
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 130, Number 10, Pages 2883–2891
S 0002-9939(02)06719-9
Article electronically published on May 8, 2002

A COVERING THEOREM WITH APPLICATIONS

C. J. NEUGEBAUER

(Communicated by Christopher D. Sogge)

Abstract. We prove a Covering Theorem that allows us to prove modified
norm inequalities for general maximal operators. We will also give applications
to convergence of a sequence of linear operators and the differentiation of the
integral.

1. Introduction

Let µ ≥ 0, ν ≥ 0 be two Borel measures on Rn. For f : Rn → R and E ⊂ Rn

let AE;µ,νf = 0 if µ(E) = 0, and AE;µ,νf =
1

µ(E)

∫
E

fdν if µ(E) > 0. The Hardy-

Littlewood maximal function with respect to µ, ν is

Mµ,νf(x) = supAQ;µ,ν(|f |),(1)

where the sup is extended over all cubes Q ⊂ Rn containing x. The important
weak-type inequality

µ{x : Mµ,νf(x) > y} ≤ c

y

∫
Rn
|f |dν(2)

holds if n = 1, and, if n > 1, it holds if in (1) x ∈ Q means x is the center of Q [4,
p.44]. However (2) is not true in general even if dµ = dν = u(x)dx—in which case
we write Mu = Mµ,ν—and the reader is referred to [1], [2], [3] for examples.

In this note we show that a modification of (2) is valid: if u ≥ 0 is in L1(Rn)
and dµ = u(x)dx, then (2) holds for all y > 0 for which the left side of (2) is
≥ ε > 0 with a constant c = cε,u. This will follow from a Covering Theorem which
will be taken up in section 2. In section 3 we apply the Covering Theorem to get
substitute norm inequalities for Mµ,ν , and in section 4 we give an application to
convergence of a sequence of linear operators Tjf : we will show that the weak-
type inequality for T∗f(x) = sup |Tjf(x)| in the hypothesis of the theorems for
convergence of {Tjf(x)} (see [5, p.60]) can be replaced by a condition which allows
cases where T∗ is not weak-type. In the final section 5 we examine some problems
in the differentiation of the integral.

2. Covering Theorem

This section is devoted to the Covering Theorem which will be needed in the
proof of our main results. If u : Rn → R+ we use the notation u(E) =

∫
E u for the

u-measure of E.
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Theorem 1. Let u ≥ 0 be in L1(Rn) and let ε > 0 be given. Then there exists
0 < cε,u < ∞ such that for every E ⊂ Rn with u(E) ≥ ε the following holds:
if σ = {Qα} is a cover of E by cubes Qα, E ⊂

⋃
Qα, then there exists {Qj} ⊂

σ,Qi ∩Qj = ∅, i 6= j, such that

u(E) ≤ cε,u
∑

u(Qj).

Proof. Deny! Then there exists ε0 > 0 such that for every k ∈ N there is Ek ⊂ Rn
with u(Ek) ≥ ε0 and there exists σk = {Qkα} with Ek ⊂

⋃
Qkα such that for every

disjoint collection {Qj} ⊂ σk we have∑
u(Qj) ≤ 2−ku(Ek).

We may adjoin to σk all cubes Q with u(Q) = 0.
Now let Σs =

⋃
k≥s σk and let As =

⋃
k≥s Ek. Then As ⊂

⋃
{Q : Q ∈ Σs}. We

claim: if {Qj} is a disjoint subcollection of Σs, then∑
u(Qj) ≤

1
2s−1

u(As).(3)

To see this note that ∑
u(Qj) ≤

∑
k≥s

∑
Qj∈σk

u(Qj)

≤
∑
k≥s

1
2k
u(Ek) ≤ u(As)

∑
k≥s

1
2k

=
1

2s−1
u(As).

Now let A =
⋂
s≥1 As = lim supEk. Since u(Ek) ≥ ε0 we see that u(A) ≥ ε0.

We claim: for each s0 ≥ 1, Σs0 covers A in the sense of Vitali. We have to show
that for each x ∈ A there is {Qi} ⊂ Σs0 such that x ∈

⋂
Qi and |Qi| → 0. Since

x ∈ A, x ∈
⋂
kj≥s0 Ekj and hence there is Qj ∈ σkj with x ∈ Qj. By (3)

u(Qj) ≤
1

2kj−1
u(Akj ) ≤

1
2kj−1

u(Rn).

Since u(Rn) <∞, u(Qj)→ 0. We can select a subsequence {Qji} so that |Qji | →
|Q| and χQji → χQ where Q is a (perhaps degenerate) cube with x ∈ Q. Since
u ∈ L1(Rn), we see that u(Qji)→ u(Q). Hence u(Q) = 0. If |Q| = 0, we are done
and if |Q| > 0, we are also done, since every subcube of Q is in Σs0 .

Next we choose s0 ≥ 3 such that u(As0) ≤ 2u(A). This can be done since
0 < u(A) <∞ and u(As)→ u(A). Since Σs0 coversA in the sense of Vitali, we have
a disjoint collection {Qj} ⊂ Σs0 such that |A \

⋃
Qj | = 0. Hence u(A) ≤

∑
u(Qj).

From (3)

u(As0) ≤ 2u(A) ≤ 2
∑

u(Qj) ≤
1

2s0−2
u(As0) ≤ 1

2
u(As0).

This is a contradiction since ε0 ≤ u(As0) <∞. The proof is now complete.

Remark. We cannot replace u by an arbitrary measure µ with µ(Rn) < ∞ since
|A \

⋃
Qj| = 0 need not imply that µ(A) ≤

∑
µ(Qj). Further, we shall see below

that ε has to be positive and that u ∈ L1(Rn) cannot be weakened to u ∈ L1
loc(Rn).
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3. Maximal operators

The Covering Theorem implies certain norm inequalities for Mµ,ν which will be
the content of the next three theorems.

Theorem 2. Let dµ = u(x)dx with u ≥ 0 and in L1(Rn), and let ε > 0 be given.
Then there exists 0 < cε,u < ∞ such that the following holds: if for f : Rn → R,
Ey(f) = {x : Mµ,νf(x) > y}, then for all y > 0 for which u(Ey(f)) ≥ ε,

µ(Ey(f)) ≤ cε,u
y

∫
Rn
|f |dν.

Proof. Cover Ey(f) by cubes Q for which µ(Q) <
1
y

∫
Q

|f |dν. By Theorem 1

we have a disjoint collection of cubes {Qj} in this cover with the property that
u(Ey(f)) ≤ cε,u

∑
u(Qj). From this the weak-type inequality follows.

Remarks. Theorem 2 allows us to show that Theorem 1 is sharp.
(i) Theorem 1 is not true if ε = 0. Let u(x) = e−|x|

2/2, x ∈ R2, and let dµ =
dν = u(x)dx. Then [3] Mu does not satisfy

u{x : Muf(x) > y} ≤ c

y

∫
Rn
|f |u.

Theorem 2 would contradict this if Theorem 1 were true for ε = 0.
(ii) Theorem 1 is not true if u ∈ L1(Rn) is replaced by u ∈ L1

loc(Rn). Let
u(x) = e|x|, x ∈ R2, and again let dµ = dν = u(x)dx. If δ0 is the Dirac delta
measure at 0, then [2]

1/y
u{x : Muδ0(x) > y} → 0 as y ↘ 0.

If Theorem 1 were true for u ∈ L1
loc(Rn), then Theorem 2 would imply that this

fraction is bounded below. Another example where the weak-type inequality for
the maximal operator Mu fails can be found in [1].

Theorem 3. Let u ≥ 0 be in L1(Rn), 1 < p < ∞, and let ε > 0 be given. Then
there exists 0 < cε,p <∞ such that∫

Rn
min{Muf(x), r}pu ≤ cε,p

∫
Rn
|f |pu

for all r > 0 for which u{x : Muf(x) > r} ≥ ε.

Proof. First note that∫
Rn

min{Muf(x), r}pu = p

∫ r

0

yp−1u{x : Muf(x) > y}dy.

Fix 0 < y < r and let fy(x) = 0 if |f(x)| ≤ y/2, and fy(x) = f(x) if |f(x)| > y/2.
This splits f = fy + fy from which u{x : Muf(x) > y} ≤ u{x : Mufy(x) > y/2}
and this is by Theorem 2 ≤ cε

y

∫
Rn
|fy|u =

cε
y

∫
{x:|f(x)|>y/2}

|f |u. Substitute this

into the above integral, and interchange the order of integration to obtain the norm
inequality.
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Remark. Even though Mu need not be weak-type (1, 1), differentiation of the inte-
gral with respect to u is still possible since

1
u(Q)

∫
Q

fu =
|Q|
u(Q)

1
|Q|

∫
Q

fu→ f(x)u(x)
u(x)

= f(x)

for u-a.e. x as Q → x, i.e., x ∈ Q and δ(Q) =diam(Q)→ 0. In particular,
Muf(x) ≥ f(x) for u-a.e. x. This will be needed below in Theorem 4.

Theorems 2 and 3 can be restated as a Lusin-type approximation to norm in-
equalities for Mu. We may assume that our functions f are non-negative.

Theorem 4. Let u ≥ 0 be in L1(Rn), 1 ≤ p < ∞, and let ε > 0 be given. Then
there exists 0 < cε,p < ∞ such that for every f : Rn → R+ there is fε : Rn → R+

with the following properties:

u{x : f(x) 6= fε(x)} ≤ ε,

p = 1 : u{x : Mufε(x) > y} ≤ cε,1
y

∫
Rn
fεu,

1 < p <∞ :
∫
Rn
Muf

p
ε u ≤ cε,p

∫
Rn
fpε u,

fε ↗ f as ε↘ 0 for u-a.e. x.

Proof. We may assume that f(x) < ∞ u-a.e. x and that u{x : f(x) > 0} > 0
(otherwise let fε = f). Finally, we may assume that 0 < ε < u{x : f(x) > 0}. Let
Ar = {x : f(x) > r}.

As a function of r, u(Ar) is non-increasing and right-continuous. Let rε = inf{r :
u(Ar) ≤ ε}. Then 0 < rε <∞ and u(Arε) ≤ ε as well as u(Ar) ≥ ε, r < rε. Define

fε(x) = rεχArε (x) + f(x)χRn\Arε (x).

Then u{x : f(x) 6= fε(x)} ≤ ε and fε ↗ f for u-a.e. x as ε↘ 0. Since Mufε(x) ≥
fε(x) for u-a.e. x, we see that u{x : Mufε(x) > r} ≥ ε, r < rε. Also note that Mufε
is bounded above by rε. Since u{x : Mufε(x) > y} is either ≥ ε or 0, Theorem
2 proves the weak-type inequality. Further, since min{Mufε(x), r} ↗ Mufε(x) as
r↗ rε, Theorem 3 establishes the strong-type inequality.

4. Convergence

For our second application, let f → Tjf , j = 1, 2, · · · , be a sequence of linear
operators. We wish to investigate when {Tjf(x)} converges. Our overall setup is as
follows: let µ ≥ 0, ν ≥ 0 be Borel measures finite on compact sets, and let u(x)dx
be the absolutely continuous part in the Lebesgue decomposition of µ with respect
to dx. Below we need the maximal function Mµ,ν as defined in the introduction.

Theorem 5. Assume that T∗f(x) = supj |Tjf(x)| ≤ cMµ,νf(x), where c is inde-
pendent of x ∈ Rn and of f : Rn → R. If {Tjg(x)} converges for u-a.e. x and
every g ∈ D, D a dense subset of L1(ν), then the same holds for every f ∈ L1(ν).

Remark. This is well-known if T∗ satisfies a weak-type inequality (see [5, p.60]).
The point here is that such a weak-type inequality for T∗ may not hold. We shall
see in section 5 that in the conclusion u cannot be replaced by µ.
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Proof. Fix f ∈ L1(ν). We will first show that T∗f(x) <∞, u−a.e. x. Let E = {x :
T∗f(x) = ∞} and assume that u(E) > ε > 0. Fix N so that uN (E) > ε, where
uN = uχBN , BN = {x : |x| ≤ N}. For 0 < y <∞ let Ey = {x : T∗f(x) > y} ⊂ {x :
Mµ,νf(x) > y/c}. Hence Ey ∩ BN ⊂

⋃
{Q : µ(Q) < (c/y)

∫
Q
|f |dν}. By Theorem

1 there is a constant 0 < cε,N <∞ and a disjoint subcollection {Qj} of this cover
such that

ε < uN (E) ≤ cε,N
∑

uN(Qj) ≤ cε,N
∑

µ(Qj) ≤
c · cε,N
y

∫
Rn
|f |dν.

This is impossible as y →∞.
Now let E = {x : lim supTjf(x) − lim inf Tjf(x) > 0}. Then E =

⋃
Ei, where

Ei = {x : lim supTjf(x)− lim inf Tjf(x) > 1/i}. We have to show that u(Ei) = 0.
Fix i and assume that u(Ei) > ε > 0. If uN = uχBN , fix N so that uN(Ei) ≥ ε. If
g ∈ D, then

uN(Ei) = uN{x : lim supTj(f − g)(x)− lim inf Tj(f − g)(x) > 1/i}
≤ uN{x : T∗(f − g)(x) > 1/(2i)} ≤ uN{x : Mµ,ν(f − g)(x) > 1/(2ci)}

≡ uN(K).

Since uN (K) ≥ ε and K ⊂
⋃
{Q : µ(Q) < 2ci

∫
Q |f − g|dν}, we can apply Theorem

1 and get a constant 0 < cε,N <∞ and a disjoint subcollection {Qj} of this cover
such that

uN(K) ≤ cε,N
∑

uN(Qj) ≤ cε,N
∑

µ(Qj) ≤ cε,N2ci
∫
Rn
|f − g|dν.

Since uN (K) ≥ ε, this contradicts that D is dense in L1(ν).

Remark. There are important special cases where the natural necessary condition
for convergence of {Tjf(x)} for a.e. x—namely T∗f(x) < ∞ for a.e. x—is also a
sufficient condition. For example, if Tjf(x) = f ?µj(x), where {µj} is a sequence of
finite Borel measures on Rn supported in a common compact set, and if {Tjg(x)}
converges for a.e. x and every g ∈ Cc(Rn), then the same is true for functions in
Lp(Rn), 1 ≤ p < ∞, if and only if |{x : T∗f(x) < ∞}| > 0 for every f ∈ Lp(Rn).
By [4, p.441] the assumption that T∗f(x) < ∞ on a set of positive measure for
every f ∈ Lp(Rn) implies that

|{x : T∗f(x) > y}| ≤ c

yp
||f ||pp,

and this in conjunction with convergence on Cc(Rn) gives the desired conclusion.

5. Lebesgue points and differentiation

Let µ ≥ 0, ν ≥ 0 be Borel measures finite on compact sets. Associate with each
x ∈ Rn a sequence of sets {Exj } “converging” to x in the sense that for each ε > 0
there is jε such that Exj ⊂ {y : |y− x| ≤ ε} for j ≥ jε. Note that x need not belong
to Exj . We say that x is a (µ, ν)-Lebesgue point of f : Rn → R with respect to
{Exj } if

lim
j→∞

LExj ;µ,νf = 0
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where

LExj ;µ,νf =

{
0, µ(Exj ) = 0,

1
µ(Exj )

∫
Exj
|f(t)− f(x)|dν(t), µ(Exj ) > 0.

We wish to examine the problem of when x is a (µ, ν)-Lebesgue point of f
with respect to {Exj } and the related problem of the differentiation of the integral,
i.e., the existence of limj→∞ AExj ;µ,νf , where the average AExj ;µ,νf is as in the
Introduction. We also need

AExj ;µ,ν =

{
0, µ(Exj ) = 0,
ν(Exj )

µ(Exj ) , µ(Exj ) > 0,

the above average for f ≡ 1. It is immediate that the existence of a (µ, ν)-Lebesgue
point x for f with respect to {Exj } implies that

AExj ,µ,νf − f(x)AExj ;µ,ν → 0,

as j → ∞, and thus differentiation of the integral is only possible if {AExj ;µ,ν}
converges. We will give examples at the end of this section.

Let, as in section 4, u(x)dx be the absolutely continuous part in the Lebesgue
decomposition of µ with respect to dx. Then u ∈ L1

loc(Rn). We also need the
Hardy-Littlewood maximal function Mµ,νf as defined in the Introduction.

Theorem 6. Assume that

sup
j
|AExj ;µ,νf | ≤ cMµ,νf(x), x ∈ Rn,

where c is independent of x and f . If A(x) = lim supj→∞ AExj ;µ,ν , then A(x) <∞
for u-a.e. x, and if, in addition, the measure dλ = A(x)u(x)dx is finite on compact
sets, then

lim
j→∞

LExj ;µ,νf = 0

for u-a.e. x and every f ∈ L1
loc(ν + λ).

Proof. Below BN is the ball with center 0 and radius N . First we show that
A(x) < ∞ for u-a.e. x. Let E = {x : A(x) = ∞} and let Ey = {x : A(x) > y}.
Assume that u(E) > ε > 0. Fix N so that uN(E) > ε, where uN = uχBN . Then
Ey ∩BN ⊂ {x ∈ BN+1 : Mµ,νf(x) > y/c}, where f = χBN+1 . Hence ε < uN (Ey) ≤
uN{x : Mµ,νf(x) > y/c} ≡ uN(A). Since A ⊂

⋃
{Q : µ(Q) < (c/y)

∫
Q
fdν}, we

have by Theorem 1 a constant 0 < cε,N < ∞ and a disjoint subcollection {Qj} of
this cover such that

ε < uN (Ey) ≤ cε,N
∑

uN(Qj) ≤ cε,N
∑

µ(Qj)

≤ cε,Nc

y
ν(BN+1).

This is impossible when y →∞.
Let g ∈ Cc(Rn). Then a straightforward calculation shows that at every x at

which A(x) <∞,

lim
j→∞

LExj ;µ,νg = 0.

To prove our general statement, we first fix f ∈ L1(ν + λ). Write the set
E = {x : lim supj→∞ LExj ;µ,νf > 0} as

⋃
Ei, where Ei is defined as E except
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> 0 is replaced by > 1/i. We have to show that u(Ei) = 0. Fix i and assume
that u(Ei) > ε > 0. Now choose N so that uN(Ei) > ε, where uN = uχBN . If
g ∈ Cc(Rn), then

ε < uN{x ∈ BN : lim sup
j→∞

LExj ;µ,ν(f − g) > 1/i}

≤ uN{x : Mµ,ν(f − g)(x) > 1/2ic}+ uN{x : |f(x)− g(x)|A(x) > 1/2i}.
Then either

ε/2 < uN{x : Mµ,ν(f − g)(x) > 1/2ic} ≡ uN(A1)(∗)
or

ε/2 < uN{x : |f(x)− g(x)|A(x) > 1/2i} ≡ uN (A2).(∗∗)

If (∗) holds, then, since A1 ⊂
⋃
{Q : µ(Q) < 2ic

∫
Q
|f − g|dν}, we have by Theorem

1 a constant 0 < cε,N <∞ and a disjoint subcollection {Qj} of this cover such that

ε/2 < uN (A1) ≤ cε,N
∑

uN (Qj)

≤ cε,N
∑

µ(Qj) ≤ 2icε,Nc
∫
Rn
|f − g|dν.

If (∗∗) occurs, then

ε/2 < 2i
∫
Rn
|f − g|Audx ≤ 2i

∫
Rn
|f − g|dλ.

Thus in either case

ε/2 ≤ C
∫
Rn
|f − g|d(ν + λ)

with C independent of g ∈ Cc(Rn). This contradicts that Cc(Rn) is dense in
L1(ν + λ). If f ∈ L1

loc(ν + λ), apply the above argument to fN = fχBN and let
N →∞.

Remarks. (1) If limj→∞ AExj ;µ,ν = A(x) for u-a.e. x, then from Theorem 6 we have
differentiation of the integral, i.e.,

lim
j→∞

AExj ;µ,νf = f(x)A(x)

for u-a.e. x and every f ∈ L1
loc(ν + λ), if the overall hypothesis supj |AExj ;µ,νf | ≤

cMµ,νf(x) is satisfied.

We have already observed that in our set-up the existence of Lebesgue points
of f relative to µ, ν need not imply the differentiability of the integral at those
points. Here is an example. Let C be a compact nowhere dense subset of R of
positive measure. Let dµ = dx and dν = χC(x)dx. Associate with each x ∈ R a
sequence of intervals {Ixj }j≥1 converging to x in the following way: if x /∈ C, let
Ixj ⊂ R\C, and if x ∈ C, first select a sequence of intervals {Jxj } in R\C converging
to x and then define Ix2j+1 = Jxj , Ix2j = [x − 1/j, x + 1/j]. The overall hypothesis
supj |AIxj ;µ,νf | ≤ cMµ,νf(x) holds with c = 1 since the only time AIxj ;µ,νf 6= 0 is
when x ∈ Ixj . Also lim supAIxj ;µ,ν = 1 at every point of density x of C. Hence
A(x) = 1 for a.e. x ∈ C, and A(x) = 0 for x /∈ C. Thus by Theorem 6, a.e. x is a
(µ, ν)-Lebesgue point for f with respect to {Ixj } for every f ∈ L1(ν).
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However, if f 6= 0 on C and f ∈ L1(ν), then for x ∈ C
1

|Ix2j+1|

∫
Ix2j+1

fdν = 0,
1
|Ix2j |

∫
Ix2j

fdν → f(x), a.e. x.

(2) The convergence of AExj ;µ,ν as j → ∞ follows if each Exj is a cube Qxj
containing x. In fact, if v(x)dx is the absolutely continuous part in the Lebesgue
decomposition of ν with respect to dx, then

AQ;µ,ν →
v(x)
u(x)

as Q→ x for u-a.e. x. Recall that Q→ x means that x ∈ Q and δ(Q)→ 0.
To see this let σ ≥ 0 be a Borel measure finite on compact sets, and let w(x)dx

be the absolutely continuous part in the Lebesgue decomposition of σ with respect
to dx. Then w ∈ L1

loc(Rn). If σs ⊥ dx is the singular part, then

σ(Q)
|Q| =

w(Q)
|Q| +

σs(Q)
|Q| ,

and w(Q)/|Q| → w(x) as Q → x, a.e. x. To handle σs, note that if x ∈ Q, then
there is a cube Qx centered at x such that |Qx| ≤ cn|Q| and Q ⊂ Qx. Hence
σs(Q)/|Q| ≤ cnσs(Qx)/|Qx|. Now the Besicovitch Covering Theorem is available
and from this it follows that limσs(Qx)/|Qx| → 0 as Qx → x for a.e. x. For details
see [6, p.188].

In the general case, since u(x) > 0 for u-a.e. x, for a.e. such x

ν(Q)
µ(Q)

=
ν(Q)/|Q|
µ(Q)/|Q| →

v(x)
u(x)

asQ→ x. In Theorem 6, λ can be taken to be ν since dλ = [v(x)/u(x)]u(x)dx ≤ dν.
(3) An example similar to the one in (1) shows that the overall hypothesis

sup
j
|AExj ;µ,νf | ≤ cMµ,νf(x)

cannot be omitted. Let C be a nowhere dense compact subset of R of positive
measure and let {Jk} be the sequence of complementary components of R \C. For
each x /∈ C let {Ixj } be a sequence of intervals converging to x with x ∈ Ixj . If x ∈ C
let {Ixj } ⊂ {Jk} converging to x. The measures will be µ = ν = dx. Let x0 be a
point of C, and let fj0 = χIx0

j0
. Then supj |AIx0

j ;µ,νfj0 | = 1. If, say, Ix0
j0

= [α, β] is
to the right of x0 and I = [x0, β], then

Mfj0(x0) =
|Ix0
j0
|

|I| .

Hence

sup
j
|AIx0

j ;µ,νfj0 | =
|I|
|Ix0
j0
|Mfj0(x0).

If x0 is a point of density of C, then
|I|
|Ix0
j0
| → ∞ as j0 →∞. Also note that at every

x ∈ C
1
|Ixj |

∫
Ixj

|f(t)− f(x)|dt = 1,

if f = χC .
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(4) If x ∈ Q means that x is the center of Q, then AQ;µ,ν converges as Q → x
for µ-a.e. x [6, p.189]. This is stronger than u - a.e. x. The question then arises as
to whether in the non-centered approach to x in (2) above, u can be replaced by µ.
This is not so, as the following example shows.

Let L be the line y = x in R2. Let ν be Lebesgue measure on R2, and define for
E ⊂ R2, µ(E) = m1(E ∩L), where m1 is one-dimensional Lebesgue measure on L.
Then for every p ∈ L, lim inf ν(Q)/µ(Q) = 0, lim sup ν(Q)/µ(Q) = ∞ as Q → p,
and µ(L) > 0.

References

1. I.U. Asekritova, N.Y. Krugljak, L. Maligranda, and L.E. Persson, Distribution and rearrange-
ment estimates of the maximal function and interpolation, Studia Math. 124(2) (1997),
107–132. MR 98g:46032
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