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ABSTRACT. An R-reversible diffeomorphism on R2V is studied possessing a

hyperbolic fixed point. If the stable manifold of the hyperbolic fixed point
and the fixed point set Fix R of R have a nontrivial local topological crossing,
then an infinite number of R-symmetric periodic orbits of the diffeomorphism
is shown. A perturbed problem is also studied by showing the relationship
between a corresponding Melnikov function and the nontriviality of a local
topological crossing of the set Fix R and the stable manifold for the perturbed
diffeomorphism.

1. INTRODUCTION

Let R : R2V — R2N be a linear involution, i.e. R? = I, such that dim Fix R = N,
where Fix R = {z € R*M | Rz = z}. Consider a C'-smooth diffeomorphism
f : R?N — R2N which is R-reversible, i.e. Rf(xr) = f~}(Rz), Vo € R?Y and
possessing an R-symmetric hyperbolic fixed point p € Fix R. Any subset of R?V
invariant under the action of R is called R-symmetric. Reversible diffeomorphisms
naturally come from mechanics [5] as the time flow mappings of second order gradi-
ent differential equations. Let W, W be the global stable and unstable manifolds

of p, respectively. Let W; be an open subset of W7 which is a submanifold of
R2N ie. the immersed and induced topologies on W; coincide, and such that
Wi\ {p} NFix R # 0, ie. there is an R-symmetric point ¢ homoclinic to p
[10]. Since RW; = Wy, we put W' = RW;. We also suppose the existence
of a compact component K > ¢ of the set W; N Fix R, that is a compact subset
K C Wy \ {p} NFix R such that ¢ € K and there exists an open bounded subset
U c U c RN\ {p} satisfying U N W, NFix R = K. By shrinking U, we can
assume that W;’ NnU = W; NU. We note that W; NU is an orientable submanifold

of R?M. Then we can define the local intersection number #(Wlf NU,Fix RNU )
of the stable manifold W and the plain Fix R in U C R2N [7]. The main purpose
of this note is to prove the following result.

Theorem 1.1. If#(W;ﬂU, Fix ROU) # 0, then there is an wy € N such that for
any N 5 w > wy the diffeomorphism f possesses a 2w-periodic orbit {x¥}nez such
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that Rxy, = x¥,, n € Z. Moreover, x§ € Fix R is near the set K, while z¢, € Fix R

“ns
is near the point p.

When ¢ is a transversal intersection of W and Fix R, then Theorem 1.1 is

proved in [3], ], [E], [9] and [I0]. Then clearly #(W; NU,Fix RNU) # 0 for a
small open neighbourhood U of ¢q. Furthermore, we study the case where W7 and
Fix R intersect on a compact manifold. Then we consider a C?-smooth R-reversible
perturbation of f. Associated to such a perturbation there is a Melnikov function.
We show that if the Brouwer degree [6] of this Melnikov function is not zero, and
the perturbation is small, then the perturbed stable manifold W ., and the plain

.per
Fix R satisfy #(Wg,per NU,Fix RNU ) # 0 with the corresponding infinitely many
R-symmetric periodic orbits of the perturbed diffeomorphism. Finally, we note
that any accumulation point of the set {z§ },>w, C Fix R from Theorem 1.1 is a
starting point of an R-symmetric homoclinic orbit of f to p.

If p is a hyperbolic fixed point of f but not R-symmetric, then Rp is also a
hyperbolic fixed point of f. If ¢ € W NFix R, then ¢ € W, N Wy [5], hence ¢
lies on an R-symmetric heteroclinic orbit connecting p and Rp. Consequently, as
for Theorem 1.1, we can prove the following result.

Theorem 1.2. Suppose f has a non-R-symmetric hyperbolic fized point p. If W
and W' meet Fix R locally topologically transversally, then f has an infinite number
of R-symmetric periodic orbits with periods tending to infinity.

We note that for the case N = 1 it is elementary to show that if p is a hyperbolic
fixed point of f and W, (or W}') meets Fix R, then a local intersection number of
wy (or W;) with Fix R is nonzero. Then Theorems 1.1 and 1.2 can be applied.
Indeed, let ¢ € W NFix R be the first intersection starting on W from p. Then
the points f~1(q), f(q) € W, lie on the opposite half-plains separated by Fix R.
Hence an open bounded connected part ,V[V/; of W such that g, fq) € ,V[V/;
topologically nontrivially crosses Fix R. Similarly for Wj'.

The paper is finished with an example of a perturbed second order differential

equation in R? with a topologically transversal, but non-C'-transversal, intersection
of the stable manifold and Fix R.

2. PRELIMINARY RESULTS

Let (-,-) be an inner product on R?V. By following [10)], we set

(2.9) = 5 ((5.9) + (Re, By).

Then (Rz, Ry) = (z,y), z,y € R* and so ||R|| = ||R7!|| = 1. Since RK = K, we
can assume that RU = U.
For any € € W3 N we set & = f7(€), n € Zs, = f"(n), n € Z_, n = RE,

where Z, = {0,1,2,---} and Z_ = {---,—2,—1,0}. We note that n_,, = R&,,
n € Z4. Then the linear system
(1) Un+1 = Df(fn)vnv n €y,

has an exponential dichotomy on Zy [§], i.e. there are positive constants L, § €
(0,1) and the orthogonal projection P : RN — TeW, such that the fundamental
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solution Vg (n) of (I) satisfies the following:
Ve(n) PeVe(m) | < L6%™, m <n, myneZs,

V(o) = Pe)Ve(m)™ || < L6™™, n<m, mneZ,.
We note that L and ¢ can be chosen to be independent of £ € W; NnU M.
By defining Rv,, = w_,, in (d), the reversibility of f implies
(2) wnir = Df(m)wn, nE€Z_, n#0.

Hence, the fundamental solution We(n) of (2) is given by We(n) = RVe(—n)R™!,
n € Z_, and since ||R|| = ||R7!|| = 1, then (Z)) has an exponential dichotomy on Z_
with the constants L, § and the orthogonal projection I —@Q,,, where Q,, = RP:R™!.
We note n = RE.

Now we fix w € N large and put

Jw:{—w,—w—l-l,---,w—l,w},
Jy={-w-w+1,---,-1,0}, I;j={-w-w+1,--,-1,},

Jr={01,---,w-1w}, IFf={01 - ,w—-2w-1}.

We note that the family {P: | £ € W;’ NU?} is continuous on W; NU. In this paper,
RL and N'L denote, respectively, the range and the kernel of a linear operator L.

Theorem 2.1 ([1]). There exist wo € N and a constant ¢ > 0 such that, for
any w € N, w > wo, and §& € W3 NU, there exist unique {x;} (w, &)}, o+ and
{zy, (W, &)}, c sz which satisfy xni1 = f(xn) separately on IF and I, such that

Pﬁx(J)r(W,f) = PEE? QRExa (w,f) = QR§R£a

a:jj(w,f) = x:w(w7§) )
together with
maxneJLj |$;t(w,£) - fn' < co¥ R

max, . ;- [z, (W, &) = nn| < v
Moreover, i (w,€) are continuous with respect to €.

Proof. We study the nonlinear system
3) Tnt1 = f(an)

near {&,},c;+ and {1}, ;- By putting xt =& +vp,ne Jand z, = 0, +w,
n € J;, we get the systems

Vnt1 = Df(&n)vn + f(&n +vn) — f(§n) — Df(€n)vn
= Df(&n)vn +o(lvn), neIf,
W1 = Df () wn + f(n +wn) — () — Df(nn)wn

= Df(nn)wn +o(|w,|), nel.
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Since we are looking for solutions of equation (B) such that z}} = 2~ , we add the
boundary value conditions

(6) Vy — Wy = N—w — fw = O((sw)v Pg’Uo =0, QR§w0 =0.

Let v = (vg,...,v,) € RN@HD y = (w_,, ... ,wp) € RVN@H, To solve equations
@)-(B), we take the mapping I', : W3 NU x R2N @+ — R2N(@HD) defined by

(UnJrl - f(gn + Un) + f(gn))nelj
(wn—i-l - f(nn + wn) + f(nn))neluj
Fw(fa ’U,’UJ) = Vp — W — (77744) - gw)
Pg’l)o
QRrewo

where (QIDR&;)S)O) has to be meant as a vector in RY = RP: x RQre. We already

know that Pr and Qre are continuous. Thus, for any fixed w > wo, I'y, is continuous
in (&, u,v) as well as its derivatives with respect to (v, w) when we take on R*N(@+1)
the maximum norm max;{|v;|, |w;|}. We have T',,(£,0,0) = O(6*) uniformly with
respect to § and the linearized map D, ) I'w(€,0,0) has the form

(Ung1 — Df(fn)vn)nejj;
v (Wny1 — Df(nn)wn)nejg
D(v,w)rw(gaovo) ( w ) = Vo — W—yw
ng()
QRrewo.
Arguing as in Lemma 2.1 of [I] or Lemma 2 of [2], the map D, ,)[',(£,0,0) is
invertible and that its inverse is bounded uniformly with respect to £&. Hence from
the implicit function theorem we get that ¢ > 0 and wy > 1 exist such that
for w > wg, the equation T',(§,v,w) = 0 can be solved uniquely for (v,w) in a
neighborhood of (0,0) in terms of (£, w). Moreover max;{|v;|, |w;|} < ¢d*, and the
solution is continuous in &, for any fixed w > wy. The proof is finished.

Since Qre = RP¢R™ ', n_,, = R&,,, n € Z, we see that the sequences given by
Yo (w,6) = Ret (w, &), n € J7, yt(w, &) = Re_,,(w,€), n € JI also satisfy the
statement of Theorem 2.1. The uniqueness of such orbits implies that

x'rt(wag) :yi(wvf) :Rx:n(wvf)a ne J:;ra
z, (W, &) =y, (w,&) = Ra",(w,§), nelJ;.

Hence Rzt (w,&) = 2%, (w,€), n € JE. So the orbit of f in Theorem 2.1 is R-
symmetric.

3. R-SYMMETRIC PERIODIC ORBITS
In this section we prove Theorem 1.1. If 2 (w,€) € Fix R, then

g (w,€) = Rag (0, €) = 2 (@, €).-

Consequently, the orbit of Theorem 2.1 becomes an R-symmetric periodic orbit of
f. Hence we have to solve the equation

(7) (I - R)ag (@,§) =0, £eWynU.
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Let V be an open subset such that K c V Cc V Cc U and let wo be as in Theorem
2.1. Note that the solution x{ (w, ¢) is defined for ¢ € Wy n V and

#(Ws NV, Fix RN V) = #(W: NU,Fix RNU) #0.

To solve (@), we put F,(¢) = (I — R)zf (w, &), F, : W; NV — R_=R(I~-R). We
note that dim R_ = dim W;
Now we put F,, into the homotopy
H,:W;nVx[0,1] — R_,
Theorem 2.1 gives
[Ho (8 A) — (I = R)E| = [MFL(§) — (I — R)§)| < 6.

Consequently, H, (-, A) # 0 on the boundary 8(W; NV) for any 0 < A < 1. This
gives for the Brouwer degree [6],

deg (F., W3 N V,0) = £4(W:NV,Fix RNV) #0.

Summarizing, we see that F,(§) = 0 has a solution & € qu NV for any w > wy,
where wy is sufficiently large. This proves Theorem 1.1.

4. PERTURBATION THEORY

In this section, we consider a C?-smooth perturbation f(z,¢) of f, i.e. we
suppose that f(x,0) = f(z) and Rf(x,e) = f~'(Rz,¢), Vo € R?Y, ¢ small. Then
Theorem 2.1 gives a C'-mapping :car (w, &, e) and we are led to the equation

(I - R)zf (w,&,e) =0, €eW:NU.

By taking w — oo in the above equation, we get F'(£,¢) = (I — R)zf (00,&,6) =0

which is precisely the equation of R-symmetric homoclinic solutions to the hyper-

bolic symmetric fixed point p. of f(x,e) near p [10]. We assume that this equation

has a compact nondegenerate solution manifold, i.e.

(H1) There is an embedded compact C2-smooth submanifold M C W; \{p}NFix R
for an open subset W; of W which is a submanifold of R2N and such that
dim N'(I — R)D¢xd (00,€,0) = dimM for any & € M. Furthermore, let
O cC W; \ {p} be an open bounded subset such that M C O. Then O can be
oriented. We suppose that M is orientable embedded into O.

We note that always TeM C N(I — R)Dexd (00,€,0), V€ € M and dimM =

dim Tg M, hence (H1) implies Te M = N(I — R)Dexg (00,€,0), V& € M. Since

rd(00,£,0) = &, we have Dex (00,£,0)v =, v € TgWIf. Hence

N(I — R)D¢zg (00,€,0) = Fix RNTeW;s .

Now we take a tubular neighbourhood V of M in W;, ie. any £ € V can
be uniquely expressed as a pair (7,v), where 7 € M and v € TTW;/TTM =
TTW;/(FiX RN TTW;) = N,—the fiber of the normal vector bundle of M in W;,
and |v| < A for some A > 0. Hence we identify V with an open neighbourhood

of the zero section of the normal vector bundle of M in W; Let S; : Fix(—R) —
RD,F(1,0,0) be the orthogonal projection. We note that the assumption (H1)
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implies the invertibility of the linear mapping D, F(7,0,0) : N, — RD,F(7,0,0),
since D, F'(1,0,0)w = (I — R)w, w € N;.

From F(7,0,0) = 0, we get F(r,v,e) = D,F(7,0,0)v + eD.F(7,0,0) 4+ o(|v|) +
o(e). We consider the homotopy

H(r,v,e,\) = S- (AF(7,v,e) + (1 = \)D,F(7,0,0)v)
+ (I = S:)(AF(1,v,€) + (1 = N)eD.F(1,0,0)) .

Then H(r,v,e,0) = S;D,F(7,0,0)v + (I — S;)D:F(7,0,0) and H(r,v,¢,1) =
F(r,v,¢).

Now we suppose
(H2) There is an open connected subset @ C M such that B(r) # 0, V7 € 09,

where B(1) = (I — S;)D.F(7,0,0).

Since M is orientable embedded into O and O is orientable, the tangent vec-
tor bundle T M and the normal vector bundle |J ., N~ are both orientable.
Hence the vector bundle .. (I — R)N; = U, cpRD,F(7,0,0) is also ori-
entable, because D,F(1,0,0) : N, — RD,F(r,0,0) is invertible. Since S, :
Fix(—R) — RD,F(7,0,0) is the orthogonal projection and the vector bundle
U, e Fix(—R) = M x Fix(—R) is orientable, we get the orientability of the vector
bundle J, ¢\ R(I — S;)Fix(—R). Since B(7) is a section of this vector bundle, the
following assumption makes sense [7].
(H3) deg(B(r), 2,0) # 0.
According to (H2), there is an open connected bounded neighbourhood U; € M

of Q such that B(X) # 0, V7 € Up \ Q. Now we take an open subset V. = {(7,v) €
V| 7€ U and |v| < |g|r1} for a positive constant r and 0 < |e| < A/r1. Since

Sr(AF(1,v,€) + (1 = \)DyF(7,0,0)v) = S; Dy F(7,0,0)v + o|v]) + O(e)
and S;D,F(1,0,0) : N, — RD,F(7,0,0) is invertible, we get that
S, (AF(7,v,2) + (1 — \)D,F(r,0,0)v) # 0,
Y(r,v) € Vg, |v] = r1le| for a ry sufficiently large and fixed. Furthermore, we have
(I —5;)(AF(r,v,e) + (1 = N)eD.F(7,0,0)) = e(I — S;)D.F(7,0,0) + o(|v]) + o(e)

since (I—S;)D,F(7,0,0) = 0. Hence (I—ST)()\F(T, v,€)+(1—=N)eD F(r,0, O)) #0
for (1,v) € V,, |v] < rile| and 7 € Uy \ Q.

Summarizing, we see that H(7,v,e,\) # 0 for any (r,v) € 9V, A € [0,1] and
¢ # 0 sufficiently small. Consequently [6],

deg(F,V.,0) = deg(H(-,¢,0),V,,0),
where H(7,v,¢,0) = S; D, F(7,v(r,¢),e)v+¢e(I —S;)D.F(7,0,0). Since the linear
map S;D,F(r,v(r,¢),¢) : N, — RD,F(7,0,0) is invertible and U; is connected,
we get
deg(H (-, 2,0), V2, 0) = +deg(B(r),2,0) £ 0.
This implies #(W;E NV, Fix RNV,) # 0. Summarizing we get the following result.

Theorem 4.1. Assume (H1), (H2) and (H3). Then there exists €o > 0 such that
for 0 < |e| < eg, it is nonzero the local intersection number of the plain Fix R and
the stable manifold of the hyperbolic fized point of the map Tni1 = f(xn,e) which
is located near the fixed point p of the map Tp41 = f(zy).
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Hence Theorem 1.1 and the assumptions of Theorem 4.1 imply an infinite number
of R-symmetric periodic orbits of f(xz,e) accumulating on R-symmetric homoclinic
orbits of f(z,e) for any 0 < |e] < &p.

By taking Q = M, we see [7] that assumption (H3) holds if the Euler charac-
teristic x (U, e R(I — S;)Fix(—R)) is nonzero. Then Theorem 4.1 holds under
assumption (H1) for any R-reversible C?-smooth perturbation f(z,¢).

If f(z,¢) is C3-smooth, then F is C?-smooth. To solve F(r,v,¢) = 0, we follow
the standard way [1] by splitting it as F'(7,v,e) = S; F(r,v,¢) + (I — S;)F(7,v,¢€).
By using the implicit function theorem, we can solve the equation S, F(r,v,e) =0
in v for € small and 7 € M to get the C2-smooth solution v = v(7,e) = O(e). Then
we consider the bifurcation equation C(7,¢) = (I — S;)F(r,v(r,€),e) = 0. Clearly
C(7,e)/e — B(7) in the C'-topology on M as ¢ — 0. Consequently, a simple
zero 1o of B(7), i.e. B(19) = 0 and DB(7p) is nonsingular, implies the solvability
of C(1,e) = 0 in 7 near 79 for ¢ # 0 small. Summarizing we see that B is the
Melnikov function for this problem, since its simple zero 7y ensures the bifurcation
of an R-symmetric homoclinic orbit of f(x,¢) to p. for € # 0 small bifurcating from
the R-symmetric homoclinic orbit of f(x,0) = f(x) which starts from 7y € M.

5. AN EXAMPLE

In this section, we present an example, but first we simplify the formula of B(7).
Ifa € R(I-S;), then a € Fix(—R) and a L (I-R)T; W, . Hence for any w € T, W

we have
0= (a,(I — R)w) = (a,w) — {a, Rw) = (a — Ra,w) = 2{a, w).
Furthermore, since RTTWZ;9 = TRTW;‘ = TTW;‘ and for any w € TTWZ;S, we have
(a, Rw) = —(Ra, Rw) = —(a,w) =0,
we see that a € R (I —S;) if and only ifa L (T;I/IZ;5 +TTWI§L +Fix R). We note that
Fix(—R) = (Fix R)*, and (I - R) : R?Y — Fix(—R) and 3(I+R) : R* — Fix R
are the orthogonal projections. Consequently, if a;(7),i = 1,2,--- ,dim M, is a

continuous orthonormal vector field such that a;(r) L (T-W; + TTW; + Fix R),
then the components of B(7) are given by

B;i(1) = {ai(r),(I — R)ng(‘)"(oo, 7,0)) = 2(a;(7), Del‘g(OO,T, 0)).

Now we consider a perturbed second order differential equation

(8) 5 =g(2)+¢eh(z), zeRY,
where g, h € C3(RN RY), g(0) = h(0) = 0. (®) has the form
(9) 21 =29, Z9= g(Zl) + €h(2’1).

Let ¢(t, z1, 22, €) be the flow of [@), then f(z,e) = ¢(T, z,¢), x = (21, 22) foraT > 0.
Here R(z1,22) = (21, —22) and Fix R = {(21,0) | z1 € R}, Fix(-R) = {(0, z2) |
25 € RV}, The inner product (-, -) is given by ((z1, 23), (22, 22)) = (21, 23)+ (23, 22),
where (-,-) is the usual inner product on RY. We assume that p. = (0,0) is a
hyperbolic equilibrium of ([@). Let 7 € Fix RN W; Then ¢(t,7,0) = (27 (t), 23 (t))
with 27 (¢) even and 2 (t) odd. ¢(t,,0) is a homoclinic solution of (@) with ¢ = 0.
The linearization of (9) for e = 0 along ¢(¢, 7,0) has the form

(10) v=w, w=Dg(z{(t))v.
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It is clear that TTWZ;S(“) = {(v(0),w(0)) | v(t), w(t) are bounded solutions of (I0)) on
R (-}, respectively. According to [2], the condition a L (TTW; + TTW; +Fix R)
is now equivalent to a = (0,az2) and v;1(0) = 0, w1(0) = aa, where v (¢t) and
w1 (t) are the bounded solutions on R of the adjoint system of (I0), i.e. w; is the
even bounded solution on R of @ = Dg(z](t))*w1, w1(0) = az. Furthermore,

D.xf (00,7,0) = (v,(0),w-(0)) L TTW;, where v,(¢) and w,(t) are the bounded
solutions on R, of the equations

(11) Ur = wy, Wy = Dg(2](t))v: + h(z](t)) .

Consequently, the corresponding component of B(7) to a derived above is given by
2(a, Dexg (00, 7,0)) = 2((0, az), (vr(0), w-(0)) = 2(az, w-(0)) = 2(w1(0), w(0)).

On the other hand, since (IIl) holds along with lim;_, 4+ w1 (t) = 0, we have

oo
(12) /O (h(z1 (t), w1 (t)) dt = (w1(0),w-(0)).
To be more concrete, we consider the system
(13)  F—a-2(?+y?), j=y- 2@’ +y?) +eat, ayeR.

(@) has for e = 0 a homoclinic manifold z,(t) = sin7r(t), y.(t) = cos7r(t),
r(t) = secht, which intersects Fix R in the circle M = (sinT,cos7,0,0). It is not
difficult to observe that now assumption (H1) holds and wi(t) = (y-(t), —x-(¢)).
By ([@2), the function B(7) now has the form

> 3
B(r) = —2/ sin® 7 (t) dt = —37 sin® 7.
0

We note that zq(t), yo(t) are the even solutions of ([[3)). The bifurcation equation
C(r,e) = 0 from Section 4 is now analytical. Hence 7 = 0 is its isolated solution
for £ # 0 small and fixed. The Brouwer degree of B(7) at 7 = 0 is —1, so Theorem
4.1 implies the following result.

Theorem 5.1. The point (0,1,0,0) is an isolated topologically transversal inter-
section of W and Fix R for ([[3) with ¢ # 0 small. But this point is not a
C'-transversal intersection.

Proof. To prove the non-C'-transversal intersection, we consider a C3-perturbation
of (I3) given by
(14)  d=z—-22(@®+¢%), =y —2y@” +y°) +eds(x), z,y€ER,

where § > 0 and ¢s(z) = 0 if |z| <6, ¢ps(z) = (z — §sgnz)? if |x| > J. We see that
(I4) has even homoclinics z,(t), y,(t) for |sin 7| < § and any €. Hence (0, 1,0,0) is
not an isolated reversible homoclinic point for the C3-perturbation (4 with & # 0,
d > 0 small of the system (I3). The proof is finished.
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