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ABSTRACT. In this paper we extend classical results concerning generalized
convolution structures on measure spaces. Given a locally compact Hausdorff
space X, we show that a compactly bounded convolution of point masses that
is continuous in the topology of weak convergence with respect to C.(X) can be
extended to a general convolution of measures which is separately continuous
in the topology of weak convergence with respect to Cp(X).

1. INTRODUCTION

The study of generalized convolution systems has been of interest to mathe-
maticians for many years. Of particular interest in the last half of the twentieth
century has been those situations where some structure placed upon a locally com-
pact (Hausdorff) space X will yield a continuous convolution on M(X), the space
of bounded Radon measures on X. To be more exact, when a continuous map
w: X x X — My(X) can be extended to a continuous map (a convolution) from
Mp(X) x My(X) — My(X), where Mp(X) is endowed with the Cy-weak (7,) topol-
ogy of weak convergence with respect to Cy(X), the space of continuous bounded
functions on X. This situation arises, for example, when X is a group (see [2]), a
hypergroup (see [3]), or a signed hypergroup (see this paper). In the group case the
image of the original map w consists entirely of point-mass (or Dirac) measures.
For the hypergroup case, where the image of the map w consists of probability
measures, Jewett [3] used the “cone” topology which is equivalent to the Cp-weak
topology on the subspace M, b+ (X)) consisting of positive measures.

In this paper we will show that if the map w is “compactly bounded”, and
bounded by the standard norm on M;(X), then it can still be extended continuously
to My(X) x My(X) even though its image may contain signed measures. Moreover,
in order to have the extension be separately continuous with respect to the Cp-weak
topology, it will only be necessary to require that the map w is continuous with
respect to the C.-weak (7.) topology.

2. THE STRICT TOPOLOGY ON Cp(X)

An important tool in this paper will be the strict () topology on Cy(X), which
lies between the compact-open (k) and the sup-norm (o) topologies. This topology
is interesting and useful because, as was shown by C. Buck in the 1950’s, M;(X) is
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the strict dual of Cp(X) even if X is not compact. In other words, My(X) consists
exactly of those linear functionals on Cy(X) which are continuous with respect to
the strict topology. For details concerning the strict topology we refer the reader
to [1.

We begin by defining the strict topology and extending some basic results con-
cerning the strict and Cp-weak topologies. Please note that throughout this paper
all topological spaces are assumed to be locally compact and Hausdorff, and that
we use the notation Cy(X) to represent the space of continuous functions on X
which vanish at infinity.

Definition. A net (f,) in Cp(X) converges to f € Cp(X) with respect to the strict
topology on Cy(X) if for each ¢ in Cy(X), the net (¢f,) converges to ¢ f uniformly.

Lemma 2.1. If (fs) s a norm-bounded net in Cy(X) which converges to f in
Cy(X) with respect to the compact-open topology, then (fs) converges to [ with
respect to the strict topology.

Proof. Let A = {g € Co(X) : ||g]| < supy{llfall; |fll} < co}. Then A is a norm
bounded subset of Cy(X). Hence, by Theorem 1(iv, v) in [1], the compact-open
topology agrees with the strict topology on A. Thus (f,) converges to f with
respect to the strict topology. O

Lemma 2.2. The set, FMy(X), of measures on X with finite support is Cp-weakly
dense in My(X).

Proof. The space C(X) is a separating vector space of linear functionals on My(X).
Thus, by Theorem 3.10 in [5], (M(X), 1) is a locally convex space whose dual is
Cy(X). Let S be the mp-closure of FMy(X) in My(X). By Theorem 1.13(c) in
[B], S is a closed linear subspace of My(X). Suppose that S # My(X) and let
o € Mp(X)\ S. By Theorem 3.5 in [5], there exists an f € Cp(X) such that
f(po) =1 and f(u) =0 Yu € FMy(X). But this implies that for every z € X we
have f(x) = 64(f) = f(0z) = 0 which implies f = 0 and hence f(u,) = 0 which is
a contradiction. O

3. CONVOLUTION EXTENSION THEOREM

The motivation for this paper is the study of signed hypergroups, and we note
here that the hypotheses of the following lemma and theorem are satisfied by the
axioms of a signed hypergroup which have appeared in [I1]. Note that the only
restrictions on the map w, besides continuity, are that w must be bounded in
two ways; with respect to the standard norm on M;(X) and also with respect to
compact sets.

Definition. Let X and Y be locally compact Hausdorff spaces. A map w : X —
Mp(Y) is said to be compactly bounded if for every compact subset K C X, the
set [J{supp(w,) : © € K} is relatively compact in Y.

As the next theorem shows, one of the main benefits of compactly bounded maps
is that Cp-weak continuity will be equivalent to C.-weak continuity.

Theorem 3.1. Let w: X — My(Y) be compactly bounded and C.-weakly continu-
ous. Then w is also Cy-weakly continuous.
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Proof. Let f € Cp(Y) and let (z,) be a net in X which converges to z € X. We
must show that the net w,,_ (f) converges to w,(f).

Choose a relatively compact open subset V' of X with z € V. Since w is com-
pactly bounded, the set A = [,y supp(w(z)) is a relatively compact subset of Y.
Choose a relatively compact open subset W of Y with A C W (where A is the clo-
sure of A). Since Y is locally compact, we can choose a positive function g € C.(Y)
such that g =1 on Aand g =0 on Y \ W. Since w is C.-weakly continuous and
gf € Ce(X), the net wy, (gf) converges to wg(gf).

Now, let € > 0 be given. Choose an index «, such that, for all a > a,, x4 € V
and |wy_ (9f) — wz(9f)] < e. Let @ > «a,. Note that z,z, € V implies that
supp(w,,, ), supp(w,) € A. Therefore,

() = wa P = | [ fawa, ~ [ gawal =1 [ fwn, - [ gaw]

= |/A(gf)dwzu —/A(gf)dwﬂ = |/Y(gf)dwzu _/Y(gf)dwz|
= wz, (9f) —wa(gf)] <e

O

Lemma 3.2. Let X and Y be locally compact Hausdorff spaces. Let x — w;
be a compactly bounded continuous map from X — (My(Y),7.) such that k =
sup{|lwe|| : @ € X} < oo. For each g € Cy(Y) define ¢'(x) = [, gdw, for all
x € X. Then

a) g € Cyp(Y) implies g € Cp(X) and ||g'|| < K[|g]|.

b) If go — g in the strict topology and ||ga|| < M < 0o ¥ «, then g, — ¢’ in the
strict topology.

Proof. a) Let ¢, — = be a net in X. Then, by Theorem 3.1, w,, — w, in the
Cy-weak (13) topology on My(Y'). Hence we have, for g € Cp(Y),
gl(xa) = Wy, (g) - wz(g) = gl(x)'

Thus ¢’ is continuous. For the second part of a), note that

lg'(@)] = |wz(9)| < llgllullwell < Ellgllu.

b) Since ||ga|| < M Vo, we have that ||g. || < kM < oo Va. Thus by Lemma 2.1,
to show that g/, — ¢’ (3) it is sufficient to show that g/, — ¢’ (k) (where x = the
compact-open topology). Let € > 0 be given and let ¢ € C.(X) (with ||¢|| # 0).
Then X, = supp(¢) is a compact subset of X. Since w is compactly bounded, we
have that A = J, ¢ X, supp(w, ) is a relatively compact subset of Y. Now, g, — ¢
in the strict topology implies g, — ¢ in the compact open topology which implies
there is an «, such that ||go — gl 5 < #oy for all o > a,. Thus for a > a, we have

légt, — ¢’ = 16(dls — &)l = sup {] $(x) / (9o — 9)dhws |}
zeX Y

— sup {| 6lx) /Y (9 — 9wz 1} < 161l - llge — g1

r€Xy

k. —S .
<loll & g =

Therefore g/, — ¢’ in the strict topology. O
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NOTE. From here on M,(X) is endowed with the 7, topology unless otherwise
noted.

Definition. Let X,Y be locally compact. A map T : Mp(X) — M(Y) is X-
bounded if sup{||T(0;)|| : 2 € X} < 0.

Theorem 3.3. Let X,Y be locally compact. Let v — w, be as in Lemma 3.2.
Then 6, — w, has a unique extension to an X-bounded, continuous map from
My(X) — My(Y).

[Please note that DM,(X) = {0, : # € X} is homeomorphic to X, and hence a
continuous map from X can be viewed as a continuous map from DM;(X).]

Proof. Let p € Mp(X). Then define ¢(u) € My(Y) via

(1) (g) = /X ddp YgeCyY)  (where g'(z) = /Y gdwy).

We must verify that (1) ¢(u) € My(Y) Vpu, (2) ¢(dz) = w, Yo € X (which implies
¢ is X-bounded), (3) ¢ is linear and continuous, and (4) ¢ is unique.

For (1) we have that M,(X) = all linear functionals on Cy(X) that are (-
continuous on B-bounded sets (see p. 100 of [I]). Thus ¢(u) € My(Y) if and
only if ¢(u)(ga) — ¢(1)(g) whenever g, — g in the strict topology and (g,) is a
B-bounded net in Cp(Y) (equivalently a o-bounded net). If g, — g is a S-bounded
net, then, by Lemma 2.1, ¢/, — ¢’ is a -bounded net converging in the strict
topology. Thus u(g,) — p(g’) implies ¢(11)(ga) — d(p)(g) since (u)(f) = n(f’)
Ve Cy(Y).

For (2) note that Vz € X and g € Cy(Y'), we have that ¢(d,)(g) = [y 9'd0. =
g/({E) = fy gdws = wy(g). Thus ¢(6z) = wy.

For (3) ¢ is clearly linear and ¢ is continuous since if po — g in My(X), then
po(f) = u(f) Vf € Cp(X). Thus, since f € Cp(Y) = [’ € Cy(X), we have that

G(1a)(f) = palf') = u(f") = 6()(f) Vf € Cu(Y).

For (4) let ¢ : Mp(X) — Mp(Y') be any other continuous extension of §, — w,.
Let po € FM(X). Then

= 0u, = () =D Y(0a,) =D wa, = > ¢(6x,) = d()-
n=1 n=1 n=1 n=1

Thus FM(X) dense in My(X) implies ¢ = ¢. O

Lemma 3.4. Let u— p' be a continuous, linear and X -bounded map from My(X)
— Mp(Y). Also assume that for any compact subset K C X, the set | J{supp(d,,) :
x € K} is relatively compact. For g € Cy(Y), define

g (z) = / gdo, Vz € X.
1%

Then,
a) ¢’ € Cp(X) and ||¢'|| < k|lg|| [where k = sup{||d.] : x € X} < 0], and
b) [y gdp’ = [y g'dp.

Proof. Since the map z — d, embeds X into M (X), we have that z — ¢/, is
continuous from X — M;(Y). Thus a) follows from Lemma 3.2.
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By Theorem 3.3, p +— g’ is the unique X-bounded continuous extension of
d, — 6., onto all of M(Y). By the construction in the proof of Theorem 3.3, we

have that
/MM=M®=/¢W
Y X

which is b). O

Lemma 3.5. Let X,Y,Z be locally compact. Suppose that (z,y) — wgy is a
compactly bounded and continuous map from X xY — (My(Z),7.), and that
k =sup{|lwzyl : (z,y) € X xY} <oo. Then

a) 0y X 0y — Wy y has a unique X x Y-bounded, T,-continuous linear extension
from My(X xY) — My(Z), and

b) (0z,0y) — wa,y has a unique extension to a bilinear map from My(X) x
My(Y) — My(Z) that is separately continuous.

Proof. a) This is just Theorem 3.3 with X replaced by X x Y and Y replaced by
Z.

b) The map (dz,dy) — wy y is a composition of the maps (dz,dy) — 05 % 6y and
0z X 0y — wg . The second map has a unique continuous extension as in part (a)
of this lemma. The first map can be extended to (u,v) — p x v. Thus it suffices to
show that (u,v) — p X v is continuous in each variable. Let po — p in My(X) and
v e M(Y). We must show that o x v — pXvin My(X xY). Let f € Cp(X XY)
and define f'(z) = [} f(z,y)dv(y). If f’ € Cy(X), then we will have

o X U(f) = /X @l xv)(ay)
- / / F (@, ) (@) dpa(@) = pa(f) — u(f’) = p x v(f).
XJY

Thus it remains to show that f/ € Cy(X). Without loss of generality we may assume
that f Z0 and v #Z 0. Fix x, € X and let € > 0 be given. Let A C X be a compact
subset such that |v|(Y \ 4) < a7y - Since [ is jointly continuous, we have that for
each y € A there exist neighborhoods U, of z, and V,, of y such that

€

|f(xlazl) f($2,22)| < 2||V||

for all z1,x2 € Uy, and 21,22 € V,,. The collection (V})yeca is an open cover of the
compact set A; thus there is a finite subcover (V,;);j=1,....n of A. Let U = ﬂ?zl Uy,,
which is an open neighborhood of z,. Then for every z € U and y € A we have
If(z,y) — f(zo,y)] < m Thus for every € U we have

() %I—I/ffcydv /fxo,ydu )
/ F(@y) — Faony)ldiv(y) + / (@) — F@onm)ldiv|(v)
Y\A

€ €
< Il +20fll =5 +5 =€
ﬂHI MN 22

Thus f’ is continuous. To see that f’ is bounded, let € X. Then

|f@h4£f@wwwngﬁumwwwwsnmww.D
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Theorem 3.6. Let X be locally compact. Let (z,y) — 65 *dy be a continuous map
from X x X — (My(X),7.) such that

i) k =sup{]|dz *dy] : (z,y) € X x Y} < 0.

ii) For any compact subset K C X x Y, the set | J{supp(ds *dy) : (z,y) € K} is
relatively compact.

Then the map * has a unique extension to a bilinear map from My(X)x My(X) —
My(X) that is separately Tp-continuous.

Proof. Let Y = Z = X and apply Lemma 3.5. |

With Theorem 3.6 proven the goal of this paper has been reached. This convo-
lution extension theorem will allow one to study convolutions of measures, whether
they be positivity-preserving or not, in terms of point-mass measures. In particular,
with specific examples one may define a convolution of measures by merely defining
a convolution of point-masses which satisfies the hypotheses of Theorem 3.6. Also,
when checking that a defined convolution of measures is continuous with respect
to the Cp-weak topology, one need only check C.-weak continuity with respect to
point-mass measures.

Remark. One of the more useful hypergroup axioms is the requirement that the
mapping (z,y) — supp(dy * J,) be continuous with respect to the Michael topology
(see Bl, p. 12). The idea of a compactly bounded map is a weakening of the
concept of continuity with respect to the Michael topology. Indeed, if w : X —
Mp(Y') yields continuity with respect to the Michael topology, then w is compactly
bounded (this is a result of Theorem 2.5f. in [3]). Significantly, it is merely compact
boundedness, not continuity with respect to the Michael topology, that is needed to
extend the convolution of point-mass measures to a separately Cp-weakly continuous
convolution on all of My(X). In [8] axioms for signed hypergroups were given
by Rosler that abandoned the Michael topology for the very good reason that
there are no nontrivial hypergroups on R and that “this is mainly due to the
hypergroup axiom on support continuity of the convolution with respect to the
Michael topology” ([9], p. 292). Rosler’s replacement was the following:

(3.7) For each f € C.(X) and any compact subset K C X, the set

|J (supp(T7 f) U supp(T: )

zeEK
is relatively compact in X, where T* f : y > 0, % 8, (f) and Ty f : y — &y * 5(f).

Condition (3.7) seems to be closely related to compact boundededness. The au-
thor of this paper does not know if there exist any convolution structures which
satisfy condition (3.7) but are not compactly bounded. The Laguerre Convolu-
tions described in [§], and the Bessel-Type signed hypergroups described in [9] are
examples of convolution structures which are compactly bounded and satisfy con-
dition (3.7), but do not yield Michael topology continuity. Additional examples, in
particular, signed quotient hypergroups, can be found in [TI0].

In conclusion, it may be that compact boundedness is a better replacement
for the Michael topology continuity than condition (3.7) in the axioms of a signed
hypergroup. Because C.-weak continuity would imply Cj-weak continuity, compact
boundedness would allow the o-compact requirement in [8] to be dropped. It would
also enable one to construct objects such as products and projective limits of signed
hypergroups more generally than would otherwise be possible. Finally, compact



COMPACTLY BOUNDED CONVOLUTIONS OF MEASURES 2667

boundedness would retain many of the useful results given by Michael topology
continuity, such as, for example, the properties that the convolution of two compact
sets will be (relatively) compact, and also that the convolution of two measures with
compact support will again be a measure with compact support.
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