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ABSTRACT. We prove the existence of extremal solutions for a first order func-
tional differential equation subject to nonlinear boundary conditions of func-
tional type. Moreover, the functions that define our problem are allowed to be
discontinuous. The proof of our main result is based on a generalized iterative
technique.

1. INTRODUCTION AND PRELIMINARIES

We are concerned with the existence of solutions for first order scalar functional
differential equations under weak regularity assumptions.

For fixed » > 0 and T > 0, the general form of a delay functional differential
equation is

(1.1) 2'(t)=g(t,x;) foralltel=][0,T],

where for every t € I and every & € C([—r,T1]), & denotes the element of C([—r,0])
defined by

(1.2) &(0) =&t +0) forallde[—r0.

The function & can be regarded as the history of ¢ from time ¢ — r up to time ¢.

In this setting, the function ¢ is usually assumed to be continuous on the set
IxC([-r0]).

A first remarkable difference that one can find with respect to ordinary differen-
tial equations is that the Cauchy problem for equation (1) needs a functional initial
condition, such as xy = ¢, where z¢ is given by (I2) with ¢ = 0 and ¢ € C([—r, 0])
is the initial value. The reader is referred to [4, 5l [9] as outstanding monographs
on functional differential equations.

On the other hand, and as it is observed in [2], the delay differential equation

can be studied in a more general frame of functional differential equations.
Indeed, it suffices to define the function f : I x C([-r,T]) — R as

f(tvf) = g(tvft)
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in order to rewrite equation (LI as
(1.3) 2'(t) = f(t,x) foralltel=][0,T).

Analogously, many other types of well-known functional differential equations
can be reduced to an equation of the form of ([[:3). Another example is furnished
by the equations with maxima, which are of the type

(1.4) 2 (t)=h (t,x(t), max x(s)) for all t € I =1[0,T].
seS(t)

When S(t) = [t — r,t], (L) can be regarded as a particular case of (1)), but
formulation (I23) permits us to consider more general forms of S(¢) C R (see, for
instance [15, Eq. (1)]).

Equations with maxima have attracted much attention recently due to their
importance in mathematical models such as the automatic control of technical
systems (see e.g. [8 [[4] [15] and references therein).

Monotone iterative techniques have been extensively applied to study the exis-
tence of solutions for delay differential equations and equations with maxima. See
1T, 121 03] [17], where equation [T is studied with periodic boundary conditions
of “ordinary” type

(1.5) 2(0) = 2(T)

and a constant initial condition x(t) = x(0), ¢t € [—r,0]. The same problem is
considered in [16] for (IT4l) with S(t) = [t — r,t]. Moreover the right—hand side of
the differential equation is assumed to be continuous in all of the above mentioned
references.

For (), Stepanov [15] considered a nonlinear two-point boundary condition of
the form h(z(0),z(T)) = 0 and a Carathéodory function f.

We shall consider here a functional differential equation

(1.6) 2 (t) = f(t,x(t),z) forae. tel=10,T],

with less restrictive conditions on f, in the spirit of [6].

In relation to the boundary conditions, we would like to emphasize the fact that
the usual pointwise boundary conditions which naturally arise in ordinary differ-
ential equations, do not seem to be so natural for functional differential equations.
Indeed, if we regard the problem of finding a periodic solution as the problem of
finding a fixed point for the Poincaré map, then the natural condition that appears
in connection with equation (I1l) or (IT4) is

(1.7) xo(0) = 2p(0) for all 6 € [—r,0],

instead of ([CH). Condition (L) was considered in [3], where the monotone iterative
method was developed for (ITl) with f continuous.

We also remark that this periodic condition can be seen as a particular case of
the more general functional boundary condition

(1.8) H($0,$T) = O7

for a given mapping H : (C([-r,0]))? — C([—7,0]), proposed by Halanay [4]. The
linear case of Halanay’s boundary conditions Ayxg + Asxr = ¥, where A;, As :
C([-r,0]) — C([—r,0]) are given linear operators, was considered in [9, Chapter 11]
and becomes (1) for Ay = — Ay = Id, ¥ = 0.
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As far as the authors are aware, there is no previous work on existence of solutions
for equation (1) or (C4) together with condition () in the frame of upper and
lower solutions. In this paper we consider the general functional boundary condition

(1.9) x(0) = Bx(0) for all § € [—r,0],

where B is defined over a suitable set of functions z : [—r,7] — R and need
not be continuous. More precisely, for » > 0 and T > 0 fixed, we will define
B : ST — £°°([-r,0]), where £°([—r,0]) denotes the space of functions which
are Lebesgue-measurable and bounded on [—r, 0],

S,T = {§ : [—r, T] —R: §|[,T70] S l:oo([—f, 0]) and §|[O,T] S AC([O,T])},
and AC([0, 7)) is the space of absolutely continuous functions on [0,7]. In S we
consider the supremum norm

1€llc = sup [€(t)]-

te[—r,T)
Thus, we shall consider the following boundary value problem

2/ (t) = f(t,x(t),z) forae. tel=10,T],
(P)
z(f) = Bx(#) forall 0 € [—r,0],

subject to the following assumptions on the functions f : I x R x S — R and
B:S8I' — £°°([-r,0]):
(F) (f1) For all (z,&) € R x S the function f(-,z,€) is measurable on I.
(f2) For a.e. t € I and all (z,£) € R x ST we have

limsup f(t,y,€) < f(t,2,€) < liminf f(t,y,£).
_ Yy—T

Yy—z

(f3) For a.e. t € I and all z € R the function f(¢,z,-) is nondecreasing on
ST,

(f4) For all R > 0 there exists ¢g € L*(I) such that for a.e. t € I and for all
(z,6) € R x ST with |z| < R and [|¢]|cc < R we have

(B) B:S8F — £([-r,0]) is nondecreasing.

The aim of this paper is to prove a general existence result for problem (P) under
conditions (F') and (B) assuming the existence of lower and upper solutions. The
proof of such a result is based upon an existence result for the Cauchy problem for
ordinary differential equations and the generalized iterative techniques from [7].

An important point to note here is that this framework permits the study of some
important cases of the above mentioned Halanay’s boundary conditions as well as
other different conditions. For instance, we can mention condition U(x) = v, where
U :C(]0,T]) — R is a continuous linear form and ~ is a constant, suggested by Lee
and O’Regan in [10]. They indicate the functional U defined by U(z) = fOT x(s)ds
as an example. It is obvious that in this case condition U(x) = + is a particular
case of (CO) with B satisfying (B).

Finally, several types of periodic conditions can be included in the formulation
of problem (P). For instance, the functional periodic condition ([I7) corresponds
with BE = &7 for € € ST The ordinary periodic conditions z(0) = z(T) = z(t), t €
[—r, 0] correspond with B£(0) = &(T) for all 6 € [—r,0].
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We divide our paper into three sections: in Section 2 we prove an existence
result for the Cauchy problem for discontinuous ordinary differential equations, in
Section 3 we establish and demonstrate our main existence result for the problem
(P), and, finally, in Section 4 we illustrate the applicability of our main result with
two examples.

2. INITIAL VALUE PROBLEMS

Let T' > 0 be fixed and consider the initial value problem
(2.1) Z'(t) = f(t,z(t)) for a.e. t € I =[0,T], 2(0) = a.

The following result is Theorem 3.1 in [6], and we include it here for the conve-
nience of the reader.

Theorem 2.1. Assume that [ : I x R — R satisfies the following conditions:

1. for all x € R the function f(-,x) is measurable on I;
2. for a.e. t €I and all x we have

limsup f(¢,y) < f(¢t,x) < liminf f(2,y);
. "

y—x
3. there exists ¢ € L'(I) such that for a.e. t € I and all z € R we have
[f(t, @) < (1)
Then the initial value problem 2J) has extremal solutions for every a € R.
Remark 2.2. Only the case T'=1 and ¢ = 0 is considered in [6]. The reader can

easily verify that the general case (i.e. T'# 1 and/or a # 0) is reduced to that one
by means of the change of variable y(t) = x(t - T') — a for all ¢ € [0, 1].

This last theorem can be extended by using lower and upper solutions.

Definition 2.3. We say that « is a lower solution of (2.1)) if « € AC(I),
o' (t) < f(t,a(t)) forae. tel anda(0)<a.
An upper solution is defined analogously reversing the inequalities.
Let o and 8 be lower and upper solutions of (2.1)) and o < 5. We say that a
solution of 2:1)), n, is the mazimal solution of @2I) in [o, O] if xm € [, 8] and
Zym > x for every solution z of ) in [, 5]. In an analogous way we define the

concept of minimal solution in [«, 5] and when the minimal and maximal solutions
in [a, (] exist, we call them extremal solutions in [, ().

Theorem 2.4. Assume that f: I x R — R satisfies the following conditions:
1. for all x € R the function f(-,x) is measurable on I;

2. for a.e. t €I and all x we have

limsup f(t,y) < f(t,x) < liminf f(2,y);
— Yy—x

y—w
3. for every R > 0 there exists vr € L'(I) such that for a.e. t € I and all
x € R with |z| < R we have
[f (&, )| < Yr(t).
If & and B are, respectively, a lower and an upper solution of problem ([21) and
a < 3, then the problem ) has extremal solutions in [a, B].
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Proof. First, consider the modified problem
(2.2) 2’ (t) = F(t,z(t)) for a.e. t € I, z(0) = a,

where

pr(t), if x> p(t),
F(t,z) = ft,z), if at) <z < B(1),
o (t), if x<at).

Notice that every solution of (1) in [a, 8] is a solution of (22)).

The assumptions on «, 3 and f ensure by Theorem 1] that problem (Z2) has
extremal solutions.

Now we shall prove that every solution z of (Z2) belongs to [a, 8] (which, in
particular, implies that every solution of ([Z2) is a solution of (Z1]) in [a, 8]). We
shall only demonstrate that o < x, since the proof of x < 3 is similar.

Assume, by contradiction, that there exist ¢1,t2 € I such that ¢; < s,

(2.3) a(ty) = z(t1) and a(t) > z(t) for t € (t1, ta].

Since z is a solution of (Z2) we have, by definition of F', that 2'(¢) = o/(t) for a.e.
t € [t1,1t2], and then

to

a(ty) = alty) + / ’ o' (s)ds = z(t1) —|—/ 2/ (s)ds = z(t2),

t1 t1

which contradicts (23)). O

3. MAIN RESULT

In order to prove our main result, we need the following lemma, which is Theorem
1.2.2 in [7].

Lemma 3.1. Let Y be a subset of an ordered metric space X, |a,b] a nonempty
interval in' Y and G : [a,b] — [a,b] a nondecreasing mapping.

If {Gzy} converges in'Y whenever {x,} C [a,b] is a monotone sequence, then
G has a minimal fized point x. € [a,b] and a mazimal one x* € [a,b).

Moreover, these extremal fixed points satisfy the relations

z, =min{z € [a,b] : Gx <z} and z*¥=max{z €la,b] : Gx >x}.

Now, to make a proper use of this lemma, we give some preliminaries about the
space S! defined in Section 1. We can define a partial ordering on SI as follows:
for &1, & € ST we write & < & if and only if & (t) < &(t) for all ¢t € [—r,T). If
&1, & € ST and & < &, we define the functional interval

(1,6 ={¢eSf &< <&},

It is easy to see that the intervals
) ={¢esf & <& and (&4]={¢eS] :&a>¢}

are closed in 8T, considering the supremum norm. Therefore (ST, <,| - ||o) is an
ordered metric space (see [7]).

Next we introduce the concepts of lower and upper solution for problem (P).
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Definition 3.2. We say that o : [-r,T] — R is a lower solution of (P) if « € ST
and

o (t) < ft,at),a) for ae. tel0,T],

a(f) < Ba(f) for all 6 € [—r,0].
Analogously, we say that 3 : [-r,T] — R is an upper solution of (P) if 3 € ST and
B(t) > f(t,8(t),8) for ac. te[0,T],

B(0) > BB(#) for all 6 € [—r,0].
Finally, we say that u is a solution of (P) if it is both a lower and an upper
solution.

The following theorem is our main result.

Theorem 3.3. Assume that conditions (F') and (B) are satisfied.
If there exist a and (3, lower and upper solutions of (P), and a < 3, then (P)
has extremal solutions in [a, 0.

Proof. We shall only prove the existence of a minimal solution, since the arguments
to show that there is a maximal one are analogous.

By condition (f4) there exists ¢» € L(I) such that for a.e. t € I, all z €
[a(t), B(t)] and all £ € [«, 5] we have
(3.1) [f (2, )] < ().

Let us consider the mapping G : [a, §] — [«, 8], where for a given £ € [a, ] the
function G¢ € [a, 3] is defined as follows:

Definition of G¢ on [—r,0]. We define

(3.2) G¢(0) := BE(O)  for all 6 € [—r,0].

Notice that & < Ba < B¢ < B < 8 on [—r,0] and thus a < G¢ < 8 on [—r,0].
Definition of G¢ on [0,7]. By condition (£3), and since a(0) < B£(0) < 3(0),

the restrictions oy and f|; are, respectively, a lower and an upper solution (in the
sense of Definition [Z3)) of the initial value problem

(3.3) '(t) = f(t,z(t),&) forae. tel, x(0)= BEO).
Hence we can apply Theorem[2.4]to ensure that (B.3) has extremal solutions between
ar and fr.

We define G¢ on [0,T] as the minimal solution of (3.3) between a;; and ;.

Since G¢|(—r0 € L>®([-7,0]) and G&; € AC(I), then G¢ € ST. Moreover,
a < GE< Bon [—r,T| and, hence, G¢ € [a, 3]
Claim 1. G is nondecreasing. Let &, & € [a, ] be such that & < &;. Since B is
nondecreasing, for all § € [—r, 0] we have that

G&i(0) = B&1(0) < B&(0) = G&(0).
In particular, we have that B&;(0) < B&2(0).

On the other hand, by the definition of G and the condition (f3), for a.e. t € I
we have that

(G&)'(t) = f(t,GE(1), &2) > f(t, GEa(t), &),
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which implies that G&|; is an upper solution (in the sense of Definition [Z3]) of
B3) with & = & . Moreover, G& > « on I and aj; is a lower solution of (3.3 with
& = &. Thus, by Theorem [2.4] the problem (3.3]) with £ = £; has solutions between
o|r and G&;. Finally, since G&y 7 is the minimal solution of that problem between
ajr and )1, we conclude that G&; < G& on 1.

Claim 2. {G&,} converges in S} whenever {&,} C [, 8] is a monotone sequence.
Let {&,} C [a, 8] be a monotone sequence. Since G is nondecreasing and maps
[a, O] into itself, then {G&,} is monotone and bounded. Hence we can define

y(t) = lim G&,(t) forallt e [—r,T].

Obviously, @ <y < 8 on [—r,T]. Let us prove that y € ST

First, y(— is measurable on [—r, 0] because it is a pointwise limit of measurable
functions on [—r,0]. Thus y_, g € L>([-r,0]).

On the other hand, by BI) and the definition of G¢,, for all n € N and all

t,s € [0,T] we have
t
/ P(r)dr
S
which implies that for all ¢, s € [0,T] we have
t
/ P(r)dr
S

By Lemma BI] G has a minimal fixed point x, € [o, 3] N Y which satisfies
(3.4) T, =min{€ € [a,f]NY : GE<E}.

)

ly(t) —y(s)| <

Therefore yj; € AC(I) and, thus, y € ST,

It is easy to verify that the fixed points of G, and in particular z,, are solutions of
(P).

Claim 3. x. is the minimal solution of (P) in [, 3]. Assume that v € [, 5] is a
solution of (P). Since v is a solution of (P), we have that v(f) = Bv(f) = Gu(6)
for all @ € [—r,0]. Moreover, v is a solution between a|; and fj; of the initial value
problem (33) with £ = v, hence v(t) > Gu(t) for all ¢t € I, because Gu; is the
minimal solution of that problem between «); and 3|;. Therefore we conclude that
Gv < wv on [—r,T| which, together with B4), implies that ., <wv on [-r,T]. O

Remark 3.4. Notice that the above proof holds if we replace SI by the larger set
S;T = {&:[-nT] = R: &0 bounded on [-r,0] and
§j0,1) € AC([O,T])} :

We have preferred to establish our result with S because some interesting bound-

ary operators B may fail to be defined over S;,T . For instance, the operator B :
ST — £°%([-r,0]) given by

T/2
B&(9) = / &(s)ds  for all § € [—r,0] and all £ € ST,

—-r

cannot be extended to S;T.
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4. EXAMPLES

In this section, we illustrate our main result with two examples. The first one
shows that we can prove the existence of extremal solutions for problems not covered
by previous known results. The second one is a motivation from the real life for
our study.

Example 4.1. Consider the periodic problem
(4.1)

yaw—ﬂmh<L£§3;“ﬂ)‘x@

+ [z(t)] + sgn(z(t)) for a.e. t €1,

(4.2) Ty = T1,
where I = [0, 1], r € (0,1) is fixed and
&(0) :=&(t+0) forall @ € [—r,0] and all £ € S}.

In the equation, “Tanh” stands for the hyperbolic tangent, square brackets mean
integer part, and sgn(x) = x/|z| for  # 0, sgn(0) = 0.

Problem (@I)-(2) falls inside the scope of Theorem B3] To make this fact
clearer, it suffices to define f : [0,1] x R x S} — R and B : S — £°°([-7,0]) in
such a way that

Tanh ([SUpse[tfht] E(S)D !
Vit

Flt2,€) = + [a] + sgn(x), for t £0,

BEO) :=&(1+0) forall @ € [—r,0] and all £ € S}

Note that f is discontinuous with respect to all of its variables. In particular, it
is discontinuous with respect to x and £ and therefore none of the existence results
given in [3] 10} [T, 12} [13}, [15] [16], [I7] is suitable for this problem. However, f fulfills
conditions (F).

We also note that some existence results on this type of equations have been
recently proven. In [I] the authors also consider functional-boundary conditions.
However, the functional periodic conditions that we consider in this example are
not covered by the main result in [1] because the assumptions that are required on
the corresponding function B are rather strong. In particular, the reader can check
that condition (B1) in [I] does not hold when trying to apply Theorem 3.1 in [1]
to (LT)-(2).

One can readily verify that for all ¢ € (0,1], for all x € R and for all £ € S} we
have

(4.3) p(t) x4+ Ni(t) < f(t,2,8) < p(t) z + Na(?),

for
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Now let « : [~7,1] — R be such that ojgy) is the unique solution of the linear
scalar periodic problem

o/ (t) =p(t) at) + Ni(t) for ae. t €1,

a(0) = a(1),

and let a be extended to [—r, 1] in such a way that cg = a. It is important to note
that the explicit expression for o can be easily obtained. We define §: [-r,1] - R
in an analogous way but we replace N1 by Ns.

Now, the inequalities (43)) imply that o and 3 are respectively a lower and an
upper solution for problem (@I)-(#2). Furthermore, it can be proven that a < 3
on [0, 1] just by using the fact that

1
/ p(s)ds < 0,
0

as the reader can see in [7, Lemma 1.5.6]. Hence oo < 8 on [—r, 1].

Example 4.2. Our second example is a model for compound interest. Suppose
that a sum of money Sy > 0 is deposited in a bank that pays an interest Z € (0, 1).
A well-known and simple model for describing the evolution of the money with time
is

S'(t) = T S(t),

where S(t) stands for the sum of money at time ¢ > 0.

The key assumptions that lead to this model are that interest does not change
with time and that it is compounded continuously.

However, it is quite reasonable to think that interest is likely to change with
time and even with the amount of money deposited in the account. Let us consider
the following assumptions:

1. The bank assigns to each account an interest which increases with the amount
of money that it contains. Suppose that the bank acts as follows: the first day
of every month the interest is revised in terms of the mean value of the money
in the account during the preceding month (banks prefer steady customers,
that is why it seems more appropriate to take into account a mean value
rather than a punctual datum). Suppose also that no revision of this type is
made until the first day of the next month.

If time ¢ is computed in months we may assume, for simplicity, that non-
negative integers t = 0,1, 2,..., correspond with the instants when revisions
are made (in particular, we are considering that all months have the same
number of days, the reader who feels uneasy with this convention may re-
place months by, say, fortnights). Therefore, at a month ¢ > 0 the interest
that is being paid by the bank is a function of

[t]
mean value of S(¢) in the preceding month = S(r)dr,
[t]-1
where [t] stands for the integer part of ¢.

We note that the bank can only provide a finite number of different types

of interest. Therefore the interest is necessarily a discontinuous function.
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2. On the other hand, interest may change with time (due to changes in economy,
sudden variations in the bank’s policy, and so on). As we all know, this type
of change may be rather abrupt, which indicates that continuous dependence
with time is a rather unrealistic assumption.

Assumptions 1 and 2 lead to the following model:

-1

[t]
(4.4) S =1 (t, / S(r)dr) S(t), t>0,
[t

(4.5) S(0) = So(0). 6 € [~1,0],

where Sp € £L>2([—1,0]) is the (known) evolution of money during the first month
and 7 : [0,00) x R — (0, 1) satisfies the following conditions:

(i) For each m € R, Z(-,m) is measurable on [0, c0);
(ii) For a.e. t € [0,00), Z(t,-) is nondecreasing on R.

We emphasize the lack of continuity of Z with respect to both of its variables,
which makes it impossible to study problem (fA)—#H) from the point of view of
some recent books on functional differential equations as [5,[9]. It is also necessary
to remark that continuity is precisely a bad assumption in the situation we are
trying to study, as we already mentioned in 1 and 2.

In order to study the existence of solutions for the problem (Z4)—(@3) by using
Theorem B.3, we fix a constant T' > 0 and we define

f:[0,T] xRxSf —R

[t]
f(t,l‘,f) =7 (tv/[t]_lg(s)d‘g) Z.

Note that the mapping

as

(1]
re0.r)e [ ey

is piecewise constant for every fixed ¢ € S{ , hence we can express

[¢]
z <t, /[t]l f(s)ds> ,

as a finite sum of measurable functions and therefore the mapping
te0,T]— f(t,z,8)

is measurable on [0,7] for fixed x € R and ¢ € S{. It is easy to verify that f
satisfies the remaining conditions.

On the other hand, we define B : S — L£>([—1,0]) as the constant mapping
B¢ = S.

Finally, since Z € (0, 1), it is easy to check that

So(t), t e [-1,0],

plt) =
SO(O) eta te [OaT]v
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is an upper solution for ([@4)—(@H) and that

So(t), te [—1,0],
at) =
So(0), t€10,T],

is a lower one.

1
[2

B

4
5
6
7
8
[9

10

[11

[12
[13

[14

[15
16

[17

Theorem B.3 ensures that (£4)—(3) has extremal solutions between a and g.
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