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ABSTRACT. In this paper, we bound the Fitting height of a solvable group by
the number of zeros in a character table.

1. INTRODUCTION

In this paper, all characters are complex characters and Irr(G) is the set of
irreducible characters of a finite group G. An old theorem of Burnside asserts that
any nonlinear x € Irr(G) must vanish at some element of G. In this paper, we
consider the following problem: given the number of zeros in a character table of
a finite group G, what can be said about the structure of G? Although there are
many results about zeros of irreducible characters (see [1], [2], [5], [7]), our result is
that the Fitting height of a finite solvable group can be bounded by the number of
zeros in a character table.

For a finite solvable group G, we define characteristic subgroups F;(G) by let-
ting F1(G) = F(G), the unique largest nilpotent normal subgroup of G, and
Fi+1(G)/Fi(G) = F(G/F;(G)). The Fitting height of group G, denoted by nl(G),
is the smallest number [ for which F;(G) = G. For a subset T of G, let kg (T)
be the number of G-conjugacy classes contained in T. For x € Irr(G), vg(x) de-
notes the set of elements contained in G — F(G) on which x vanishes. It is clear
that ve(x) is a union of some conjugacy classes of G. Let nvg(x) = ka(va(x)),
i.e. the number of G-conjugacy classes outside F'(G) on which x vanishes, and let
nv(G) = max{nvg(x)|x € Irr(G)}. Now our result can be stated as follows.

Theorem 1. Let G be a solvable group. Then nl(G) < (2nv(G) +5)/3.

Note that if we let m(G) be the maximal number of G-classes on which some
X € Irr(G) vanishes, then we see that nv(G) < m(G) and hence we also get the
bound nl(G) < (2m(G) +5)/3.

Throughout this paper, we use the following notations:

cla(g) = the G-conjugacy class containing g € G. Also if we say “class”, we
always mean “conjugacy class”.

Irr(G|N) := Irt(G) — Irr(G/N) where N < G. For a character o, Irr(o) denotes
the set of irreducible constituents of o.
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®(G) := N{M|M is a maximal subgroup of G}; p always denotes a prime num-
ber.

2. PROOF OF THEOREM 1

In this section, we assume that the letter G always denotes a finite solvable
group, and we shall freely use the following known results:

(1) Suppose G = M N is a Frobenius group with kernel N and complement M.
Then N is nilpotent and (|M|,|N|) = 1. Furthermore, if M is abelian, then M is
cyclic; if 2||M |, then N is abelian.

(2) Let N<G and x € Irr(G). If ex = \¢ for some A € Irr(N) and some positive
integer e, then y vanishes on G — V.

(3) Let N < M be two normal subgroups of G. If ¢ € Irr(M) vanishes on M — N,
then by Clifford’s theorem, each member of Irr(¢¥) also vanishes on M — N.

Lemma 1 ([6] Lemma 18.1)). If G/F(G) is abelian, then there exists x € Irr(G)
such that x(1) = |G : F(GQ)|.

Lemma 2. Let M,N be two normal subgroups of G with 1 < N < M. Then:

(1) If k(M —N) =1 and (|[M : N|,|N|) =1, then M is a Frobenius group with
kernel N and prime order complement.

(2) If G=M and k(G — N) =1, then |G : N| =2 and G is a Frobenius group
with abelian kernel N of odd order.

(3) If N = F(G) and M/N is abelian, then there exists 1 € Irr(M|N) of degree
|M : N| vanishing on M — N, and every x € Irr(x%) (C Irr(G|N)) also vanishes
on M — N.

Proof. (1) Write M = HN, where H = M/N. Since kg(M — N) =1, then M/N
is a principal factor of G, and hence is an elementary abelian group with prime
power order p”. Also, we see that all elements in M — N have the same order p
since (|M : N|,|N|) = 1. It implies that for any element h € H — {1}, Cp(h) = H.
Therefore, M is a Frobenius group with abelian complement H so that H is a cyclic
group of prime order p.

(2) Since kg(G — N) =1, G/N is a principal factor of G and hence |G/N| = p.
Let # € G — N. Observe that the length of class clg(z) is less than or equal to
the order of derived group G’. It is easy to see that N = G', |G : N| = 2 and
Ca(z) = (x) with order 2. So, G = ()N is a Frobenius group with a complement
(x) of order 2, and hence the Frobenius kernel N is an abelian group of odd order.

(3) Since F(G/®(G)) = F(GQ)/®(G), we may assume that ®(G) = 1 and hence
F(G) is abelian. Since F(M) = F(G), by Lemma 1, there exists ¢ € Irr(M|F(G))
such that (1) = |[M : F(G)|. Tt is clear that ¢p = A™ for some non-principal linear
A € Irr(F(G)) and hence 1 vanishes on M — F(G). Now for any x € Irr(¢%),
we see that x € Irr(G|F(G)) and that x also vanishes on M — F'(G) by Clifford’s
theorem. O

Lemma 3 is somewhat trivial, but is useful and is used over and over in the rest
of this paper. Note that Lemma 3 is true for any finite group.

Lemma 3. Let N <G and ¢ € Irr(G/N). Write G = G/N. Then:

(1) cla(g) (viewed as a subset of G) is again a G-class if and only if for every
X € Ir(G|N),x(g) = 0; similarly, if A is a union of some cosets of N, then
ka(A) =1 if and only if ks(A) = 1 and each x € Irr(G|N) vanishes on A.
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(2) If A = va(¢) contains m classes of G/N, then nva(y) < nug(v); with
equality if and only if x vanishes on A for every x € Irr(G|N); and if nvg(¢¥)+1 =
nvg(v), then there exists a subset A1 of A such that m —1 = kg(41) = K&(Ar),
and hence x vanishes on Ay for every x € Irr(G|N).

(3) nv(G) < nv(G).

Proof. (1) It follows that [Cc(g)| = [Ca/n(9N)| + X2, clrrain Ix(g)|*> and that

ca/n(gN) = cla(g) if and only if [Cq/n (gN)| = |Calg)].
Statement (2) is immediate from statement (1), and (3) follows from (2). O

Lemma 4. Suppose nl(G) > 2. Write F(G) = F and F»(G) = Fy. Then:

(1) There exists Ty < G such that To < F, nl(G/Tp) = nl(G) and F/Ty is a
principal factor of G.

(2) nv(G) > nv(G/F)+ 1.

(3) Let T < Fy be a normal subgroup of G such that F < T < Fy and Fy/T
is abelian. If |Fy : F| is not prime, then there exists x € Irr(G|T) such that x
vanishes on at least two G-classes contained in F» — F. In particular, if nl(G) > 4
and Fy/T is a principal factor, then the same conclusion holds.

Proof. (1) Let F/®(G) = D1/®(G) x---x Ds/®(G) be a direct product of minimal
normal subgroups D;/®(G). Let Tj = [[;_; Di. It is clear that there exists some
T; = Ty such that nl(G/Tp) = nl(G) as desired.

Now we prove conclusions (2) and (3). Let L <G maximal such that L/F is an
abelian group. By Lemma 2(3), there exists xo € Irr(G|F) such that yo vanishes
on L —F.

(2) Tt is easy to see that if nl(G) = 2, then nv(G) > 1. Suppose nl(G) > 3 and
let ¢ € Irr(G/F) such that nvg p(¢) = m = nu(G/F) and let A = vg,p(¢¥). If
nv(G) = nv(G/F) = m, then kg p(A) = m = kg(A), and hence each x € Irr(G|F)
vanishes on A by Lemma 3. Thus xo, as a member of Irr(G|F'), vanishes not only
on L — F but also on A. Observe that A C G — F5. Tt forces that nvg(xo) > m—+1,
a contradiction.

(3) Let G be a counterexample. Since xo vanishes on L — F and xo € Irr(G|F) C
Irr(G|T), then kg(L — F) = 1 and hence L/F is a p-principal factor of G. In
particular, Fy/F is a p-group because Z(F5/F) < L/F. Let N = O,(G). Then
by Lemma 3(1), kg/n(L/N — F/N) = 1. Now Lemma 2(1) implies that L/N is a
Frobenius group with cyclic complement L/F of prime order p.

Since |Fy/F| is not a prime, we may choose M/L to be a p-principal factor of G
with M < Fy. By the assumption of L, it is easy to see that M /F' is an extra-special
p-group. Then there exists ¢ € Irr(M/F) such that ¢ vanishes on M — L. Now
let x; € Irr(x/%); then x; also vanishes on M — L. Since ker(x1) = F and F < T
(note that we assume Fy/T is abelian), we have x; € Irr(G|T). But since G is a
counterexample, it forces that M — L is just a class of G. Now applying Lemma
3(1), we see that xo (as a member of Irr(G|L)) vanishes not only on L — F but also
on M — L, so xo vanishes off two classes contained in Fy — F', a contradiction.

In particular, if nl(G) > 4 and F»/T is a principal factor of G, then |Fy : F| is
not prime because the alternative would force G/Fy < Aut(F»/F) to be abelian,
and so that the same conclusion holds. O

Lemma 5. Suppose nl(G) > 3. Then nv(G) > 2 and with equality if and only if
G=8,.
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Proof. Write F(G) = F,F>(G) = Fy. By Lemma 4(2), we have nv(G) > 1 +
nv(G/F) > 2. It is clear that nv(Ss) = 2. We now prove G = Sy provided that
nv(G) =2 and nl(G) > 3.

By Lemma 4(2), we see that nl(G) = 3 and nv(G/F) = 1.

Step 1. If F'is a minimal normal subgroup of G, then G = Sy.

We claim that G/ F; is abelian. Assume this is not the case. Let N <G maximal
such that F; < N and G/N is not abelian, and let Z > N with Z/N = Z(G/N).
By M| Lemma 12.3], there exists ¢ € Irr(G/N) such that ¢ vanishes on G — Z.
Since 1 = nv(G/F) > nvg/r(¢), we have kg p(G/F — Z/F) = 1. Now applying
Lemma 2(2), we have |G : Z| = 2. But it is impossible because |G/Z| = ¢(1)? # 2.

Now G/F; is abelian; by Lemma 2(3), there exists x1 € Irr(G/F|Fy/F) such
that x1 vanishes on G — F. Since nv(G/F) = 1 and then kg p(G/F — F>/F) = 1,
Lemma 2(2) yields that G/F is a Frobenius group with complement of order 2 and
abelian kernel F,/F of odd order. If kg(G—F3) = 1, then Lemma 2(2) yields that G
is a Frobenius group with kernel F5 and thus F5 is nilpotent, a contradiction. Thus
ka(G — F3) = 2 and then we easily deduce that |Cg(g)| = 4 for every g € G — F.
It follows that F' is an elementary abelian 2-group.

Let P € sylo(G) and let g € P — F. Observe that |P/P'| = [Cp/p/(gP')| =
velrrcpspny X2 < 32 ctrrepy IX(9)12 = [Cp(9)] < |Ca(g)| = 4. Tt follows that
|P/P'| = 4, and hence by O. Taussky’s Theorem [3, III, Theorem 11.9], P has a
cyclic subgroup with index 2. Since F is elementary abelian, it forces that |F| < 4.
Now observe that 2’-group Fy/F acts faithfully on 2-group F. It is easy to check
that |Fy/F| =3 and |F| = 4, so that G = Sy, as desired.

Step 2. G = S,.

By Lemma 4(1), we may choose T <G, T < F such that nl(G/T) = nl(G) = 3
and F/T is a principal factor of G. By Lemma 4(2) and Lemma 3(3), we have
nv(G/T) = 2, and then G/T = Sy by induction and step 1. Now it suffices to show
T = 1. Suppose T' # 1. To see a contradiction, we may assume that T is a minimal
normal subgroup of G. Write G = G/T. It is clear that F(G) = F, Fy(G) = Fb.
Applying Lemma 2(3), we may choose x1,x2 € Irr(G) such that y; vanishes on
G — F, and 2 vanishes on Fo — F. Since 2 = kg (G —F) = nvg(x1) < nvg(x1) < 2,
it follows that kg(G — F2) = kg(G — F») = 2. By Lemma 3, each member x of
Irr(G|T) vanishes on two G-classes: G — F», and hence vg(x) = G — F2 because
nug(x) < 2.

Now we conclude that |Ca(g)| = |Ca(g)| = 4 for ¢ € G — Fy. Note that each
member y of Irr(G|T') does not vanish on Fy — F; we have kg (Fy— F) < kg(Fa—F)
by Lemma 3. It follows that 2 = kg(Fy — F) because 2 = 1 + kg(Fy — F) <
ka(Fy — F) < nvg(x2) < 2.

Since kg (F> — F) = 2, it is easy to check that for every z € Fy — F, |Cg(x)| = 6.
Observe that |Cs(Z)| = 3. It forces that T is a 2-group. Now let P € syla(G).
Arguing as in Step 1, we see that |P/P’| = 4 and P has an element of order |P|/2.
But P has no such element in P — F' (note that for every g € P — F, |Cq(g)| = 4)
or in F', a contradiction. O

Theorem 1. Let G be a solvable group. Then nl(G) < (2nv(G) +5)/3.

Proof. By Lemma 4 and Lemma 5, we may assume nl(G) > 4. Let G be a minimal
counterexample with nl(G) = m + 2. By Lemma 3(3) and Lemma 4(1), we may
assume that ®(G) = 1 and F(G) is the unique minimal normal subgroup of G and
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hence (|F2(G) : F(G)|,|F(G)|) = 1. For the sake of simplicity, write F3 = F3(G),
F2 = FQ(G) and F = F(G)
First we claim that nl(G) > 5. Suppose nl(G) = 4 with

4 =nl(G) > (2nv(G) +5)/3.

By Lemma 4(2) and Lemma 5, we see that nv(G) = 3, no(G/F) = 2and G/F = S,.
Also, there exists xo € Irr(G/Fz) such that xo vanishes on G — F3. Since nv(G) = 3
and 2 = kg p(G/F—F3/F) < kg(G—F3) < 3, by Lemma 3, there exists go € G—F3
such that clg/r(goF) is again a class of G and then x(go) = 0 for all x € Irr(G/|F).
Since I,/ F is an abelian group of order 4, by Lemma 2(3), there exists x € Irr(¢%)
such that x vanishes on Fy — F, where ¢ € Irr(Fy) with (1) = 4. Now we see
that x vanishes on gg and F» — F. If kg(F> — F) = 1, then Lemma 2(1) implies
that Fy is a Frobenius group (note that (|Fy/F|,|F|) = 1 as assumed in above
paragraph), and so its abelian complement Fy/F is cyclic, a contradiction. Now
kg(Fa — F) > 1. Since nvg(x) < 3, it follows that vg(x) = cla(go) U (Fo — F)
and that y is an extension of ¢ (otherwise, it is easy to check that x vanishes on
G — F5 or F3 — F3). Now xox € Irt(G) by [4, Corollary 6.17], and xox vanishes on
{G — F3} U{Fy — F} and then nv(G) > nvg(xox) > 4, a contradiction.

By Lemma 4(1), we can choose T <G, F < Tj < F such that nl(G/T1) = m+1
and Fy/T; is a principal factor of G. Similarly, let K, K1 <G such that K/T; =
F(G/Tl), Kl/Tl = FQ(G/Tl), and let Ty <G with K < Ty < K7 such that Kl/TQ
is a principal factor and nl(G/T2) = m. Write s = nv(G/Tz). By induction, we
have m = nl(G/T2) < (2s+5)/3. Then the hypothesis that G is a counterexample
implies (2nv(G)+5)/3 < nl(G) = m+2 < (2s411)/3, so that nv(G) < s+2. Now
applying Lemma 3(3) and Lemma 4(2), we conclude s = nv(G/Tz) < nv(G/F») <
nv(G/F) < nv(G) < s+ 2, which forces that nv(G) = s+ 2, nu(G/F) = s+ 1 and
nv(G/Fy) = s. Because K/T; is the Fitting subgroup of G/T1, by Lemma 3(3)
and Lemma 4(2), we have s < nv(G/K) < nv(G/T1) < nv(G/F) = s+ 1, thus
nv(G/Ty) = s+ 1.

Choose x2 € Irr(G/T3) such that nvg,p,(x2) = nv(G/T2) = s and let A =
va 1y (x2). Clearly, A (viewed as a subset of G/T}) is the union of s or s 4 1
G /Ti-classes because s + 1 = nv(G/Ty).

Case 1. Suppose kg7, (A4) = s.

By Lemma 3, for any x € Irr(G/T1|T>/Th), x vanishes on A. Since nl(G/T1) =
m+1 > 4, by Lemma 4(3), there exists x1 € Irr(G/T1|T2/T1) such that x; vanishes
on at least two G/T)-classes contained in K /Ty — K/T). Observe that ANK; = 0.
Since x1 also vanishes on A, we see that nv(G/T1) > nvgr,(x1) > s+ 2, a
contradiction.

Case 2. Suppose kg7, (4) = s+ 1.

Then by Lemma 3(2), there exists a subset A; of A such that kg/p, (A1) =
ka1, (A1) = s — 1, and hence for every x € Irr(G/T:|T2/T1), x vanishes on Aj.
By Lemma 4(3), there exists x1 € Irr(G/Ti|T2/T1) which vanishes on C: two
G/T-classes contained in K;/T; — K/T;. Note that C N A = {).

Now x1 vanishes on s + 1 G/Ti-classes: B = A; UC; x2 vanishes on s + 1
G/Ti-classes: A. Since nvg(x1) < nv(G) = s+ 2, by Lemma 3(2), there exists a
subset By of B such that kg(B1) = s = kg 7, (B1), and for every x € Irr(G|T1), x
vanishes on B;. Similarly, there exists Ao C A which contains s classes of G, and
for every x € Irr(G|Th), x vanishes on Ay. Thus for every x € Irr(G|T}), x vanishes
on Ay U By, which contains at least s+ 1 classes of G. By Lemma 4(3), there exists
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X3

€ Irr(G|Ty) which vanishes on at least two G-classes D contained in Fy — F'.

Note that (A2 U B1) N (F, — F) = . Now x3 vanishes on at least s + 3 G-classes:
Az U By UD and then nv(G) > nvg(xs) > s+ 3, a contradiction. The proof is
complete. O
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