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AN EXAMPLE OF AMENABLE KAC SYSTEMS
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ABSTRACT. By giving an interesting characterisation of amenable multiplica-
tive unitaries, we show, in a very simple way, that bicrossproducts of amenable
locally compact groups are both amenable and coamenable.

0

The study of amenability of Kac algebras began with [6]. In [2], amenability of
regular multiplicative unitaries was also defined. Recently, we studied in [9] and [I1]
amenable Hopf C*-algebras and amenable Kac algebras. However, there has not
been any non-trivial example of amenable Kac algebra (or Kac system) explicitly
stated in any literature so far (at the same time that this work was finished, we
learned that E. Bedos, G.J. Murphy and L. Tuset have recently proved in [4] that the
compact quantum groups SU,(2) is coamenable; moreover, they also have a version
of Proposition B for compact quantum groups although their proof of SU,(2) being
coamenable does not require it).

In this note, we will give a simple proof for the following statement: in the
construction of the “bicrossproduct” of two locally compact groups (in [3, §1]),
if one of the groups is amenable, then the bicrossproduct is either amenable or
coamenable (depending on the convention). This statement does not appear in any
literature so far. Note that as the “reduced algebra” of the bicrossproduct is the
reduced crossed product, one could imagine that the “full algebra” is the full crossed
product but it seems not an obvious fact (and to prove the above through this route
seems to be more complicated than the treatment here). Our proof for the above
statement uses a simple but seemingly powerful characterisation (as the condition
is relatively easy to check) for amenable C*-multiplicative unitaries (Proposition

B).
Let us first recall from [8 2.1 & 2.2(b)] as well as [2| A.13(c)] the following
notations.

Definition 1. (a) Let V' be a multiplicative unitary on H (in the sense of [2]
1.1]). Then V is called a C*-multiplicative unitary if for any representation X and
co-representation Y of V' (see [2, A.1]), the sets

Sx ={(id@w)(X):we L(H),}

and

Sy = [(w®id)(Y) :w € L(H), !
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are C*-algebras such that X € M(Sx ® Sy) and Y € M(Sy ® Sy). (Recall that
in this case, Sy and Sy are Hopf C*-algebras with coproducts § and § defined by
the formulas in [2] 3.8].)

(b) Let V' be a C*-multiplicative unitary. For any Hilbert space K, a unitary
Ue M(K(K)® Sv) is called a unitary corepresentation if

(id X (5)(U) = UyU;3

(recall that unitary corepresentations of Sy correspond bijectively to representa-
tions of V). Moreover, there exists a universal object (S’p, V') for unitary corepre-
sentations of Sy in the sense that S, is a C*-algebra and V' € M(S, ® Sy) is a
unitary satisfying (id ® §)(V’) = V{,V/5 such that for any unitary corepresentation
U of Sy, there exists a canonical surjective x-homomorphism 7y from S'p to Sy
with U = (nmy ® id)(V").

(¢) A C*-multiplicative unitary V is said to be amenable if the trivial representa-
tion 71 (i.e. the representation corresponding to the trivial unitary corepresentation

1 € M(Sy)) is weakly contained in 7y. On the other hand, V' is called coamenable
if ¥V*¥ is amenable (where X({ ® ) = n ® ().

Any regular ([2]) or semi-regular and équilibré ([1]) or manageable ([L3]) multi-
plicative unitary is a C*-multiplicative unitary. Note that part (c) is only one of
the many equivalent formulations for amenability (see e.g. [9] for some of these
equivalences; see also [LI] for more of them in the case of Kac algebras).

To prove the main theorem, we need Proposition[3 below which is a partial gen-
eralisation of [11, 5.1(XII)] (in the sense that we consider only the one-dimensional
representations instead of the finite-dimensional ones). The proof of this proposi-
tion requires the following lemma. The lemma itself follows from [10), 5.5] (note that
if L is the canonical representation of S on L(H), then (L, 7y ) is a V'-covariant
representation in the sense of [10] 4.1]).

Lemma 2. Let V be a C*—multz’plécative unitary on a Hilbert space H. Suppose
that Ty s the extension of my to Sp* (considered as a representation on H) and
e is the support projection of wy. Then 5;*(6) > e®1 (recall that S, is a Hopf
C*-algebra with a coproduct oy ).

Proposition 3. Suppose that V is a C*-multiplicative unitary on H. Then V is
amenable if and only if Sy has a one-dimensional representation.

Proof. Since the amenability of V will imply the existence of a counit for Sy, (see e.g.
[9, 3.5]), we need only to show the converse. Suppose that ¢ is a one-dimensional
representation of Sy. Then U = (¢®id)(V) € M(Sy ) is a unitary corepresentation
of Sy. This means that U is a group-like element in M (Sy) and 7y = ¥ o wy.
Moreover, U* is again a group-like unitary and hence a unitary corepresentation of
Sy on C (or equivalently, a representation of V on C). Now (¢ o my ® my+) o 3,) =
(my ® my+) o Ap = myy+» = m. Using the argument of [I1, 3.6], we see that
ker my C ker(my ®1d) o 5,,. For the benefit of the readers, we will repeat the simple
argument here. Note that ker 7y = (1—e)§;*ﬁ§p (where e is the support projection
of 7y as in Lemma[Z) and so = (1 — e)x for any x € ker my. This, together with
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(e®1)0,*(1 —e) =0 (because of Lemma [2), implies that
(v @id)dy(x) = (Fv ®@id)es*(z) = (fv ®@id)o;* (1 — e)z)
= (Av @id)((e®1)0;*((1 —e)x)) = 0.

S

p
Hence ker my C ker(yv @ my+) o (my ®id) o 3,) = ker ;. In other words, 7 is weakly
contained in 7y .

Remark 4. In the case of Kac algebras, we can obtain the above by an extremely
simple proof because 7y« = 1 o & o my and we do not need Lemma [2

Moreover, we have the following interesting consequences of this proposition.
Part (b) of the corollary is a generalisation of [4 2.10] and is an inferior version of
[11], 5.3(b)]. We were told that [11l, 5.3(b)] (and hence part (b) below) is already
known although it is not found in any literature.

Corollary 5. (a) Let V and W be two C*-multiplicative unitaries. If V is amenable
and Sy is isomorphic to Sw as C*-algebras, then W is also amenable.

(b) A locally compact group G is amenable if and only if C*(G) has a one-
dimensional representation.

As another application of the above proposition, we obtain our main theorem
below. From now on, G is a locally compact group and G; and G9 are two closed
subgroups of G such that the map ¢ : G x G2 — G given by ¢(r, g) = rg is a home-
omorphism from G x G2 onto an open dense subset © of G (see [3] §1]). Consider
the canonical actions o and § of G; and G2 on G1\G and G/G; respectively. Note
that both a and 8 act by automorphisms. Let V be the semi-regular irreducible
multiplicative unitary as in [3, 1.1]. Note that V' is a C*-multiplicative unitary as
irreducible multiplicative unitary is équilibré.

Theorem 6. With the notation as above, if Gy (respectively, G2 ) is amenable, then
V is amenable (respectively, coamenable).

Proof. By [3, 1.1(c)], we know that Sy is isomorphic to the reduced crossed prod-
uct Co(G1\ G) Xa,r G1. Therefore, using Proposition B] it suffices to show that
Co(G1\G) X4, G1 has a one-dimensional representation. Let ¢ be the one-dimen-
sional representation on Cy(G1\G) given by the evaluation at the coset [e] = G;. Let
7 be the trivial representation of G (in fact, we can take any one-dimensional rep-
resentation). We note that (¢, ) is a covariant representation for . Indeed, for any
1 € Co(G1\G), we have dlarg(f)) = Flawr ([e]) = F([€]) = BF) = m(5)o(})(s)".
Hence, we obtained a one-dimensional representation for the full crossed prod-
uct Co(G1\ G) Xa,max G1 which is identical with the reduced crossed product
Co(G1\G) Xqor G1 (as G is amenable).

Note that @ = G if and only if G; = G /G4 and G2 = G1\G under the canonical
maps. In this case, the actions o and 3 are given by the commutation rule gr =
Bg(r)anr(g) (that comes from the bijectivity of ¢; see [2, §8]). Moreover, o and
satisfy the conditions for matching pairs in [7] (except those concerning the Radon-
Nikodym derivatives). Recall that in this case, G is the bicrossproduct group as
defined in [I2, §2]. Note that the bicrossproduct group can only be defined for a
matching pair with a. and (. being the identity maps (or equivalently, & and ( act
by automorphisms).
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On the other hand, in this case (i.e. Q = G), (L*(G),V,U) (where U is the

unitary as in [3, 1.1(b)]) is the Kac system bicrossproduct of (L?(G1), X, u) (the
canonical Kac system of G as given in [2] 6.11(b)]) and (L?(Gz),Y,v) relative
to Z (see [2, 8.13, 8.15 & 8.21]). Therefore, Theorem @ applies to Kac system

bi

crossproducts of locally compact groups (as defined in [2} §8]). If, in addition, «

and [ in the above satisfy the conditions for the Radon-Nikodym derivatives in [7],
this Kac system actually comes from a Kac algebra which will be amenable and
coamenable if both G and G5 are amenable.

10.
11.
12.

13.
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