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COMPACTLY BOUNDED CONVOLUTIONS OF MEASURES

ADAM W. PARR

(Communicated by Andreas Seeger)

Abstract. In this paper we extend classical results concerning generalized
convolution structures on measure spaces. Given a locally compact Hausdorff
space X, we show that a compactly bounded convolution of point masses that
is continuous in the topology of weak convergence with respect to Cc(X) can be
extended to a general convolution of measures which is separately continuous
in the topology of weak convergence with respect to Cb(X).

1. Introduction

The study of generalized convolution systems has been of interest to mathe-
maticians for many years. Of particular interest in the last half of the twentieth
century has been those situations where some structure placed upon a locally com-
pact (Hausdorff) space X will yield a continuous convolution on Mb(X), the space
of bounded Radon measures on X . To be more exact, when a continuous map
w : X ×X → Mb(X) can be extended to a continuous map (a convolution) from
Mb(X)×Mb(X)→Mb(X), where Mb(X) is endowed with the Cb-weak (τb) topol-
ogy of weak convergence with respect to Cb(X), the space of continuous bounded
functions on X . This situation arises, for example, when X is a group (see [2]), a
hypergroup (see [3]), or a signed hypergroup (see this paper). In the group case the
image of the original map w consists entirely of point-mass (or Dirac) measures.
For the hypergroup case, where the image of the map w consists of probability
measures, Jewett [3] used the “cone” topology which is equivalent to the Cb-weak
topology on the subspace M+

b (X) consisting of positive measures.
In this paper we will show that if the map w is “compactly bounded”, and

bounded by the standard norm on Mb(X), then it can still be extended continuously
to Mb(X)×Mb(X) even though its image may contain signed measures. Moreover,
in order to have the extension be separately continuous with respect to the Cb-weak
topology, it will only be necessary to require that the map w is continuous with
respect to the Cc-weak (τc) topology.

2. The strict topology on Cb(X)

An important tool in this paper will be the strict (β) topology on Cb(X), which
lies between the compact-open (κ) and the sup-norm (σ) topologies. This topology
is interesting and useful because, as was shown by C. Buck in the 1950’s, Mb(X) is
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the strict dual of Cb(X) even if X is not compact. In other words, Mb(X) consists
exactly of those linear functionals on Cb(X) which are continuous with respect to
the strict topology. For details concerning the strict topology we refer the reader
to [1].

We begin by defining the strict topology and extending some basic results con-
cerning the strict and Cb-weak topologies. Please note that throughout this paper
all topological spaces are assumed to be locally compact and Hausdorff, and that
we use the notation C0(X) to represent the space of continuous functions on X
which vanish at infinity.

Definition. A net (fα) in Cb(X) converges to f ∈ Cb(X) with respect to the strict
topology on Cb(X) if for each φ in C0(X), the net (φfα) converges to φf uniformly.

Lemma 2.1. If (fα) is a norm-bounded net in Cb(X) which converges to f in
Cb(X) with respect to the compact-open topology, then (fα) converges to f with
respect to the strict topology.

Proof. Let A = {g ∈ Cb(X) : ‖g‖ ≤ supα{‖fα‖, ‖f‖} < ∞}. Then A is a norm
bounded subset of Cb(X). Hence, by Theorem 1(iv, v) in [1], the compact-open
topology agrees with the strict topology on A. Thus (fα) converges to f with
respect to the strict topology.

Lemma 2.2. The set, FMb(X), of measures on X with finite support is Cb-weakly
dense in Mb(X).

Proof. The space Cb(X) is a separating vector space of linear functionals on Mb(X).
Thus, by Theorem 3.10 in [5], (Mb(X), τb) is a locally convex space whose dual is
Cb(X). Let S be the τb-closure of FMb(X) in Mb(X). By Theorem 1.13(c) in
[5], S is a closed linear subspace of Mb(X). Suppose that S 6= Mb(X) and let
µo ∈ Mb(X) \ S. By Theorem 3.5 in [5], there exists an f ∈ Cb(X) such that
f(µo) = 1 and f(µ) = 0 ∀µ ∈ FMb(X). But this implies that for every x ∈ X we
have f(x) = δx(f) = f(δx) = 0 which implies f ≡ 0 and hence f(µo) = 0 which is
a contradiction.

3. Convolution extension theorem

The motivation for this paper is the study of signed hypergroups, and we note
here that the hypotheses of the following lemma and theorem are satisfied by the
axioms of a signed hypergroup which have appeared in [11]. Note that the only
restrictions on the map w, besides continuity, are that w must be bounded in
two ways; with respect to the standard norm on Mb(X) and also with respect to
compact sets.

Definition. Let X and Y be locally compact Hausdorff spaces. A map w : X →
Mb(Y ) is said to be compactly bounded if for every compact subset K ⊆ X , the
set
⋃
{supp(wx) : x ∈ K} is relatively compact in Y .

As the next theorem shows, one of the main benefits of compactly bounded maps
is that Cb-weak continuity will be equivalent to Cc-weak continuity.

Theorem 3.1. Let w : X →Mb(Y ) be compactly bounded and Cc-weakly continu-
ous. Then w is also Cb-weakly continuous.
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Proof. Let f ∈ Cb(Y ) and let (xα) be a net in X which converges to x ∈ X . We
must show that the net wxα(f) converges to wx(f).

Choose a relatively compact open subset V of X with x ∈ V . Since w is com-
pactly bounded, the set A =

⋃
x∈V̄ supp(w(x)) is a relatively compact subset of Y .

Choose a relatively compact open subset W of Y with Ā ⊆W (where Ā is the clo-
sure of A). Since Y is locally compact, we can choose a positive function g ∈ Cc(Y )
such that g ≡ 1 on Ā and g ≡ 0 on Y \W . Since w is Cc-weakly continuous and
gf ∈ Cc(X), the net wxα(gf) converges to wx(gf).

Now, let ε > 0 be given. Choose an index αo such that, for all α ≥ αo, xα ∈ V
and |wxα(gf) − wx(gf)| < ε. Let α ≥ αo. Note that x, xα ∈ V implies that
supp(wxα), supp(wx) ⊆ Ā. Therefore,

|wxα(f)− wx(f)| = |
∫
Y

fdwxα −
∫
Y

fdwx| = |
∫
Ā

fdwxα −
∫
Ā

fdwx|

= |
∫
Ā

(gf)dwxα −
∫
Ā

(gf)dwx| = |
∫
Y

(gf)dwxα −
∫
Y

(gf)dwx|

= |wxα(gf)− wx(gf)| < ε.

Lemma 3.2. Let X and Y be locally compact Hausdorff spaces. Let x 7→ wx
be a compactly bounded continuous map from X 7→ (Mb(Y ), τc) such that k =
sup {‖wx‖ : x ∈ X} < ∞. For each g ∈ Cb(Y ) define g′(x) =

∫
Y gdwx for all

x ∈ X. Then
a) g ∈ Cb(Y ) implies g′ ∈ Cb(X) and ‖g′‖ ≤ k‖g‖.
b) If gα → g in the strict topology and ‖gα‖ ≤M <∞ ∀ α, then g′α → g′ in the

strict topology.

Proof. a) Let xα → x be a net in X . Then, by Theorem 3.1, wxα → wx in the
Cb-weak (τb) topology on Mb(Y ). Hence we have, for g ∈ Cb(Y ),

g′(xα) = wxα(g)→ wx(g) = g′(x).

Thus g′ is continuous. For the second part of a), note that

|g′(x)| = |wx(g)| ≤ ‖g‖u‖wx‖ ≤ k‖g‖u.
b) Since ‖gα‖ ≤M ∀α, we have that ‖g′α‖ ≤ kM <∞ ∀α. Thus by Lemma 2.1,

to show that g′α → g′ (β) it is sufficient to show that g′α → g′ (κ) (where κ = the
compact-open topology). Let ε > 0 be given and let φ ∈ Cc(X) (with ‖φ‖ 6= 0).
Then Xφ = supp(φ) is a compact subset of X . Since w is compactly bounded, we
have that A =

⋃
x∈Xφ supp(wx) is a relatively compact subset of Y . Now, gα → g

in the strict topology implies gα → g in the compact open topology which implies
there is an αo such that ‖gα− g‖Ā < ε

k‖φ‖ for all α ≥ αo. Thus for α ≥ αo we have

‖φg′α − φg′‖ = ‖φ(g′α − g′)‖ = sup
x∈X
{| φ(x)

∫
Y

(gα − g)dwx |}

= sup
x∈Xφ

{| φ(x)
∫
Y

(gα − g)dwx |} ≤ ‖φ‖ · k · ‖gα − g‖Ā

< ‖φ‖ · k · ε

k · ‖φ‖ = ε.

Therefore g′α → g′ in the strict topology.
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NOTE. From here on Mb(X) is endowed with the τb topology unless otherwise
noted.

Definition. Let X,Y be locally compact. A map T : Mb(X) 7→ Mb(Y ) is X-
bounded if sup{‖T (δx)‖ : x ∈ X} <∞.

Theorem 3.3. Let X,Y be locally compact. Let x 7→ wx be as in Lemma 3.2.
Then δx 7→ wx has a unique extension to an X-bounded, continuous map from
Mb(X) 7→Mb(Y ).

[Please note that DMb(X) = {δx : x ∈ X} is homeomorphic to X , and hence a
continuous map from X can be viewed as a continuous map from DMb(X).]

Proof. Let µ ∈Mb(X). Then define φ(µ) ∈Mb(Y ) via

φ(µ)(g) =
∫
X

g′dµ ∀g ∈ Cb(Y ) (where g′(x) =
∫
Y

gdwx).

We must verify that (1) φ(µ) ∈ Mb(Y ) ∀µ, (2) φ(δx) = wx ∀x ∈ X (which implies
φ is X-bounded), (3) φ is linear and continuous, and (4) φ is unique.

For (1) we have that Mb(X) = all linear functionals on Cb(X) that are β-
continuous on β-bounded sets (see p. 100 of [1]). Thus φ(µ) ∈ Mb(Y ) if and
only if φ(µ)(gα) → φ(µ)(g) whenever gα → g in the strict topology and (gα) is a
β-bounded net in Cb(Y ) (equivalently a σ-bounded net). If gα → g is a β-bounded
net, then, by Lemma 2.1, g′α → g′ is a β-bounded net converging in the strict
topology. Thus µ(g′α) → µ(g′) implies φ(µ)(gα) → φ(µ)(g) since φ(µ)(f) = µ(f ′)
∀f ∈ Cb(Y ).

For (2) note that ∀x ∈ X and g ∈ Cb(Y ), we have that φ(δx)(g) =
∫
X
g′dδx =

g′(x) =
∫
Y gdwx = wx(g). Thus φ(δx) = wx.

For (3) φ is clearly linear and φ is continuous since if µα → µ in Mb(X), then
µα(f)→ µ(f) ∀f ∈ Cb(X). Thus, since f ∈ Cb(Y )⇒ f ′ ∈ Cb(X), we have that

φ(µα)(f) = µα(f ′)→ µ(f ′) = φ(µ)(f) ∀f ∈ Cb(Y ).

For (4) let ψ : Mb(X)→Mb(Y ) be any other continuous extension of δx 7→ wx.
Let µ ∈ FMb(X). Then

µ =
m∑
n=1

δxn ⇒ ψ(µ) =
m∑
n=1

ψ(δxn) =
m∑
n=1

wxn =
m∑
n=1

φ(δxn) = φ(µ).

Thus FMb(X) dense in Mb(X) implies ψ = φ.

Lemma 3.4. Let µ 7→ µ′ be a continuous, linear and X-bounded map from Mb(X)
→Mb(Y ). Also assume that for any compact subset K ⊆ X, the set

⋃
{supp(δ′x) :

x ∈ K} is relatively compact. For g ∈ Cb(Y ), define

g′(x) =
∫
Y

gdδ′x ∀x ∈ X.

Then,
a) g′ ∈ Cb(X) and ‖g′‖ ≤ k‖g‖ [where k = sup{‖δ′x‖ : x ∈ X} <∞], and
b)
∫
Y gdµ

′ =
∫
X g
′dµ.

Proof. Since the map x 7→ δx embeds X into M+(X), we have that x 7→ δ′x is
continuous from X →Mb(Y ). Thus a) follows from Lemma 3.2.
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By Theorem 3.3, µ 7→ µ′ is the unique X-bounded continuous extension of
δx 7→ δ′x onto all of Mb(Y ). By the construction in the proof of Theorem 3.3, we
have that ∫

Y

gdµ′ = µ′(g) =
∫
X

g′dµ

which is b).

Lemma 3.5. Let X,Y, Z be locally compact. Suppose that (x, y) 7→ ωx,y is a
compactly bounded and continuous map from X × Y → (Mb(Z), τc), and that
k = sup {‖ωx,y‖ : (x, y) ∈ X × Y } <∞. Then

a) δx × δy 7→ ωx,y has a unique X × Y -bounded, τb-continuous linear extension
from Mb(X × Y )→Mb(Z), and

b) (δx, δy) 7→ ωx,y has a unique extension to a bilinear map from Mb(X) ×
Mb(Y )→Mb(Z) that is separately continuous.

Proof. a) This is just Theorem 3.3 with X replaced by X × Y and Y replaced by
Z.

b) The map (δx, δy) 7→ ωx,y is a composition of the maps (δx, δy) 7→ δx × δy and
δx × δy 7→ ωx,y. The second map has a unique continuous extension as in part (a)
of this lemma. The first map can be extended to (µ, ν) 7→ µ× ν. Thus it suffices to
show that (µ, ν) 7→ µ× ν is continuous in each variable. Let µα → µ in Mb(X) and
ν ∈Mb(Y ). We must show that µα× ν → µ× ν in Mb(X ×Y ). Let f ∈ Cb(X ×Y )
and define f ′(x) =

∫
Y f(x, y)dν(y). If f ′ ∈ Cb(X), then we will have

µα × ν(f) =
∫
X×Y

f(x, y)d(µα × ν)(x, y)

=
∫
X

∫
Y

f(x, y)dν(y)dµα(x) = µα(f ′)→ µ(f ′) = µ× ν(f).

Thus it remains to show that f ′ ∈ Cb(X). Without loss of generality we may assume
that f 6≡ 0 and ν 6≡ 0. Fix xo ∈ X and let ε > 0 be given. Let A ⊆ X be a compact
subset such that |ν|(Y \A) < ε

4‖f‖ . Since f is jointly continuous, we have that for
each y ∈ A there exist neighborhoods Uy of xo and Vy of y such that

|f(x1, z1)− f(x2, z2)| < ε

2‖ν‖
for all x1, x2 ∈ Uy and z1, z2 ∈ Vy. The collection (Vy)y∈A is an open cover of the
compact set A; thus there is a finite subcover (Vyj )j=1,...,n of A. Let U =

⋂n
j=1 Uyj ,

which is an open neighborhood of xo. Then for every x ∈ U and y ∈ A we have
|f(x, y)− f(xo, y)| < ε

2‖ν‖ . Thus for every x ∈ U we have

|f ′(x) − f ′(xo)| = |
∫
Y

f(x, y)dν(y)−
∫
Y

f(xo, y)dν(y)|

≤
∫
A

|f(x, y)− f(xo, y)|d|ν|(y) +
∫
Y \A
|f(x, y)− f(xo, y)|d|ν|(y)

≤ ε

2‖ν‖‖ν‖+ 2‖f‖ ε

4‖f‖ =
ε

2
+
ε

2
= ε.

Thus f ′ is continuous. To see that f ′ is bounded, let x ∈ X . Then

|f ′(x)| = |
∫
Y

f(x, y)dν(y)| ≤
∫
Y

|f(x, y)|d|ν|(y) ≤ ‖f‖ · ‖ν‖.
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Theorem 3.6. Let X be locally compact. Let (x, y) 7→ δx ∗ δy be a continuous map
from X ×X → (Mb(X), τc) such that

i) k = sup {‖δx ∗ δy‖ : (x, y) ∈ X × Y } <∞.
ii) For any compact subset K ⊆ X × Y , the set

⋃
{supp(δx ∗ δy) : (x, y) ∈ K} is

relatively compact.
Then the map ∗ has a unique extension to a bilinear map from Mb(X)×Mb(X)→

Mb(X) that is separately τb-continuous.

Proof. Let Y = Z = X and apply Lemma 3.5.

With Theorem 3.6 proven the goal of this paper has been reached. This convo-
lution extension theorem will allow one to study convolutions of measures, whether
they be positivity-preserving or not, in terms of point-mass measures. In particular,
with specific examples one may define a convolution of measures by merely defining
a convolution of point-masses which satisfies the hypotheses of Theorem 3.6. Also,
when checking that a defined convolution of measures is continuous with respect
to the Cb-weak topology, one need only check Cc-weak continuity with respect to
point-mass measures.

Remark. One of the more useful hypergroup axioms is the requirement that the
mapping (x, y) 7→ supp(δx ∗ δy) be continuous with respect to the Michael topology
(see [3], p. 12). The idea of a compactly bounded map is a weakening of the
concept of continuity with respect to the Michael topology. Indeed, if w : X →
Mb(Y ) yields continuity with respect to the Michael topology, then w is compactly
bounded (this is a result of Theorem 2.5f. in [3]). Significantly, it is merely compact
boundedness, not continuity with respect to the Michael topology, that is needed to
extend the convolution of point-mass measures to a separately Cb-weakly continuous
convolution on all of Mb(X). In [8] axioms for signed hypergroups were given
by Rösler that abandoned the Michael topology for the very good reason that
there are no nontrivial hypergroups on < and that “this is mainly due to the
hypergroup axiom on support continuity of the convolution with respect to the
Michael topology” ([9], p. 292). Rösler’s replacement was the following:
(3.7) For each f ∈ Cc(X) and any compact subset K ⊆ X , the set⋃

x∈K
(supp(T xf) ∪ supp(Txf))

is relatively compact in X , where T xf : y 7→ δx ∗ δy(f) and Txf : y 7→ δy ∗ δx(f).

Condition (3.7) seems to be closely related to compact boundededness. The au-
thor of this paper does not know if there exist any convolution structures which
satisfy condition (3.7) but are not compactly bounded. The Laguerre Convolu-
tions described in [8], and the Bessel-Type signed hypergroups described in [9] are
examples of convolution structures which are compactly bounded and satisfy con-
dition (3.7), but do not yield Michael topology continuity. Additional examples, in
particular, signed quotient hypergroups, can be found in [10].

In conclusion, it may be that compact boundedness is a better replacement
for the Michael topology continuity than condition (3.7) in the axioms of a signed
hypergroup. Because Cc-weak continuity would imply Cb-weak continuity, compact
boundedness would allow the σ-compact requirement in [8] to be dropped. It would
also enable one to construct objects such as products and projective limits of signed
hypergroups more generally than would otherwise be possible. Finally, compact
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boundedness would retain many of the useful results given by Michael topology
continuity, such as, for example, the properties that the convolution of two compact
sets will be (relatively) compact, and also that the convolution of two measures with
compact support will again be a measure with compact support.
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