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ABSTRACT. We consider the best constant S(€2)) for the embedding of

WLP(Qy) into LI(Qy) where 1 < p < 2, p < ¢ < . Here Q) = AQ

with ©Q a smooth, bounded domain in R™ and X a large positive number. It is
proven by the validity of the expansion

S() = SRE) =1t H P
() = S(RY) v max H(z) +o(A77),
as A — oo, where v is a positive constant depending on p,q and N. The

behavior of associated extremals, which satisfy an equation involving the p-
Laplacian operator, is also analyzed.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Let © be a bounded domain in RY, N > 2, with 9Q smooth. Let p > 1 and

denote p* = NN—ZJ if p < N, p* = +00 otherwise. It is well known that for any

1 < ¢ < p* the Sobolev embedding of W1P(€) into L%() holds, namely there
exists a positive constant S = S(p, ¢, ) such that

SllullZa) < lullfyieo)
for all u € WHP(Q). The best constant for this embedding is the largest S for which
the above relation holds, namely the number S(€2) defined as
Jo IVulP + |ul?
wew @V} (f, ul?)d

This embedding is compact, which implies the existence of extremals for it, namely,
functions w at which this infimum is achieved.

Let us fix p and ¢ as above, and a bounded smooth domain 2. For a large
positive number A we consider the family of expanding domains

Q=X ={) x|z e}

Our purpose in this paper is to describe the asymptotic behavior as A — 400 of
the best constants S(2)) as well as that of the associated family of extremals wy.

(1.1) S(Q) =
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In what follows we shall denote by u) an extremal normalized so that the relation

/|WA|”+|UA|":/ Jua|?
Qx Qx

holds. Then the Euler-Lagrange equation satisfied by uy becomes

(1.2)

Apux — Jua[P7%uy + [ualf2un =0 in Qy,
u >0 inQ)\, g—;‘:o on aQ)\

Here A, stands for the p-Laplacian operator, A,u = div(|Vu|P~2Vu). Note that uy
is one-signed in €. Indeed, |uy]| is also a minimizer of the Raleigh quotient above,
hence also a solution to (I.2). Regularity theory for the p-Laplacian (see [B 11])
applies to yield that |uy| is actually of class C1*(). Then the strong maximum
principle proved in [12] implies that |uy| does not vanish in €, and therefore uy is
one-signed. Henceforth we will assume uy > 0 in 2.

Since 2 expands toward entire space or to a half-space depending on the choice
of origin, it is natural to relate the behavior of S(Q2,) and uy with best constant
and extremals of the Sobolev embedding in RY,

Jex [Vul? + Jul?

S(RY) = B
(R™) u€WLp(RN)\{0} (IRN|u|q)E

A concentration-compactness argument along the lines of [I], [7] shows that this
infimum is achieved. Modulo normalization, extremals are positive solutions of the
equation

Apw — |w|P~2w + [w]|972w = 0 in RY,

(1.3) w(z) =0 as |z| — +o0.

It has been established in [2] that for 1 < p < 2, positive solutions of (L3]) are
radially symmetric around some point. Moreover, from a recent result in [10], the
radial solution around the origin is unique. We shall denote it by w, = w.(|z|) in
what follows. Let us consider the half-space RY = { (z/,zy) | zy > 0}. The best
constants of RY and R" relate as

S(RY) = 27" S(RM).

Corresponding extremals are positive solutions of the problem

Apw — |wP~2w + [w|9 2w =0 in RY,
w(z) — 0 as [z| — +oo0, ZzZ =0 ondRY.

Even extension of such a solution to entire space corresponds to a solution of prob-
lem ([3). It is natural to suspect that S(€,) converges to the corresponding
quantity for the half-space, and u) to an associated extremal. Our principal re-
sult states that when 1 < p < 2, 5(€Q,) indeed approaches S (Rf ), corrected by a
negative factor of the maximum mean curvature of 9€).

Np

Theorem 1.1. Assume that 1 < p < 2 and that p < q < Np There is a constant

v =v(p,q, N)O such that the following expansion holds:
(1.5) () = S(RY) = A~'y max H(z) + o(A ™),
x
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as X — +o0o. Here H(x) denotes the mean curvature of the boundary at the point
x. Moreover, there exist points x* € O such that

sup Jux(y) — wi(ly — Az*)| — 0
yEQ

and

H(z* H
(&%) — max H(z)

as A — 00.

The radial symmetry of the extremals of S(R”Y) plays a crucial role in the proof
of the theorem. For p > 2 the same result would hold if such a fact was true. The
constant v above is given explicitly as follows:

2p N —1 o o
= wNwN,l/ |wfk(7")|prNdr/ wy (1) 9N " Ldr.
0 0

T g N+1

For p = 2, these facts have been known since the works by Lin Ni and Takagi,
and Ni and Takagi [6, 8, O]. The proof devised in those works does not apply in
the current situation. Strong use of linearity of the differential operator, as well as
certain nondegeneracy properties of the linearized equation around w, only known
for p = 2, is used. A different proof of those results was found in [4]. We borrow
ideas from that work in the proof of Theorem 1.1. See also [3] for a related result
involving trace embeddings and p = 2.

2. PRELIMINARIES

Let us consider the best Sobolev constant S(£2) given by ([ITl) for the embedding
of WHP(Q,) into L(£2y). It is convenient for our purposes to obtain a further
characterization of this value and its extremals in terms of the energy functional

(2.1) JA(u)zl/ (|Vu|p+up)dx—1/ u? dx.
P Ja, a4 Ja,y

It is standard to check that nontrivial critical points of Jy in W1P(Q,) correspond
precisely to the positive solutions of problem (L.2)). Let us consider the number

(2.2) ex= inf  supJx(tw).
weWP(Q) t>0
u#0

It is easy to see that if uy # 0, the function ¢ — J)(tu) has a maximum ¢ = ¢ > 0
which is its unique critical point. Then tu € M), where

(2.3) My ={uecWhP(Q,) / u+#0, / |Vu|p+up:/ ul },
Q)\ Q)\
is the so-called Nehari’s manifold of Jy. It follows from this fact that
C)\ = uler}\i\ J,\(’U,).
Since all nontrivial solutions of (LZ) lie in M), the above number is called the
least energy value for Jy and a solution u of () with Jy(u) = ¢y, a least energy

solution. These solutions and extremals of S(€2)) are related in the following way:
if u is a least energy solution, then it is an extremal of S(€2y). Reciprocally, if & > 0
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minimizes the Raleigh quotient (ITl), then v = ta is a least energy solution of (2
where

o, IValP +a?
T Lo

In fact we always have the exact relation

1 1 q

. = - = = =P,
(2 4) Cx <p q) S(Q)\)
As we have mentioned, for ) bounded the compactness of the associated embed-
ding yields the existence of extremals for S(€2) and correspondingly of critical
points of Jy at level cy.

Now, we establish an L* estimate for solutions of (L2)) in terms of their energy
values.

tQ*P

Lemma 2.1. Letu be a solution of [[L2). Then there are constants B = B(Q,p, N)
and 0 = 0(Q, p, N), independent of 1 < A < 00, such that

(2.5) lullso < B Jx ().

Proof. We consider a positive solution u of ([CZ). Let us multiply (ITZ) by u®?+1-P,
where a > 1. Integrating over Q, we find that

1_

(2.6) M/ |Vue|? +/ uP :/ uOP+a—P,
oP Qo Qx Qx

Noticing that 52— < min{1, O‘p;l L2 1 we get

1
pfl/ |Vuo‘|p+uo‘p§/ uap‘HI*p.
20 Q Qy

Sobolev’s inequality applied for v = u® yields

(2.7) ( / uap*>p < CaP? / uiter—r
Q)\ Q)\

where, we recall, p* = NN—_";) and the constant C is independent of A\. Next, we
consider the sequence of positive numbers o5, j = 0,1,2,..., defined inductively as
(2.8) g+aop—p=p",  qtajpp-—p=q;p’, Vj=0,1,...,
or, explicitly,

* JHL (0 x +q—
(2.9) a; — /PP ("~ +a—p

pr—p
Note that, by [Z7) with o =1,

s () o)

where J) is the energy functional given by ([ZJ]). Now we will construct a suitable
sequence of positive numbers M; such that

(2.11) /Q wdTPTP < MV
A
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Inequality (ZI0) gives us My. Assuming that (ZIT) holds, we have by (ZT) and
(Z39) that

p"/p
A A

(211) then holds for M; defined as
_ p*/q
1 1\"! p*/a
(213)  Mo= <C(2—) = Jw)) M= (0o )" Mvizo

From these relations, the explicit form of the a;’s given by (29), and a straight-
forward computation, we find constants C7, Cs depending only on C,p,q, N such
that

(2.14) M; < exp(Ch log My) exp (Caaj—1(1 + log My))

and using relations (2.7)-(29),

(2.15) vl ayer (an) S (exp( Cy log My )) “i*" exp( Ca/p*(1+log My)).

Letting j — oo we obtain the result. O

Now we claim that Jy(uy) is uniformly bounded independently of A. In fact, let
us consider w3 (z) = wy(A(x — 2)), where z € 092 and w, is the radial least energy
solution of equation (I.3). Using the definition of c) and a direct computation we
then find that
(2.16) ex <sup Jy(tw3) < Sy o(1),

>0 2
where c, is the corresponding energy of w, in the whole space R, namely c, /2 is
that in the half-space. As a consequence, the above lemma yields a uniform L*°
estimate for the solutions uy. Moreover, from the C1® estimates found in [5] and
[11], we have the validity of the following

Lemma 2.2. There is a constant C' independent of \ such that for any least energy
solution uy of (C2)

HU)\HCI,Q(Q)\) S C.

We end this section by establishing uniform exponential decay on the least energy
solutions uy to ().

Lemma 2.3. There exist positive constants o, 3 such that
ur(y) < a exp(=ply — )
for all y € Qy and X\ sufficiently large. Here y* denotes any mazimum point of uy.

Proof. First, we will see that the functions u) decay uniformly at infinity, namely
that given & > 0 there is an R > 0 such that uy(y) < ¢ whenever |y —y*| > R. By
contradiction, let us assume that for some € > 0 there are sequences A,, — oo and
y" € Q,, such that [y* — y"| — oo and uy, (yn) > €. We claim that under these
conditions,

(2.17) liminf Jy, (un) > e

n—oo

which is a contradiction with relation (ZIG). Since uy, is uniformly bounded in
C1® we may assume passing to a subsequence that uy, (y* +y) — u(y) uniformly
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over compacts, where, thanks to our contradiction assumption, u is a positive so-
lution of (I3) or, after a rotation and translation, a positive solution of (T4,
depending on whether the distance dist(yy,, 9, ) — +oo or remained uniformly
bounded. Let us introduce the notation

1 1
(2.18) Ja(v) = —/ |[VoulP + oP — —/ vd.
D Ja qa.JA

Then, given § > 0 we have that for all sufficiently large R,

n?

. Cx
(2.19) lim ']BR(?J’\")QQA” (u,\n) > 5 — 4.

n—oo
Similarly, for all large R,
(2.20) Tm Jpaeney, () > % —6.
Let us consider B > 0 and a smooth cut-off function n% such that % = 0 on
Br-1(y*) U Br-1(y"), 0 < njp < 1, njp = 1 on RY \ (Br(y*) U Br(y")), and
|[VnE| < C, C independent of R and n.
We use wy, = njuy, as a test function for Jy (uy,) = 0 to obtain

(2.21) 0=1J3  (ux, )wn=En+pJey\ g yrn)UBa(ym) (Ur,) +/Q In
An

where g, = (2 — Lu} nk <0 and E, is given by

En = / |VU)\7L
A

R
where AL ={yeQ,, /R-1<|y—yM™| <Ror R—1<|y—y"| < R}. The
convergence of uy, in the C'-sense over compacts around 7, and y)‘" to functions
in W12 (RY) implies that for R > 0 sufficiently large lim, . |E,| < §. It follows
that for large enough R, Jrnx\ g, (y*n)UBgrii(yn) (Ur,) = —0. Using this together

with relations (219) and (220), (ZI7) follows.

The desired exponential decay will be a consequence of the following

P72Vun, V(nhua, ) + nhuf

Claim. There exists Ry > 0 and vy > 0 such that for all R > Ry

sup  ux(y) >2  sup  ua(y)
ly—y*|>R ly—y | >R+wo

for all A sufficiently large.

By contradiction, let us assume that there exist sequences R,, — 00, A\, — 00,

vy, — oo and ¥ € Q5 with [§" — y™| > R, + vy such that ux (T") = pn > M,
where
M, = sup ux, (y)
‘y*yA" |>Rn

From the uniform decay established above, we see that M,,,u, — 0. Let us set
on(y) = pi, "ux (y +7,). Then v, is bounded, v,(0) = 1 and satisfies

Apvn — (1= Jux, (y +7,)|P)oh ™ =0 in Q5 -7,

with % = 0 on the boundary. Letting n — oo we obtain a contradiction since v,
converges locally uniformly to a positive bounded solution v of the limiting problem
Apv —vP~1 =0, v(0) = 1, in the entire space RY or in the half-space RY, with
2—3 = 0 on RY~!. This object does not exist. Indeed, let us consider a sequence
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zn, with v(z,) — sup,crny v(z) > 1, and define w,(z) = v(z, + ). Since wy
is uniformly bounded, it follows that w, also has a uniform C* bound. Thus
passing to a subsequence, we may assume that w, — w uniformly over compacts,
where again w solves A,w —wP~! = 0, but now w(0) = max,cg~ w(z). The strong
maximum principle in [I2] yields a contradiction. Thus, the claim holds and we
have the uniform exponential decay of the functions u). By standard arguments
involving local elliptic estimates, we obtain the validity of the same property for
the derivatives of uy. O

Remark 2.1. Let y» be a point where uy reaches its maximum value. Then the
above proof also shows that dist(y*,9)) must remain bounded, for otherwise we
would end up in the limit with an energy of a level at least c¢*.

3. PROOF OF THEOREM 1.1

Let uy be a positive least energy solution of (IL2), that is a solution with A(uy) =
cx. Let y* be a point in Q) where u) maximizes, and z* € 9Q is the closest point
in 90 to A™1y*. From Remark 2.1, we then see that |Az* — y*| remains uniformly
bounded. Passing to a subsequence, we assume that z* — € 9.

Let us set vx(y) = ux(Azx +y). Then vy converges in the W1P-sense to ws.
Moreover, for certain positive constants a and b we have vy (y) < ae~ bl

After a rotation and a translation A\-dependent we may also assume that 2* = 0
and that © can be described in a fixed neighborhood V of Z as the set {(2/,zn) | 2§
> G ()} where G is smooth, G5(0) = 0 and G, (0) = 0. Further, we may also as-
sume that Gy converges locally in a C2-sense to GG, a corresponding parametrization
at T. _

Let us also set 2y = Q) — Az). From the variational characterization of cy, we
have that

In(uy) > Ja(tuy) = Jﬁx (tvy)

for all ¢ > 0. Let us define the function oy on A(RY NV) as oA (v, yn) = oAy, yn)
if GA(y'/X) > 0 and (Y, yn) = va(y/, AGA(y' /X)) if GA(y'/A) < 0. Then

Jﬁ)\ (tvy) > J]Rfr‘n\/}\ (ton) + J(QAFTVA)\Rf (tvy) — J(RfﬂVA)\QA (ty).

Let us choose t = ¢y so that Jry vy (t0x) maximizes in ¢. Then, by definition of

the number ¢(RY) = c,/2 and the exponential decay of vy, one gets that
~ c _

(3.1) J]Rfﬂv,\ (tr0x) > 3* +0(e 2/\(1)

for some a > 0. Again using the exponential decay of vy we obtain

(32) I = _J(ﬁxﬂVA)\Rf (t)\’l))\)

0
1 1 1
B _/ dyl/ (_|V'U/\|p + _’Ui - _’U()I\)(yla yN)dyN + 0(6_2)\@/))
B Gy /M- P p q
where By = {|y/| < Ad}. Similarly, we find that

(3:3) I = Jgw oy \a, (002

AGA(Y' /A)+ 1 1 1 o
- / dy / Aivoa + Lot = Loty Gty /0 dys + 02,
Ba 0 p p q
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Here we have denoted a4 = max{a,0}, a— = min{a,0}. Now we note that vy — w
C*-locally with uniform exponential decay. Then since G(0) = 0 and G} (0) = 0
and G converges in a C? local sense to G, an application of dominated convergence
yields

1 1 1
Jim A+ D) = Z / G Oy TP+ ~uk = <ut) o/, 0)dy

(3.4) = Z GY(0) = 7H(Z).
Here
5= (N~ Dwx / {})( !, ()P + w, ()P ) — éw*mq}dr.

Using r?w’,(r) as a test function in the equation satisfied by w., one obtains

N -1

~ > Ny, 7
=2 wN_l/ o wl (r)|Pdr.
N+1 0

We conclude that
ex > S = ATIH(@) +o(A7).

On the other hand, using a computation along the same lines as above, refining
estimate (2.16) yields

cx < sup Jy(twg) = & ANy H(2) +o(A7h),
>0 2
for any z € 9Q. Here wi = wi(A(x — z))).

Combining these two estimates directly provides assertions (1) and (2) of the
theorem, since in particular we conclude H(z) > H(z) for all z € 0. Finally,
relation (2.4)) yields the desired expansion ([LF) for S(Q2,), and the proof of Theorem
1.1 is concluded.
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