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Abstract. In this note we prove a Fefferman-Poincaré type inequality in
spaces with metric induced by Carnot-Carathéodory vector fields.

1. Introduction

In his celebrated paper, C. Fefferman [6] proved the inequality∫
B

|u(x)− uB|p|V (x)| dx ≤ c
∫
B

|∇u(x)|p dx ∀u ∈ C∞(1.1)

in the case p = 2, assuming the potential V to belong to the class Lr,n−2r, 1 < r ≤
n/2. In (1.1) uB is the integral average |B|−1

∫
B
u(y) dy, and |B| is the Lebesgue

measure of B.
Later, Chiarenza and Frasca [3] extended Fefferman’s result, with a different

proof, assuming V in Lr,n−pr, 1 < r ≤ n/p, 1 < p < n. Danielli, Garofalo and
Nhieu in [5] introduced a suitable version of Morrey spaces adapted to the Carnot-
Carathéodory (C-C) metric and proved the same inequality with V in the Morrey
space L1,λ for some λ > 0. Later, Danielli in [4] generalized [3] to the setting of
C-C metric.

A different approach to the inequality (1.1) was started with Schecter in [8],
where he proved the inequality with p = 2 and V in the Stummel - Kato class.
Subsequently, in [10], with a different and simpler proof, Schechter’s result was
extended assuming V in a larger class containing the Stummel - Kato class. Later,
in [11] inequality (1.1) was proved with 1 < p < n, and V in a more general class of
potentials generalizing [11] and giving applications to elliptic PDE. It is worthwhile
to point out that the two approaches are essentially different one from each other
and, except for some partial overlapping in the result, they are not comparable.

The aim of this note is to prove inequality (1.1) when the gradient in the right-
hand side is replaced by the energy associated to an arbitrary system of vector
fields, and the function V is taken in an appropriate Stummel-Kato class, defined
using the Carnot-Carathéodory metric associated to the vector fields in a metric
space.
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2. Hypotheses and preliminary results

Let (S, ρ) be a metric space. A measure µ is called a doubling measure if there
exists a constant cD,µ > 1 such that

µ(B(x, 2r)) ≤ cD,µ µ(B(x, r)), x ∈ S, r > 0.

As usual we set B(x, r) = {y ∈ S : ρ(x, y) < r} to denote the metric ball of radius
r centered at x. When B is a ball we shall write xB for the center and rB for the
radius.

Let X = (X1, . . . , Xm) a system of vector fields in S. For a given function

u : Ω ⊂ S → R, we set Xu = (X1u, . . . , Xmu) and |Xu| =
(

m∑
j=1

(Xju)2

) 1
2

, where,

as usual, Xju(x) = 〈Xj ,∇u(x)〉, identifying the Xj ’s with the first order differential
operator that acts on u ∈ Lip(Ω) via the above formula.

Let 1 ≤ p <∞. We define

L1,p
µ (Ω) =

{
u ∈ Lpµ(Ω) : Xju ∈ Lpµ(Ω), j = 1, . . . ,m

}
.

For any u ∈ L1,p
µ (Ω) we set

‖u‖p1,p,µ = ‖u‖pp,µ + ‖ |Xu| ‖pp,µ.(2.1)

As usual, the completion of the set C∞0 (Ω) with respect to the norm (2.1) will be
denoted by S1,p

0,µ(Ω).
We now recall the definition of a Boman chain domain.

Definition 2.1. A domain Ω in S is said to satisfy the Boman chain condition of
type σ,M , or to be a member of F(σ,M), if there exist constants σ > 1, M > 1, and
a family F of metric balls B ⊂ Ω such that the following conditions are satisfied:

(i) Ω =
⋃
B∈F B .

(ii)
∑

B∈F χσB(x) ≤M χΩ(x) for all x ∈ S .
(iii) There is a so-called “central ball” B0 ∈ F such that for each ball B ∈ F ,

there is a positive integer k = k(B) and a chain of balls {Bj}kj=0 such that
Bk = B and each Bj ∩Bj+1 contains a ball Dj for which Bj ∪Bj+1 ⊂MDj.

(iv) B ⊂MBj , for all j = 0, . . . , k(B).

Let µ and ν be two doubling measures in (S, ρ) with respect to metric balls, and
let Ω be a domain in S. We assume the following:

(H1) There is a constant α ≥ 1 such that for all balls B with αB ⊂ Ω,

1
ν(B)

∫
B

|f − fB,ν | dν ≤ c
rB
µ(B)

∫
αB

|Xf | dµ,

where the constant c is independent of the function f ∈ L1,p
µ (Ω). As usual fB,ν

denotes the average of the function f with respect to the measure ν, fB,ν =
ν(B)−1

∫
B
f dν, and the measures ν, µ are related by the following balance con-

dition: if B and B̃ are balls with αB ⊂ B̃ ⊂ Ω, then

rB
rB̃

ν(B)
ν(B̃)

≤ cµ(B)
µ(B̃)

.

(H2) The measure µ on the right in (H1) satisfies a reverse doubling condition,
i.e., there is a constant c > 0 such that if B1 and B2 are balls with centers in Ω
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and with B1 ⊂ B2, then

µ(B2) ≥ c rB2

rB1

µ(B1).

(H3) The “segment” property holds for every ball B ⊂ Ω, i.e., if B is a subball
of Ω with center xB , then for each x ∈ B there is a continuous curve γ = γxBx(t),
0 ≤ t ≤ 1, in B with γ(0) = xB , γ(1) = x and ρ(xB , z) = ρ(xB , y) + ρ(y, z) for all
y, z ∈ γ with y = γ(s), z = γ(t), 0 ≤ s ≤ t ≤ 1.

(H4) Ω is a Boman chain domain of type σ,M , i.e., Ω ∈ F(σ,M).
In order to obtain our results we recall the following two theorems, proved in [7],

that will play a crucial role in our proofs.

Theorem 2.2. Suppose that ν and µ are doubling measures on a metric space
(S, ρ) and that the hypotheses (H1), (H2) and (H3) hold true for a ball B0. Then
for ν-a.e. x ∈ B0,

|f(x)− fB0,ν | ≤ c
∫
B0

|Xf(y)| ρ(x, y)
µ(B(x, ρ(x, y)))

dµ(y),

where c is a positive constant independent of f , x and B0.

The next theorem is a generalization of Theorem 2.2 to any Boman chain domain
Ω.

Theorem 2.3. Suppose that ν and µ are doubling measures on a metric space
(S, ρ) and that hypotheses (H1)–(H4) hold true for a domain Ω ⊂ S. Then for
ν-a.e. x ∈ Ω,

|f(x)− fB0,ν | ≤ C
∫

Ω

|Xf(y)| ρ(x, y)
µ(B(x, ρ(x, y)))

dµ(y),

where B0 is the central ball in Ω and C is independent of f and x.

Definition 2.4 (Stummel-Kato class). Let (S, ρ) be a metric space. Let µ and ν
be doubling measures with respect to metric balls.

Let V : S → R, r > 0. We set φ(r) equal to

sup
x∈S

∫
ρ(x,y)<r

ρ(x, y)
µ(B(x, ρ(x, y))

(∫
ρ(z,x)<r

|V (z)| ρ(z, y)
µ(B(z, ρ(z, y))

dν(z)

) 1
p−1

dµ(y)

p−1

.

We say that a function V : S → R belongs to the space M̃p(S) if and only if φ(r)
is finite for any r > 0.

If, in addition, lim
r→0+

φ(r) = 0, then we say that V belongs to the space Mp(S).

Remark 2.5. The definition above gives back the classical Stummel-Kato class if
we take p = 2,S = Rn, dµ = dν = Lebesgue measure (e.g. [1], [2], [8] and [9]).

3. Main results

Theorem 3.1. Let ν and µ be two doubling measures on a metric space (S, ρ), and
let hypotheses (H1), (H2) and (H3) hold true for a ball B ⊂ S. Assume V ∈ M̃p(S).
Then there exists a positive constant c, independent of u, such that∫

B

|V (x)| |u(x) − uB,ν |p dν(x) ≤ cφ(2rB)
∫
B

|Xu(x)|p dµ(x),

for any u ∈ L1,p
µ (B).
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Proof. By Theorem 2.2 and Fubini’s Theorem we have∫
B

|V (x)| |u(x) − uB,ν|p dν(x)(3.1)

≤ c
∫
B

|V (x)| |u(x) − uB,ν |p−1

(∫
B

|Xu(y)| ρ(x, y)
µ(B(x, ρ(x, y))

dµ(y)
)
dν(x)

≤ c
∫
B

|Xu(y)|
(∫

B

|V (x)| |u(x) − uB,ν|p−1 ρ(x, y)
µ(B(x, ρ(x, y))

dν(x)
)
dµ(y)

≤ c
(∫

B

|Xu(y)|p dµ(y)
) 1
p

.

[∫
B

(∫
B

|V (x)| |u(x) − uB,ν |p−1 ρ(x, y)
µ(B(x, ρ(x, y))

dν(x)
) p
p−1

dµ(y)

] p−1
p

.

We also have

∫
B

(∫
B

|V (x)| |u(x) − uB,ν|p−1 ρ(x, y)
µ(B(x, ρ(x, y))

dν(x)
) p
p−1

dµ(y)(3.2)

≤
∫
B

(∫
B

|V (z)| ρ(z, y)
µ(B(z, ρ(z, y))

dν(z)
) 1
p−1

.

(∫
B

|V (x)| |u(x) − uB,ν|p
ρ(x, y)

µ(B(x, ρ(x, y))
dν(x)

)
dµ(y)

=
∫
B

|V (x)| |u(x) − uB,ν |p
∫
B

ρ(x, y)
µ(B(x, ρ(x, y))

.

(∫
B

|V (z)| ρ(z, y)
µ(B(z, ρ(z, y))

dν(z)
) 1
p−1

dµ(y) dν(x)

≤ φ 1
p−1 (2rB)

∫
B

|V (x)| |u(x) − uB,ν |p dν(x).

From (3.1) and (3.2) we obtain the desired conclusion.

Remark 3.2. It is not difficult to extend the previous result to the case when Ω is
a Boman chain domain of type σ, M. In fact, repeating the proof of Theorem 3.1
yields

Theorem 3.3. Let ν and µ be two doubling measures on a metric space (S, ρ),
and let hypotheses (H1)–(H4) hold true for a domain Ω ⊂ S. Assume V ∈ M̃p(S).
Then there exists a positive constant c, independent of u, such that∫

Ω

|V (x)| |u(x) − uB0,ν |p dν(x) ≤ cφ(2MrB0)
∫

Ω

|Xu(x)|p dµ(x),

where B0 is the central ball in Ω, for any u ∈ L1,p
µ (Ω).
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However, we preferred to show the result in the case of metric balls in view of
forthcoming applications to the regularity properties of the solutions to some PDEs.

The next corollaries are useful in connection with PDEs.

Corollary 3.4. Let the hypotheses of Theorem 3.1 hold true. Then there exists a
positive constant c, independent of u, such that∫

B

|V (x)| |u(x)|p dν(x) ≤ cφ(2rB)
∫
B

|Xu(x)|p dµ(x), ∀u ∈ S1,p
0,µ(B).

Corollary 3.5. Under the same assumptions of Theorem 3.1, for any ε > 0 there
exists a positive function K(ε) ∼ ε

[φ−1 (ε)]Q+p
such that∫

Ω

|V (x)| |u(x)|p dµ(x) ≤ ε
∫

Ω

|Xu(x)|p dµ(x) +K(ε)
∫

Ω

|u(x)|p dµ(x),

for all u ∈ S1,p
0,µ(Ω), where Ω is a bounded subset of S, containing the support of V ,

and Q = log2 cD,µ.

Proof. Let ε > 0. Let r be a positive number that we will choose later. Let {αpi },
i = 1, 2, . . . , N(r), be a finite partition of unity of Ω, such that spt αi ⊆ B(xi, r),
with xi ∈ Ω. From Corollary 3.2 we have∫

Ω

|V (x)||u(x)|p dν(x) =
∫

Ω

|V (x)||u(x)|p
N(r)∑
i=1

αpi (x) dν(x)

=
N(r)∑
i=1

∫
Ω

|V (x)||u(x)|pαpi (x) dν(x)

≤
N(r)∑
i=1

cφ(2r)
(∫

Ω

|Xu(x)|pαpi (x) dµ(x) +
∫

Ω

|Xαi(x)|p|u(x)|p dµ(x)
)

≤ cφ(2r)
(∫

Ω

|Xu(x)|p dµ(x) +
N(r)
rp

∫
Ω

|u(x)|p dµ(x)
)
.

Choosing r such that cφ(2r) = ε and observing that N(r) ' r−Q, we get the
corollary.
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