (T,T) with products Q,y = Py, for any z,y € T. From a Jordan pair
V = (V*,V7) one can get a (polarized) Jordan triple system T(V) =Vt &V~ by
defining P+ g, (yT Dy~) = Qury™ @ Q.-y™ [1, 1.13, 1.14].

0.3.  Regularity conditions through the functors V and T:

(i) For a Jordan triple system T', we have:
(a) T is nondegenerate if and only if V(T') is nondegenerate,
(b) if V(T') is strongly prime, then T is strongly prime,
(c) if V(T) is simple, then T is simple.
(ii) For a Jordan pair V, we have:
(a) V is nondegenerate if and only if T(V') is nondegenerate,
(b) V is strongly prime if and only if T(V') is strongly prime,
(¢) V is simple if and only if T'(V') is simple.
(i)(a) and (ii)(a) are straightforward; (i)(b)(c) follow from the fact that any nonzero
ideal I of T gives rise to the nonzero ideal V(I) = (I,I) of V(T); (ii)(b)(c) are
proved in [1l, pg. 230].

0.4. Let V be a Jordan pair, and let M C V' be an inner ideal of V. The set
Kery M =KerM ={z €V~ | Quz = QuQ.M = 0}
gives rise to the ideal (0, Ker M) of the subpair (M, V™) of V. The quotient
(M, V7)/(0,Ker M) = (M,V~ /Ker M)

is called the subquotient of V' determined by M. Similarly, one can consider sub-
quotients of V' determined by an inner ideal M C V'~ of V' (see [§]).
If V is nondegenerate, then Ker M = {z € V™~ | Qumx = 0} [8] 2.4].

0.5. Most regularity conditions are inherited by subquotients: Let V' be a Jordan
pair, 0 # M C V' be an inner ideal of V', and S be the subquotient of V' determined
by M.

(i) If V is nondegenerate (resp. semiprimitive), then S is nondegenerate (resp.

semiprimitive) [8, 2.2].

(ii) If V is strongly prime, then S is strongly prime [6, 3.2(v)].

(iii) If V' is primitive, then S is primitive [3], 3.10], [4] 2.2].
Simplicity is not inherited by arbitrary subquotients (cf. [5] 5.2]). However, infor-
mation about the heart Heart S of S can be obtained when V is simple:

(iv) If V is simple, then H = Heart S of S is simple. Moreover H? = Q) V7 =
QgoS™% and H™7 =577 [A, 5.1].
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1. PEIRCE GRADINGS OF JORDAN PAIRS

1.1. Following [8] 3.6, 4.1], given a Jordan pair V = (VT ,V ™), a Peirce grading
of V is a decomposition V7 = V¥ @ VyZ @ V¥, 0 = £ (direct sum of $-modules),
such that, for any «, 8,7 € {0, 1,2},

() Qug V57 C V5, s
(i) (VS V2 Vo) Vs
(iﬁ) {VOUa VZ_Uv Va} - {V207 VE)_U? Va} =0,
with the convention that VY = 0 if A & {0,1,2}. The pairs (V; 7,V ) for a €
{0,1,2} will be denoted V,,, so that V=1, & V1 @ 1.
Notice that the roles of Vy and V5 can be exchanged in the above definition, i.e.,
by taking Vo‘f =Vy ,, we obtain a new Peirce grading V' = Vo Vi e V.
Given an idempotent e in a Jordan pair V' the usual Peirce decomposition of V' =
Va(e)®Vi(e)®Vo(e) with respect to e [T} Section 1.5] is an example of Peirce grading
of V. We remark on the lack of “(0,2)-symmetry” in Peirce decompositions given

by idempotents, so that the studies of Va(e) and Vj(e) require different arguments
(cf. |7, M]).

1.2.  From the multiplication rules given in the above definition it is clear that
V. is a subpair of V for o = 0, 1,2 and, moreover, Vi, V5 are inner ideals of V'
whose subquotients will be deeply related to the pairs Vg, Vs, respectively. This
relationship, on which the results of this paper are based, is obtained in the following
lemma due to Ottmar Loos.

1.3. Lemma (O. Loos). Let V = Vo@Vi®Vy be a Peirce grading of a nondegener-
ate Jordan pair V. The subquotient S of V' determined by the inner ideal M = V7
(0 = £, = 0,2) is isomorphic to V,. Indeed, an isomorphism ¢ : V,, — S is
given by ¢ = Idys, ¢~ (v) = x + Ker M, for any x € V7.

Proof. By (0,2)-symmetry and (+, —)-symmetry, we can take M = V,". We will
prove the equality Kery M =V~ +V; from which everything else readily follows.

Notice that Kery M = {x € V~ | Qumz = 0} by nondegeneracy of V', so that
Vi +V, C Kery M by (LI)(i). Conversely, let x € Kery M and write z =
xo + @1 + x2 with x; € V7 (i =0,1,2). We just need to show that o = 0. Indeed
x9 € Kery M since V; +V;~ C Kery M, hence x3 € Kery M NV, = Kery, VQJr =0
by [8, 1.4] since V3 is nondegenerate by [8 4.1(ii)]. O

Our main result for Peirce gradings of pairs follows from the application of
the previous lemma to known results of inheritance of regularity by subquotients
(0H). However, this is not the case for the inheritance of nondegeneracy by Peirce
components [8, 4.1(ii)]. That is indeed our starting point since it is needed in the

proof of ([L3).

1.4. Theorem. Let V =Vo® Vi & Vg be a Peirce grading of a Jordan pair V. Let
a € {0,2} and assume Vy # 0. Then:

(i) If V is strongly prime, then V, is strongly prime.
(i) If V is primitive (resp. semiprimitive), then Vy, is primitive (resp. semiprim-
itive).
(iil) If V is simple, then V, is simple.
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Proof. In all cases V is nondegenerate (strongly prime = prime + nondegenerate,
primitive = strongly prime [3, 3.9], semiprimitive = nondegenerate [7, 4.15],
simple = nondegenerate [B] 2.4 (ii)]), thus V, is nondegenerate by [8, 4.1(ii)], and
both V7 and V are nonzero. Moreover, (IL3) applies, so that V,, is isomorphic to
the subquotient S determined by V..

(i) follows from (0.3)(ii).

(i) follows from (0.8 (iii) (resp. @3 (i)).

(iii) If V is simple, then the heart of S is simple by (0.5)(iv), hence the heart
H of V, is simple. Moreover, using the isomorphism ¢ : V,, — S given in (L3),
H~ = ¢ Y((Heart S)~) = ¢=*(S7) = V7. By (+, —)-symmetry, also H+ = V-,
and we have shown H =V, hence V,, is simple. |

1.5. One of the difficulties when dealing with arbitrary Peirce gradings is the
existence of ideals which are not graded. Let us consider an arbitrary grading
V=Ve®V; &V of a Jordan pair V. An ideal I of V is said to be graded if
I=(InNW)+(InW)+(INV). Equivalently, if 7, : V' — V, denote the natural
projections, 7, (I) C I for all &« = 0,1,2. When the Peirce grading considered is a
Peirce decomposition with respect to an idempotent e of V', every ideal is graded
since the projections 7, are built out of elements of the multiplication algebra of
V' (cf. [0, Section 1.5]).

In general, if I is graded with respect to a Peirce grading V = V5, @ V1 @ Vj,
then a Peirce grading is induced in the quotient V/I. Namely V/I = (Vo +1)/I &
W+ ITe(Vo+1)/1.

To extend (C4) to triple systems we will need to construct pairs V associated
to a triple system T (quotients of V(T')) which, on the one hand, are tight in the
sense that they do not have essentially more ideals than those coming from ideals
of T, and, on the other hand, behave nicely with respect to a given Peirce grading
of T. The next result is aimed to find suitable graded ideals of V' (T") which will be
used to test the behaviour of such V.

1.6. Lemma. If V = Vo & V1 @ Vy is a Peirce grading of a Jordan pair V and
I is an ideal of V, then the ideal M = QI = (Qr+1~,Q-I") of I satisfies
MC (INWVa)+(INV))+(INVy). As a consequence, if V is semiprime, then every
nonzero ideal I of V' contains a nonzero graded ideal of V.

Proof. Let x € I?,y € I77. We can write x = 2o+ 21 + X0, Yy = Y2 +y1 + Yo, where
To = Ta(T), Yo = Ta(y), a = 0,1,2. By the Peirce multiplication rules (I.1J),

70(QzY) = QuoYo + Quy Y2 + {0, Y1, 21}
= (Quot = Quo1 +92)) + (Qutiz = Quoraays — {0 + 22, 2,21} )
+({x07y1; r} —{xo,y1, 70 + xz})
= (ony = Qa1 — onyz)
+(Qxy2 — Quoy2 — Quoy2 — {70, y2, 22} — {20, Y2, 21} — {$27y2,$1}>
+({$07y1, z} —{zo,y1, 20} — {0, y1, xz})
=(by(1.1)) Quo¥ + QY2 — Quoy2 — {22, y2, 21} + {To, y1, 2} — {70, y1, 22}
= Quay + Quv2 — Quavr — ({22, 2,2} = {22,230} — {w2,2,2})
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+{zo, y1, 7} — <{$0ay7$2} — {70, Y0, 22} — {900792,%2})
=(by(1.1)) Qeo¥ + Qa¥2 — Qzyy2 — {22, Y2, v} + 2Qz,y2 + {x0,y1, v} — {x0,y, T2}
= Quoy + Quy2 — {T2,y2, 7} + (me = Qa0 — Qx2y1> + {20, y1, 7} — {Z0,y, 22}
=(by(1.1)) Quoy + Quy2 — {T2,y2, 2} + Quoy + {0, y1, 2} — {m0,y, 22} € I

since x € I7 and y € [7°.

We have shown mo(M?) C I9, 0 = £, ie, (M) C I. By (0,2)-symmetry,
mo(M) C I and, hence, m (M) C I: for any m € M?, m(m) = m — mo(m) —
ma(m) € M+ 1 C I since M C I. Therefore, M C mo(M) + 71 (M) 4+ mo(M) C
(INVa)+ I NWV)+ (INV).

If V is semiprime and I # 0, then M # 0, hence (INVa)+(INVy)+(INVy) #0
and the ideal of V' generated by (I NV2) + (I NVy) + (I NVp) is a nonzero graded
ideal of V' contained in I. O

2. PEIRCE GRADINGS OF JORDAN TRIPLE SYSTEMS

2.1. Given a Jordan triple system T, a Peirce grading of T is a decomposition
T=T,®T) ®Tp (direct sum of #-modules) such that, for any «, 8,7 € {0,1,2},
(1) PTQTB - T2afﬁv
(11) {TavTﬁvT“/} c Ta*ﬁJr“/v
(iti) {To, T2, T} ={T>,T0,T} =0,
with the convention that T\ = 0 if A & {0, 1, 2}.
As for pairs, the roles of Ty and T can be exchanged in the above definition, so
that, by taking T, = T5_ ., we obtain a new Peirce grading T = To® Ty & To.
Given a tripotent e in a Jordan triple system T the usual Peirce decomposition
of T =Ty(e)®T1(e)®To(e) with respect to e [9] 1.1] is an example of Peirce grading
of T [9, 1.4].
The formal similarity between Peirce gradings of Jordan pairs and Peirce grad-
ings of triple systems comes from the following obvious though fundamental fact:

2.2. Let T =Ty 4+ T1 + Ty be a decomposition of a Jordan triple system T as a
sum of ®-submodules of T'. Then T = Ty + T 4+ T} is a Peirce grading of T if and
only if V(T') = V(Ts) + V(T1) + V(1p) is a Peirce grading of V(T').

2.3.  As for pairs, from the multiplication rules given in (ZI)) (or from ([Z) with
(232)), it is clear that Ty, is a subtriple of T' for a = 0, 1,2 and, moreover, Ty and
T are inner ideals of T'.

24. Let T =T, ® Ty @&Ty be a Peirce grading of a Jordan triple system T so that
V(T) = V(Tz) ® V(T1) @ V(Tp) is a Peirce grading of V(T), according to (2:2).
Let I be a graded ideal of V(T') which is maximal among all graded ideals of V(T')
such that 1T NI~ = 0. The quotient

V =V(T)/I = (T/I*,T/I)

will be called a graded tight double pair of T, associated to the grading T = T &
T1 & Ty. By Zorn’s lemma, an ideal I satisfying the above conditions does always
exist. Moreover, given any graded ideal L of V(T') such that L™ N L~ = 0, there
is an ideal I containing L which is maximal among all graded ideals of V(T') with
I"nl—=0.
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Using (ICH), we have a Peirce grading
V=WV(T)+)/Ie (V(T)+1)/1a (V(To) +1)/1

induced by the grading of T.

The behaviour of graded tight double pairs is formally similar to usual tight
double pairs [3] 5.1], sometimes replacing ideals by graded ideals. Namely, under
the above conditions:

(i) f0# 2z €T, then either 0 £z + 1T eVt or O£z +1" €V.

(i) If L is a nonzero ideal (resp. graded ideal) of T, then ((L + IT)/IT,
(L4 1I7)/I7) is a nonzero ideal (resp. graded ideal) of V.

(i) If M = (M*/It,M~/I") is a nonzero graded ideal of V, then M+ N M~ is
a nonzero graded ideal of T'.

We remark that, unlike (ii), we need in (iii) that the ideal be graded to obtain
a nonzero ideal of T since I is maximal only among the graded ideals of V(T') not
hitting T'. However, we are dealing with properties defined in terms of ideals which
are not necessarily graded. This difficulty is the motivation of (ICHl), which provides
the way to obtain graded ideals inside arbitrary ideals.

2.5. Lemma. Let T =T, ®Ty @ Ty be a Peirce grading of a Jordan triple system
T, and let V =V(T)/I be a graded tight double pair of T. Then:

(i) T is nondegenerate if and only if V is nondegenerate.
(ii) T is strongly prime if and only if V is strongly prime.
(iil) T is primitive if and only if V is primitive.
(iv) T is simple if and only if V is simple.
Proof. (i) If V is nondegenerate, then T is nondegenerate using (Z4))(i). Conversely,
if T is nondegenerate, then V' is nondegenerate, as in the proof of 3.4 of [6], where
only the fact that IT N T~ = 0 is used.

(ii) If T is strongly prime, then V is nondegenerate by (i). Moreover, if A
and B are nonzero orthogonal ideals of V, then, by (L), they contain nonzero
orthogonal graded ideals A and B of V which give rise to nonzero orthogonal ideals
of T by (2.4))(iii), which is impossible. Conversely, if V' is strongly prime, then T'
is nondegenerate by (i) and it is also prime since nonzero orthogonal ideals of T
would give rise to nonzero orthogonal ideals of V' by (2.4) (ii).

(iii) If T is primitive, let K be a primitizer of T at b with modulus ¢ (b,c €
T). The proof of [2] 5.8.2] applies here to show that either K + IT/IT # VT or
K +17/I7 # V~ and is a modular inner ideal of V. Assume that, for example,
K = K+1It/It #V*. Now, by (ICH), given any nonzero ideal A of V', there exists
a nonzero graded ideal L = (L* /I, L~ /I") of V such that L C A. Thus LT NL~
is a nonzero ideal of T by (2:4))(iii) so that K + (LT NL~) =T and K complements
L, hence it also complements A. We have shown that K is a primitizer of V', hence
V' is primitive.

Conversely, if, for example, K/I" is a primitizer of V at b+ I~ € V", then it is
readily checked that K is a proper inner ideal of 7" which is modular at b. Moreover,
K complements nonzero ideals of T using (Z4)(ii).

(iv) If T is simple, then it is nondegenerate by [0, 2.4 (ii)], hence V' is nondegen-
erate by (i) and, since it is clearly nonzero, it is not trivial. If A is a nonzero ideal
of V, then there exists a nonzero graded ideal L = (L /I, L~ /I7) of V such that
L C A. Now Lt N L~ is a nonzero ideal of T' by (Z4)(iii), hence T'= LT N L™,
which implies L = A =V, and we have shown that V is simple.
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Conversely, assume that V is simple, so that V' and hence T' are nontrivial. We
have that L = IT+1~ isanideal of T. If L = 0, then I = 0 and V = V(T) is simple,
which implies 7" is simple by (@3)(i)(c). If L # 0, then ((L+17)/I", (L+I7)/I7) =
(L/I*,L/I7) is a nonzero ideal of V. By simplicity of V, V = (L/IT,L/I7) =
(IteI)/It,(It®I)/I7) and we have T = It @ [~ = T(I) is a polarized
triple system. Moreover V = ((IT @ [7)/I", (It ©17)/I7) is clearly isomorphic
to (I7,I%), hence (I7,I") is a simple Jordan pair, its opposite I is also simple,
and T = T(I) is simple by (03)(ii)(c). O

2.6. Remark. Notice that, when T3 = Ty = 0 and To = T (which is trivially a
Peirce grading of T'), the graded ideals of V(T') are exactly the ideals of V(T'), so
that a graded tight double pair of T with respect to this grading is a usual tight
double pair [3 5.1]. As a consequence, (ZH]) is a generalization of [3, 5.2(ii)] and
also yields the equivalence between the simplicity of a Jordan triple system and any
of its tight double pairs.

Now we can prove our main result concerning Peirce gradings of Jordan triple
systems.

2.7. Theorem. LetT =To®Ty ®Ty be a Peirce grading of a Jordan triple system
T. Let a € {0,2} and assume T, # 0. Then:

(i) If T is strongly prime (resp. nondegenerate), then T, is strongly prime (resp.
nondegenerate).
(ii) If T is primitive (resp. semiprimitive), then Ty, is primitive (resp. semiprim-
itive).
(iil) If T is simple, then Ty, is simple.

Proof. Let V.=V (T)/I be a graded tight double pair of T and V =V, & V; @ V)
be the Pierce grading induced in V' by the grading of T as in (Z4)). Since T, # 0,
and It NI~ =0, either (T, + IT)/IT #0or (T, +17)/I~ #0, ie., Vo #0.

(i) If T is nondegenerate, then so is V(T') by (@3)(i)(a), hence V(T,) is nonde-
generate by (2.2)) and [8, 4.1(ii)]. Thus T, is nondegenerate by (0.3 (i)(a).

If T is strongly prime, then V is strongly prime by (2.5))(ii), hence V,, is strongly
prime by (L4)(i). If A, B are nonzero orthogonal ideals of T, then ((A+IT)/IT,
(A4+17)/I7), (B4 1I")/It,(B+1")/I") are nonzero orthogonal ideals of V,,
which contradicts primeness of V,,. We have shown that T, is prime and we already
know that it is nondegenerate.

(ii) Notice that a Jordan triple system T is semiprimitive if and only if V(T') is
a semiprimitive Jordan pair: if Rad( ) denotes the Jacobson radical, Rad V(T') =
(RadT,RadT) (cf. [7, Section 4]). Thus, if T is semiprimitive, then so is V(T),
hence V(T,) is semiprimitive by [22) and ([L4)(ii), and Ty, is semiprimitive.

If T is primitive, then V is primitive by (235)(iii), hence V, is primitive by
([C4)(ii). Moreover, Wy, = (To/(To N I1), Ty /(To N I7) is also primitive since it
is isomorphic to V,. Let us take, for example, a primitizer K = K (T, N IT)
of Wy, at b+ (ToNI7) € W, (b € T,). Tt is very easy to check that K is a
proper inner ideal of T, modular at b. Moreover, for any nonzero ideal A of Ty,

((A F (Ta NI/ (Ta N I, (A+ (Ta N T7))/(Ta N r)) is a nonzero ideal of W,

hence K + (A+ (ToNI1))/(ToNIT) =Wy, and K + A = T,, i.e., K is a primitizer
for T,.
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(iii) If T is simple, then V is simple by (Z3))(iv), hence V,, is simple by (L) (iii).
As above, W, = (To/(Ta N I1),Ts/(T, N I7) is isomorphic to V,, hence W, is
simple. Now, since M = I NV (T,) = (To NIT, T, N1") is an ideal of V(T,),
(To NIT)+ (T, NI7) is an ideal of T, and

L= ([T 1) + (T NI (Ta VT (T 0 1) + (T N T))/(Ta 1)

is an ideal of W,. By simplicity of W, either L = 0 or L = W,,.

If L=0,then T,NIt =T,NI" =0, W, is isomorphic to V(T,), which is then
simple, and T, is simple by ([@3))(i)(c).

If L = W, then W, is isomorphic to (T, NI~,T,NI"), hence (T, NI, T,NIT)
and its opposite M are simple. Moreover, we also have that

To=(TaNIY)+ (TaNI") = (Ta N IY) @ (To N 17) = T(M),
and T, is simple by ([Q3))(ii)(c). O

2.8. Remark. We will not explicitly deal with Jordan algebras since every reason-
able definition of Peirce grading for algebras (formally reproducing the multiplica-
tion rules of Peirce decompositions with respect to idempotents) would be in par-
ticular a Peirce grading of the underlying triple system, giving rise, by duplication,
to a Peirce grading of the corresponding double pair. Since all regularity condi-
tions we have considered are equivalent for a Jordan algebra J and the pair V(J)
(nondegeneracy with obvious proof, semiprimitivity by [7, 4.17], strong primeness
by [6] 1.12], primitivity by [4, 0.11], and simplicity by [5 3.4]) they are inherited
by the diagonal components of a Peirce grading of J, applying [8] 4.1(ii)] and (L4)
to V(J).
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