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FINITE UNIONS OF INTERPOLATION SEQUENCES

PETER DUREN AND ALEXANDER P. SCHUSTER

(Communicated by Juha M. Heinonen)

Abstract. A unified and relatively simple proof is given for some well-known
results involving finite unions of uniformly separated sequences.

In this note we consider finite unions of uniformly separated sequences, which
appear in several well-known theorems involving both Hardy and Bergman spaces.
The techniques of proof, some of which are quite involved, differ greatly from re-
sult to result. The purpose of this note is to provide a relatively simple and self-
contained proof that unifies all of these results.

A sequence {zk} of points in the unit disk D = {z ∈ C : |z| < 1} is called a
Blaschke sequence if

∞∑
k=1

(1 − |zk|) <∞.

It is uniformly separated if∏
j 6=k

∣∣∣∣ zj − zk1− zjzk

∣∣∣∣ ≥ δ , k = 1, 2, . . . ,

for some constant δ > 0 that is independent of k.
The importance of uniformly separated sequences is evident in their role as in-

terpolation sequences for the Hardy space Hp, the set of functions f analytic in the
disk satisfying

‖f‖Hp = sup
r<1

{
1

2π

∫ 2π

0

|f(reiθ)|pdθ
}1/p

<∞.

A sequence {zk} in the disk is said to be a universal interpolation sequence if for
each complex sequence {wk} ∈ `∞ there exists a bounded analytic function f
with f(zk) = wk for k = 1, 2, . . . . Carleson [1] proved that {zk} is a universal
interpolation sequence if and only if it is uniformly separated. Shapiro and Shields
[13] then generalized the theorem to arbitrary Hp spaces (1 ≤ p <∞) by showing
that the operator

Tp(f) =
{

(1− |zk|2)1/pf(zk)
}
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maps Hp onto `p if and only if {zk} is uniformly separated, a result that Kabǎıla
[8] extended to 0 < p < 1. One aspect of the theorem is the assertion that

∞∑
k=1

(1 − |zk|2)|f(zk)|p <∞ for every f ∈ Hp

if {zk} is uniformly separated.
A finite measure µ on the disk is called a Carleson measure if Hp ⊂ Lp(D, µ).

These measures are easily seen to be independent of p and were described geomet-
rically in a theorem of Carleson [2]. (See also Duren [3].) The convergence of the
above sum for every f ∈ Hp is equivalent to saying that

µ =
∞∑
k=1

(1− |zk|2)δzk

is a Carleson measure. McDonald and Sundberg [10] completed this result to the
following theorem.

Theorem A. A sequence {zk} of points in D generates a Carleson measure µ =∑
(1−|zk|2)δzk if and only if {zk} is a finite union of uniformly separated sequences.

We turn now to Bergman spaces, where uniformly separated sequences also play
an important, albeit different, role. Recall that a function f analytic in D is in the
Bergman space Ap if

‖f‖p =
{

1
π

∫
D
|f(z)|pdm(z)

}1/p

<∞,

where m denotes Lebesgue area measure.
Given a Blaschke sequence {zk}, we can form the Blaschke product

B(z) =
∏
k

bzk(z), where bzk(z) =
|zk|
zk

zk − z
1− zkz

.

While the quotient f/B is in Hp whenever f is an Hp function vanishing on {zk},
this is not always the case in Ap. The Blaschke product B is called a universal
divisor for Ap if f/B ∈ Ap whenever a function f ∈ Ap vanishes on {zk}. By the
closed graph theorem it is equivalent to require the existence of a constant Cp such
that ‖f/B‖p ≤ Cp‖f‖p for all f ∈ Ap vanishing on {zk}.

The complete description of universal divisors, due to Horowitz [7], is as follows.

Theorem B. For any Blaschke product B, the following statements are equivalent.
(i) B is a universal divisor for some space Ap , 0 < p <∞ .
(ii) B is a universal divisor for every space Ap .
(iii) The zero-set of B is a finite union of uniformly separated sequences.

We shall need an additional result, also due to Horowitz [6]. The zero-set {zk}
of a function f ∈ Ap need not be a Blaschke sequence, but it has the property∑
k(1− |zk|)2 <∞, which implies the convergence of the Horowitz product

H(z) =
∞∏
k=1

bzk(z)
(
2− bzk(z)

)
.
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In fact, the product

H∗(z) =
∞∏
k=1

|ϕzk(z)|(2− |ϕzk(z)|),

where ϕζ(z) = (ζ − z)/(1− ζz), also converges. Note that H∗(z) ≤ |H(z)|.

Theorem C. For 0 < p < ∞, let f ∈ Ap, and let H be the Horowitz product
formed with its zero-set. Then f/H ∈ Ap and ‖f/H‖p ≤ Cp‖f‖p , where Cp is a
constant depending only on p. Moreover, f/H∗ ∈ Lp and ‖f/H∗‖p ≤ Cp‖f‖p.

We now combine Theorems A and B with two auxiliary conditions to form a
single theorem that unifies all of these results. This arrangement allows a self-
contained proof, invoking only the basic theorem of Horowitz (Theorem C above).
One important advantage of this approach is that it avoids all appeal to the geo-
metric characterization of Carleson measures, a relatively deep result. Moreover,
it proves Theorem A without the complicated geometric argument in [10], and it
proves Theorem B without the appeal in [7] to a rather obscure property of level-
curves of Blaschke products.

Main Theorem. For a Blaschke sequence {zk} of points in D, the following five
statements are equivalent.

(i) {zk} is a finite union of uniformly separated sequences.
(ii)

∑∞
k=1(1− |zk|2)δzk is a Carleson measure.

(iii) supz∈D
∑∞
k=1(1 − |ϕzk(z)|) <∞.

(iv) The associated Blaschke product B is a universal divisor of Ap; that is,
f/B ∈ Ap for every function f ∈ Ap that vanishes on {zk}.

(v) The operator of multiplication by the associated Blaschke product B is
bounded below on Ap; that is, ‖Bf‖p ≥ c ‖f‖p for some constant c > 0 and ev-
ery function f ∈ Ap.

The last two statements are ambiguous because they do not specify the values
of p for which the property is to hold. In fact, it will be clear from the proof that
if either property holds for some p (0 < p <∞), then it must hold for all p.

Proof of the Main Theorem. (i) =⇒ (ii). Here we refer the reader to the self-
contained and relatively simple proof due to Neville [11].

(ii) =⇒ (iii). Now we assume that
∞∑
k=1

(1− |zk|2)|f(zk)|p ≤ C ‖f‖pHp

for all functions f ∈ Hp. Choosing

f(z) = fζ(z) =
(

1− |ζ|2

1− ζz

)2/p

, ζ ∈ D ,

with ‖fζ‖pHp = 1− |ζ|2, we infer from the identity

1− |ϕzk(z)|2 =
(1− |z|2)(1− |zk|2)

|1− zkz|2
,(1)
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that
∞∑
k=1

(1 − |ϕζ(zk)|2) =
∞∑
k=1

(1− |ζ|2)(1 − |zk|2)
|1− ζzk|2

=
1

1− |ζ|2
∞∑
k=1

(1− |zk|2)|fζ(zk)|p ≤ C

1− |ζ|2 ‖fζ‖
p
Hp = C

for all ζ ∈ D, which gives (iii).
(iii) =⇒ (iv). Let B be the Blaschke product of {zk}, and let f be a function

in Ap that vanishes on {zk}. Assuming that (iii) holds, we want to show that
f/B ∈ Ap. But

|f(z)|
|B(z)| =

|f(z)|
|H∗(z)|

∞∏
k=1

(2− |ϕz(zk)|) ,

so by Theorem C it will be sufficient to show that the infinite product is uniformly
bounded for z ∈ D. But this is a consequence of property (iii), since

log
( ∞∏
k=1

(2− |ϕz(zk)|)
)
≤
∞∑
k=1

(1 − |ϕz(zk)|) .

Thus (iv) holds if (iii) does.
(iv) =⇒ (v). A simple argument using the closed graph theorem shows that

multiplication by a function ψ ∈ H∞ is bounded below on Ap if and only if the
set ψAp is closed. On the other hand, it is true for any Blaschke product B that
BAp is contained in the subspace Np of all functions in Ap that vanish on the
zero-set of B. Property (iv) says that Np ⊂ BAp, so that BAp = Np and BAp is
therefore closed. Thus a sequence {zk} has property (v) whenever it has property
(iv). (We remark that one could also prove directly that (v) =⇒ (iv). Note
first that [B] ⊂ BAp ⊂ Np when BAp is closed, where [B] denotes the subspace
of Ap generated by all polynomial multiples of B. However, it was shown by H.S.
Shapiro [12] (see [4] for a proof) that [B] = Np for any Blaschke product B. Thus
BAp = Np if BAp is closed, which shows that (v) =⇒ (iv).)

(v) =⇒ (iii). This part of the argument follows Horowitz [7]. Under the
assumption that (iii) does not hold, or equivalently that

sup
z∈D

∞∑
k=1

(1 − |ϕzk(z)|2) =∞ ,

we shall produce a family of functions fζ ∈ Ap with ‖fζ‖p = 1 for all ζ ∈ D, such
that

inf
ζ∈D
‖Bfζ‖p = 0 .

Define fζ = (ϕ′ζ)
2/p and observe that

‖fζ‖pp =
1
π

∫
D
|ϕ′ζ(z)|2 dm(z) =

1
π

∫
D
dm(w) = 1 ,

where w = ϕζ(z). Also note that

‖Bfζ‖p = ‖B ◦ ϕζ‖p ,
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since ϕ−1
ζ = ϕζ . But the composition B ◦ϕζ is, up to rotation, a Blaschke product

with zeros at the points ζk = ϕζ(zk). Thus

log |B(ϕζ(z))| = 1
2

∞∑
k=1

log |ϕζk(z)|2 ≤ 1
2

∞∑
k=1

{
|ϕζk(z)|2 − 1

}
= −1

2
(1− |z|2)

∞∑
k=1

1− |ζk|2

|1− ζkz|2
≤ −1

8
(1− r2)

∞∑
k=1

(1− |ζk|2)

for |z| ≤ r < 1. Consequently, given any ε > 0 we may choose M > 0 so large that
‖B ◦ ϕζ‖p < ε when

∞∑
k=1

(1− |ζk|2) =
∞∑
k=1

(1 − |ϕzk(ζ)|2) > M .

Specifically, we have only to choose r < 1 so that∫
r<|z|<1

|B(ϕζ(z))|p dm ≤ π(1 − r2) <
εp

2

for all ζ ∈ D, and then to choose M large enough to ensure that∫
|z|≤r

|B(ϕζ(z))|p dm <
εp

2

for any ζ with
∑

(1− |ζk|2) > M . Adding the two integrals, we see that

‖B ◦ ϕζ‖pp ≤
εp

2
+
εp

2
= εp

for some ζ ∈ D. Thus ‖Bfζ‖p < ε while ‖fζ‖p = 1. This shows that (v) does not
hold if (iii) does not.

(iii) =⇒ (i). This final stage of the proof will consist of two main steps. The
first step is to show that a sequence {zk} with property (iii) is a finite union of
uniformly discrete sequences. (A sequence {zk} is uniformly discrete if there is a
positive constant δ such that |ϕzj (zk)| ≥ δ for all j and k with j 6= k.) The second
step is to show that any uniformly discrete sequence with property (iii) is in fact
uniformly separated. To carry out the first step, we begin by observing that if for
some δ > 0 each pseudohyperbolic disk

∆(ζ, δ) = {z ∈ D : |ϕζ(z)| < δ}
contains at most N points of the sequence {zk}, then {zk} is the union of at most N
uniformly discrete sequences. Thus if {zk} is not a finite union of uniformly discrete
sequences, there must exist a sequence {ζm} of points in D for which Nm → ∞ as
m→∞, where Nm is the number of points zk in the disk ∆(ζm, 1

2 ). Consequently,
∞∑
k=1

(1 − |ϕzk(ζm)|2) ≥
∑

zk∈∆(ζm,
1
2 )

(1− |ϕzk(ζm)|2) ≥ 3
4
Nm →∞

as m→∞, contradicting the property (iii). Thus (iii) implies that {zk} is a finite
union of uniformly discrete sequences.

Finally, suppose that (iii) holds and {zk} is uniformly discrete, so that
∞∑
k=1

(1 − |ϕzk(z)|2) ≤M <∞
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and |ϕzk(zj)| ≥ δ > 0 for j 6= k. Then in view of the inequality − log x ≤ 1
x (1− x),

we see that ∑
k 6=j
− log

∣∣ϕzk(zj)
∣∣2 ≤ 1

δ2

∑
k 6=j

(
1−

∣∣ϕzk(zj)
∣∣2) ≤ M

δ2
.

Exponentiating, we conclude that∏
k 6=j

∣∣ϕzk(zj)
∣∣ ≥ e−M/2δ2

> 0 , j = 1, 2, . . . ,

which says that {zk} is uniformly separated. Combining the two main steps of the
proof, we conclude that any sequence {zk} with the property (iii) is a finite union of
uniformly separated sequences. This completes the proof of the Main Theorem.

For an alternate proof that properties (ii) and (iii) are equivalent, one can invoke
the theory of Carleson measures. By appeal to Carleson’s geometric description,
it is not difficult to show (cf. Garnett [5], p. 239) that a positive measure µ is a
Carleson measure if and only if

sup
z∈D

∫
D

1− |z|2

|1− ζz|2
dµ(ζ) <∞ .

Applying this criterion to the discrete measure

µ =
∞∑
k=1

(1− |zk|2)δzk

and using the identity (1), one sees immediately that (ii) and (iii) are equivalent.
McDonald and Sundberg [10] gave a stronger form of the implication (v) =⇒ (i),

showing that multiplication by an arbitrary inner function ψ is bounded below
on Ap if and only if ψ is a Blaschke product whose zero-set is a finite union of
uniformly separated sequences. Luecking [9] carried the problem further, showing
that multiplication by a function ψ ∈ H∞ is bounded below on Ap if and only if

m
(
{z ∈ D ∩∆ : |ψ(z)| > ε}

)
> δm(D ∩∆)

for some positive constants δ, ε and for all disks ∆ centered on the unit circle.
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