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ABSTRACT. Let X be either the hyperbolic space H™ or the unit sphere S,
and let Z be the set of all k-dimensional totally geodesic submanifolds of
X,1<k<n-—1. For z € X and £ € =, the totally geodesic Radon transform
f(z) — f(&) is studied. By averaging f(£) over all £ at a distance 6 from z,
and applying Riemann-Liouville fractional differentiation in 6, S. Helgason has
recovered f(z). We show that in the hyperbolic case this method blows up if f
does not decrease sufficiently fast. The situation can be saved if one employs
Marchaud’s fractional derivatives instead of the Riemann-Liouville ones. New

inversion formulas for f(£), f € LP(X), are obtained.

1. INTRODUCTION

Following [6l, p. 96], for § > 0 we denote
) A= [ j@dm@, @)= [ e,
d(z,£)=0 d(z,£)="0

where d(-,) designates a geodesic distance, and du(z) and dm(§) are the relevant
normalized measures. For § = 0 operators (1.1) coincide with the Radon transform

f(&) and its dual @(x). Helgason ([5], [6) p. 97]) has proved the following formulae:

umfwwwkﬁgflﬂmglwdmw—ww2wﬁ . X=H",

u=1

2 u=1

Here f € C(H") or f € C°°(S"), ¢t = (k — 1)loy/28TL 0y is the area of the
unit sphere S* C RF*1,

(1.3) f(x) = : Kﬁ)k/Ou(f)cvos_l(v)(x)vk(uz - v2)k/2*1dv} , X =28"

Question. Are (1.2) and (1.3) applicable to f € LP(X)?

For (1.3) the answer is “yes” [9] provided that all derivatives are understood in
the LP-norm or in the a.e. sense. In the noncompact case (1.2) the answer is in
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general “no” by the following reason. It is known [3] that for f € LP(H"), f €3
exists for almost all £ € Z if and only if

(1.4) 1<p<(n-1)/(k-1).

The point is that the integral in (1.2) can be divergent even if f is well defined.

In the present article we suggest “regularized versions” of (1.2) which work well
for all f € LP(H") where p obeys (1.4). Our method relies on implementation of
Marchaud’s fractional derivatives. In particular, for & = 1 the following simple
inversion formulae hold.

Theorem A. Let f € LP(H"), 1 <p < co. Then
1 00 (A\V _ [ F\V 0 0
(1.5) f= —/ M cosh 6 do, / = lim ,
T Jo sinh“ ¢ 0 e—0 J,

where the limit is understood in the LP-norm and in the a.e. sense. If f € Co(H™)N
LP(H"™), where Co(H™) is the space of continuous functions vanishing at infinity,
then 1irr(1) can be treated in the sup-norm.

e—

Theorem B. Let f € LP(S™), 1 < p < oco. Then

CHY PR =y 0 do W/Q—lim "
(16)  f=D g /0 cos 6 df., /0 = :

27 2 sin2 0 e—0 /.

where the limit is understood in the LP-norm and in the a.e. sense. If f € C(S™),
then lir% is uniform.
E—

Analogous formulae for k¥ > 1 envolve finite differences of higher orders and/or
derivatives which must be understood in a certain L%-norm or in the a.e. sense (see
Theorems 2.2, 2.4, and 3.3 below, and also [9] Section 4.2]). These formulae are
inevitably more cumbersome in accordance with the general theory of fractional
integrals [8].

Historical remark. Apart from (1.2) and (1.3), Helgason [4] suggested another
inversion formula f = Py /o (A)(f)v, in which £ is even, f is smooth, and P/, (A)
is a polynomial of the Laplace-Beltrami operator A. This formula was extended to
all k by Berenstein and Casadio Tarabusi (for X = H") in [I] and by the author
(for X = S™ H") in [9, [10], using different approaches. Investigation of Radon
transforms on LP-spaces was initiated by Oberlin and Stein [7], and Strichartz
[12]. For f € LP, f can be inverted explicitly by making use of continuous wavelet
transforms and the convolution-backprojection method [2, Bl [0l [IT]. Applicability of
(1.2) to f € L? was not studied before. We complete this gap below. References to
the relevant important works by S. Gindikin, E. Grinberg, S. Ishikawa, T. Kakehi,
A. Kurusa, E.T. Quinto and others can be found in [2] [3] [6} @1 [10} [L1].

2. INVERSION FORMULAE OF THE MARCHAUD TYPE

2.1. The case X = H". We start with the following equality:

(2.1) Ok—1 / F(cosh 6 coshr) sinh* ! rdr = F(cosh ),
0
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which is due to Helgason [, [6] in the smooth set-up. Here

(tz _ 1)(1771)/2
F(t) = (Myf)(z) = —— L~ do(y),
) (1) = (M. f) () = /{ e T (y)A
[z,y] = —T1y1 — ... — TpYn + Tng1Ynt1;s F(COShQ) = (f)g(x)

From this point our argument becomes different. The first question is whether (2.1)
is true for generic f € LP. By setting u = coshf, v = cosh 6 coshr, we write (2.1)
as

(2.3) Ok_1 /OO F)(? —u?)*?tdy = uF =1 F (u).

The left-hand side of (2.3) represents a hyperbolic convolution of the form

(2.4) / e

2 )k/2 1(

with k(1) = op_10, (7 — 1)'="/2 (we use a standard notation

aﬁ‘r =a* if @ > 0 and 0 otherwise). By Young’s inequality

11
(2.5) Wk fllg <[ fllpllEllr,  1<p<g<oo, 1—-—4-=—,

Kl = 0wy [ kI - 12
1

The left-hand side of (2.3) (written as (2.4)) is a linear bounded operator from L?
to L7 provided 0 < ¢! < p~' — (k— 1)/(n — 1). This condition agrees with (1.4).
Thus for all f € L? with p in the maximal range 1 < p < (n —1)/(k — 1), the
left-hand side of (2.3) is finite for all « > 0 and almost all . This justifies all
operations having been used in [5] [6] for derivation of (2.1).

In order to recover f we write (2.3) in the form

(2.6) (I g2) (u) = v (u),

(k=1)/2
@27 g) =M@, be(w) = ot va (@),

where (I%g)(u) = ﬁ 1.7 g(v)(v = u)*~'dv denotes the Weyl fractional integral of
order a. A simple calculation yields

@8 (1200 = g [ S~ (el = 1),

and by (2.5), for 1 < p < oo,
1 2a-1

1
2.9 I° < . 0< —< .
(2.9) 11292llq. < cllfllp i

The condition
(2.10) (2a —1)/(n—1)<1/p<1

is necessary for the existence of (2.8). It means that implementation of the semi-
group property o8 = ots (as in [5] [6]) may lead to divergent integrals.



3020 BORIS RUBIN

Example 2.1. For k¥ = 1 the Radon transform f, f € LP, is well defined for all
€ [1,00). Formally Ii/zliﬂgx = I'g,. By (2.10) with o = 1 the integral I' g,
can be divergent if p > n — 1. The case n = 2 when divergence occurs for all p > 1
is especially dramatic.
In order to avoid unnatural restrictions on k,p and n, we invert (2.6) with the
aid of Marchaud’s fractional derivative as follows (cf. [8, p. 157]). Let a = k/2.
Given a positive integer £ > «, we denote (cf. [8 p. 157])

eI @) = /f[ﬁ(‘f)( P+ )] s >0,

s = M

%g(a)

1
S—
8
—~
-
I
o
-
S~—
o~
~
-
Q
oW
Py

E0 S () (-1)4log, a=1,2,....0-1.
=

The (right-sided) Marchaud fractional derivative of ¢ of order « is defined by
DYy = 1in(1) D2 4. Due to normalization, this limit is independent of the choice

of £ > « (see, e.g., [§] or the proof of Theorem 2.2 below). The fact that D>
is independent of ¢ > « becomes transparent if we set ¥(u) = e™*, so that
(D) (u) = e~ (in the general case this fact can be proved, e.g., by applying the
Fourier transform).

Theorem 2.2. Let o = f, f € LP(H"), (k—1)/(n—1) < 1/p <1. Then

a—k/2 oo ¢
(2.12) f(x)zm/o [Z(g)( DY (14 5t) 2 pean- 1@(%)}£—Z/Qa

=0

(o] (oo}
/ = lim ,
0 =0 /¢

where the limit is understood in the LP-norm and in the a.e. sense. If f € CoNLP,
then lim can be treated in the sup-norm.

e—0

Remark 2.3. The formula (2.12) is a regularized version of Helgason’s formula (1.2)
for f € LP. The right-hand side of (2.12) exactly represents Marchaud’s fractional
derivative of 9, (u) (see (2.6)) evaluated for u = 1.

Proof. For a = k/2 we have

ze:<€>(—1)j(ffgx YL +jt) = / k(u) g (1 + ut)du,

i=o M

k(u) = ﬁ Zﬁ:o (f)(—l)j(u — )¢, and therefore

(213) (D% )(1) = (D° .I%,)(1) = /Ooox\e,a(n)gx(1+5n)dn,
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where

Aea(n) = [e(@)T(1 +a)n 12%() =53

It is known [8] Lemma 10.17] that

o>, n<1,

Aea(mdn =1, Aealn) = ol
/o ) ) Oom*=*=1, n>1.
Owing to (2.7), (2.13) yields

2 1\1-n/2 2
(Da75wx _ / f .T/' y dy, kfg(T) _ (T 1)1 Aé7a (T 1),

Unl g 9

and application of Theorem 2.3 (on approximate identity) from [2] gives the re-
quired result. [l

Theorem A is a particular case of Theorem 2.2 for k = 1.
2.2. The case X = S™. In this case an analog of (2.6) reads
k/2
(2.14) (151 92) () = ¥a(w).

s w172
9o (v) = v (M 5 f)(2), Y (u) = st’cos—l va (@),

with the left-sided (!) fractional integral (I, g)(u) = a) Js gl —v)*"tdv and
(1 _ t2)(17n)/2
R e FW)do(y),
In—1 {yesSm:zy=t}

Ty =2x1Y1+ ...+ Tpt1Ynt+1. Now we proceed as in Section 2.1 with the following
changes: we extend both sides of (2.14) to uw < 0 by zero, and then apply the
“left-sided” Marchaud’s fractional derivative

%)) =ty — [ S (§)vrvt - o]
L L

By making use of approximation to the identity (see [11), Lemma 2.2] or [9, Lemma
2.9]) we get the following analog of Theorem 2.2.

Theorem 2.4. Let p = f, fe LP(S™), 1 <p < oo. Then

=0

o0 o0
= lim ,
0 e—0 €

where the limit is understood in the LP-norm and in the a.e. sense. If f € C(S™),
then lir% can be treated in the sup-norm.

E—

Theorem B is a particular case of Theorem 2.4 for k = 1.
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3. INVERSION FORMULAE WITH DERIVATIVES

We restrict ourselves by the case X = H" (the case X = S™, which was studied
in [9], is simpler). Fractional integrals ¢, (u) = (I k/2gx)( ) in (2.6) are Li-valued
functions of u for some ¢, and their derivatives

g V() = limy 5

L4
can be defined in a natural way by setting lim = lim or lim = lim (in the z-variable).
In accordance with this definition we have the following;:

Lemma 3.1. Let g, be defined by (2.7) with f € LP. Then we have the following:
() If 1 <p<n—1, then (— £)I1gs)(w)|u=1 = f(z), the derivative being
interpreted in the LP-norm or in the a.e. sense.
(i) If0<1/¢<1/p—(2a—3)/(n—1), then for each u > 1, (—%)(Ifgm)(u) =
(I*"tg,)(u) in the Li-norm or in the a.e. sense.

Proof. (i) For ¢ = I' g, the required derivative can be expressed through approxi-
mate identity. Namely,
(1) — (1 +9) 1 dr

;141)1%) 1) o %HO 1) MTf

T ==l [ ksl s

(7-2 _ 1)1—n/2 21 1 if 0<s<1,
ks (1) = =
5(7) 5 X5 ) X&) =9, s> 1,

and the result follows by Theorem 2.3 from [2].
(ii) We have to show that the expression

5 [(12g2)(w) = (1%g2)(u+6)] — (127" g2) (u)

tends to 0 as § — 0 in the required sense. It can be written as a convolution
(f * hs)(x) where

N B
(=) )P 5 O e ) N
B I'(a—1) k(TQ—u>’ k(w) = (o — 1w I

The function k(w) is bounded for w > 0 and lnrb k(w) = 0. Hence by Young’s

inequality, ||f * hsllq < [|f]lp|lhs||» with the required ¢ (use (2.9) with « replaced
by a — 1). Now the Lebesgue theorem on dominated convergence yields

tim [[As][; =0, Tim (F o)) = 0,
and we are done. O

Lemma 3.1 leads to the following
Definition 3.2. We set
(3.1) Dpm = (-1)"0m0m—1...01,
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where all derivatives 9; designate the same expression %, but their interpretation

depends on i. Namely, if ¢ < k/2, then 0; is understood in the L%-norm where
1 1 k-1 24

0<—<-— .

g p n—1 n-—1

If i« = k/2, then 0; is understood in the LP-norm. Alternatively all derivatives in
(3.1) may be treated in the a.e. sense.

Theorem 3.3. Let o = f, fe LP, (k—1)/(n—1)<1/p<1,
1Z)m(xa u) = '/Tik/lem [u(1€71)/2¢t:<)s}1_1 Vu ((E)], m € N.
Then we have the following:

(i) If k = 2m, then f(x) = tpm(z,1).
(ii) If k =2m+ 1, then
1 R - d ) oo

e—0

where the limit is understood as in Theorem 2.2.

Proof. (i) follows immediately from Lemma 3.1 and Definition 3.2. In order to prove
(ii), by Lemma 3.1 we have (Ii/zgx)(u) = Ym(z,u). As in the proof of Theorem
2.2, application of Marchaud’s derivative ]D)l_/ 2 yields

B 1 R ~ dt o 12
10) = gy | Wl ) = D1+ 015, n(1/2) =200/
This completes our investigation. O
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