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ABSTRACT. For bounded linear operators on Hilbert space, positive quadratic
hyponormality is a property strictly between subnormality and hyponormality
and which is of use in exploring the gap between these more familiar properties.
Recently several related positively quadratically hyponormal weighted shifts
have been constructed. In this note we establish general criteria for the positive
quadratic hyponormality of weighted shifts which easily yield the results for
these examples and other such weighted shifts.

1. INTRODUCTION

Let ‘H be a separable infinite dimensional complex Hilbert space and let £(H)
denote the algebra of all bounded linear operators on H. For A, B € L(H), we let
[A,B] = AB — BA. Recall that an n-tuple T = (T3,...,T,) of operators on H
is hyponormal if the operator matrix ([T}, 7;])}';_; is positive on the direct sum
of n copies of H. For k > 1 and T € L(H), T is k-hyponormal if (I,T, . ,Tk)
is hyponormal. Additionally, T is weakly k-hyponormal if p (T') is hyponormal for
every polynomial p of degree < k. It is easy to show that k-hyponormality implies
weak k-hyponormality. In particular, weak 2-hyponormality, often referred to as
quadratic hyponormality, was first considered in detail by Curto in [4]. He stud-
ied the positively quadratically hyponormal shifts (which will be defined below) to
determine the gap between hyponormal and subnormal operators, and he proved
that for a weight sequence a(z) : z,\/(n+1)/(n+2) (n > 1) with a variable
x, the weight shift W, is (positively) quadratically hyponormal if and only if
0<z< %, which is an example to distinguish the two classes of 2-hyponormal and
quadratically hyponormal operators. In further work several positively quadrat-
ically hyponormal weighted shifts have been discussed for their own purposes in
[2], [3] and [9]. Through such examples, one knows that the detection of positive
quadratic hyponormality for weighted shifts is a difficult job.

In this note we establish criteria which can easily detect the positive quadratic
hyponormality of weighted shifts.
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Some calculations in Sections 3 and 4 were obtained through computer experi-
ments using the software tool Mathematica [IT].

2. PRELIMINARIES

Notice that an operator T is quadratically hyponormal if T+ sT? is hyponormal
for every s € C. Let a : g, 01,... be a weight sequence of positive real numbers.
Let W, be a hyponormal weighted shift with a weight sequence a. Let {e;}2, be
an orthonormal basis for H. We may consider ‘H as ¢?(Z,. ), where ly := (*(Z,) is
the set of square summable sequences in C. Let P, be the orthogonal projection on
Vio{ei}. For s € C, let D(s) := [(Wa 4+ sW2)*, W, + sW2]. For s € C, let

Dy(s) = Pn[(Wa+SWa2)*aWa+5W02¢]|Pn£2(z+)
[ qo To 0 0 0 1
o q1 T1 0 0
0 ™ ¢ - 0 0
0 0 0 Gn—1 Tn-1
LO 0 0 - 7oo1 gn |

where g, := uy + |s|?vx, 7% = 5y/Wk, U, i= ai - a%_l, vy = a%aiﬂ - ai_Qa%_l,
wy, 1= a%(aiﬂ —a2_)? (k>0),and a_; = a_y := 0. Clearly, W, is quadratically
hyponormal if and only if D,, (s) > 0 for every s € C and every n > 0. To detect
this, we consider d,, (-) := det (D, (+)); it follows from [7 p.390] that dy = qo,
d1 = qoq1 — |ro|?, and dyyo = Gniodni1 — |[Tni1l?dn (n > 0), and that d,, is actually
a polynomial in ¢ := |s|? of degree n + 1, with McLaurin expansion

=0
It follows from [4] that for n > 0and 1 <i<mn+1,
(1) ¢(n, )7u0u1~-un20,
(2) c(n,n+1)=wvovy-- vy >0,
(3) (1 1) = U1V + ugv1 — wg > 0,
4) e¢(ni) =upcn—1,1) +vpc(n—1,i—1) —wp_1c(n —2,i—1) (n > 2),
(5) c(n,1) =upc(n —1,1) + (VpUp—1 — Wnp—1)Ug - - - Up—2 (N > 2).

To detect the positivity of d,,(t), the following concept was introduced.

Definition 2.1 ([7]). Let a: ap, a1,... be a weight sequence. We say that W, is
positively quadratically hyponormal if ¢ (n,i) > 0 forall n,i > 0 with 0 <i <n+1.

It is obvious that positive quadratic hyponormality is stronger than quadratic
hyponormality. In particular, it is known that quadratic hyponormality need not
imply positive quadratic hyponormality (see [2] or [9]). If ¢(n,n + 1) = 0 for some
n > 2, then by (2) and [ Th. 2] (or [1]), W, is flat (a1 = a2 = ...). Thus to avoid
the trivial case, we usually assume that ¢ (n,n+ 1) > 0 (n > 2) when we consider
positive quadratic hyponormality. Note that ¢(0,1) and ¢(1,2) are positive.
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3. CRITERIA
We start the work with the following definitions.

Definition 3.1. Let o : ag, a1, ... be a weight sequence.
(1) A weighted shift W, has property B(k) if uny1vn > w, (n > k).
(2) A weighted shift W, has property C(k) if v p1un > w, (n > k).

We will discuss examples satisfying property B(k) or C(I) in Section 4.

Theorem 3.2. Let W, be a weighted shift with property C(l) for some l > 1. If
for somem eN, c(l+4,j+1)>0 forj=0,1,... ,m, thenc(l+i+j4,j+1)>0
forj=0,1,... . m and all i € N.

Proof. We first let n(1,1) = upv1 — wo and

n(n,i) =vpec(n—1,i—1) —wp_1c(n —2,i — 1) (n>2,1<i<mn).
Then by (3) and (4), we have
(6) c(n,i) = upc(n — 1,4) + 1 (n,q) n>1, 1<i<n).

Furthermore, for n > 2, n(n,1) = up—2 - - ug(vpttn—1 — wn—1), and for n > 3 and
2<1<n,

n(n,i) =vpe(n —1,i— 1) —wy_1¢(n —2,i— 1)

=y [up—1c(n—=2,i—1)+vp_1c(n—2,i—2)
— wp—2¢(n—3,i—2)] —wp_1c(n —2,i — 1)

= (VpUp—1 — Wp—1)c(n—2,i—1)
+ vp [Up—1c(n — 2,4 — 2) —wp_2c(n —3,i — 2)]

= (Upltp—1 —Wp—1)c(n—2,i—1)+v,n(n—1,i—1).

Claim (f): If for some k, 0 <k <m, c(l+7,j+1) >0, j=0,...,k, then

{c(l—i—i—i—j,j—i—l)ZO, j=0,...,k and i€N,

nn,k+1) >0 (n>l+k+1).

We will prove the claim by mathematical induction on k. For & = 0, we assume
first that ¢(I,1) > 0. Then by (6) we have

() cl+4,1)=wuqic(l+i—1,1)+n(l+1i,1) (i €N).
According to property C(l) and (1), we have that forn >1+1 (I > 1)
(9) 77(”, 1) =Up—-2-"" U'O('Unun—l - wn—l) > 0.

Hence by (8) and (9), we have ¢(I 4+ 1,1) > 0. Continuing this process with (8), we
may obtain ¢(I 4+ 7,1) > 0 (j € N).
Assume that if ¢(I4+ 4,7 +1) >0, j=0,...,p—1, where p < m, then

cl+i+4,j+1)>0, j=0,...,p—1 and i€eN,
n(n,p) >0 (n>1+p).

We now prove the claim (f) in the case of k = p. To do so, we make the assumption
that ¢(I4+ 4,7+ 1) >0, j=0,...,p. Applying the induction hypothesis, we have

(10) cl+i+4,j+1)>0, j=0,...,p—1 and i€eN,
n(n,p) >0 (n>1+p).
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Furthermore, by (6) and (7) we have
cl+i+pp+1)=wqippcl+itp—Lp+L)+nl+i+pp+1)
and

(11) n(l+i+p,p+1)= (VititpUititp-1 — Wititp-1)c(+i+p—2,p)
+ Vigivpn (+i+p—1,p).

By (10), (11) and the assumption C(l), n({+i+p,p+1) > 0 (¢ € N). Hence we
obtain easily that ¢(l+i+p,p+1) >0 (i € N). O

Corollary 3.3. Let W, be a weighted shift with property C(l) for somel > 2. If
n(l,1) >0, then c(l+14,l+14) > 0 for all i € NU{0}. In particular, if | = 2, then W,
is positively quadratically hyponormal if and only if c(n+ 1,n) > 0 for all n € N.

Proof. Since ¢(n,n) = upc(n—1,n)+n(n,n), to show that c(n,n) > 0 for all n > I,
by (2) it is sufficient to show that n(n,n) > 0. According to (7), we have

n(n,n) = (vpun—1 —wWp—1)c(n—2,n—1)+v,mn—1,n—-1) (n>3).
Since n(l,1) > 0 and v, 41Uy, — wy, > 0 for all n >, by (2) we have
(12) n (l +1, I+ 1) = (Ul-l-lul - ’LUl) c (l -1 l) + Vi1 (l7 l) = 0.

Continuing this process, we obtain n(n,n) > 0 (n > [). By (2), it is easy to show
that ¢(n,n) > 0 for all n > [. Furthermore, since 1(2,2) > 0 (indeed, put ag := 1,
a1 =1+ h, ag = a; +k, and ag = az + p, where h, k,p > 0, and compute 7(2,2)
directly), the second statement comes immediately from (12) and Theorem 3.2. O

Since ¢(1,1) > 0 and 1(2,2) > 0, the following corollary comes immediately from
Theorem 3.2 and Corollary 3.3.

Corollary 3.4. Let W, be a weighted shift with property C(1). Then W, is pos-
itiwely quadratically hyponormal.

Recall that a weighted shift W, has property C(1) if and only if W, is 2-
hyponormal ([4, Corollary 5]). Hence we immediately have the following corollary.

Corollary 3.5 ([I0]). If W, is 2-hyponormal, then Wy, is positively quadratically
hyponormal.

We now turn to consideration of property B(k).

Lemma 3.6. Let W, be a weighted shift with property B(k) for some k > 2. If
c(m,k) >0 for allm >k, then c(n,i) >0 for alli > k+1 and alln > i — 1.

Proof. Claim 1. We first claim that

(13) c(m,k) >0 (m>k)=c(n,k+1)>0 (n>k+1).

Let

(14) p(n,i) =unc(n —1,i) —wp_1c(n—2,i—1) (n>2, 1<i<n).
Then, by (2),

(15) p(n,m)=uvg- vp_2(Untn_1 — Wn_1) (n > 2).

According to property B(k), we have

(16) p(n,n) >0 (n>k+1).
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By (4) and (14), we have that for n > 3,
p(n,i) = upfup—1c(n—2,7) +vp_1c(n—2,i—1)
— wp—2¢(n—=3,i—1)] —wp_1c(n —2,i — 1)
= (UpUp—1—Wnp-1)c(n—2,i—1)
+ Up [un—1¢(n —2,7) — wp_2c(n — 3,7 —1)]
= (UpUp—1—Wp_1)c(n—2,i—1)+upp(n—1,4).
Since

p(nk+1) = (upvp—1 —wWnp—1)c(n —2,k) +upp(n—1,k+1) (n>3),
by (16) and the hypothesis on the k-th coefficients in (13), p(k+2,k+1) > 0.
Similarly, we obtain p (k4 3,k 4 1) > 0, and continuing recursively we obtain
(17) pnk+1)>0 (n>k+1).
Furthermore, we have
c(n,i) =vpe(n — 1,0 — 1) + upe(n — 1,4) —wp_1c¢(n — 2,4 — 1)
(18) =uwvpe(n — 1,1 — 1) + p(n, 0).
By (16) and (18), we have that
clk+1,k+1) =vgyrc(k, k) + p(k+1,k+1) > 0.

Similarly, by (17) and (18) we obtain ¢(k +2,k+1) > 0. We continue the recursive
process to obtain ¢(k + 4,k + 1) > 0 (i > 1), which proves the claim.

Claim IL: ¢(m,k) >0 (m>k+1) = c(n,k+2)>0 (n>k+2).

Since property B(k) implies property B(k+1), we may repeat the proof of Claim
I to prove Claim II.

Continuing the recursive process, we may obtain the lemma. [l

The following comes immediately from Theorem 3.2 and Lemma 3.6.

Theorem 3.7. Let W, be a weighted shift with properties C(l) and B(k) for some
Il > 1,k > 2. Then W, is positively quadratically hyponormal if and only if
cn+i—1,4) >0, forn = 1,2,...,l and i = 1,2,... k, which is equivalent
to ¢(n,i) > 0 for all (n,i) € DN (N x N), where D is in Figure 1.

| WA

FIGURE 1.
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Lemma 3.8. If W, has property B(n+ 1) for some n > 1, then W, has property
C(n).

Proof. Without loss of generality, for any j > n we may assume that a;—; = 1,

Q5 = +h, a1 = +h+k, ajyo = + h+ k + p, where A, k,p > 0. Since
i =V1+h, oy VI+h+k, ot V1+h+Ek+p, where h, k 0. Si

W, has property B(n + 1), by direct computation we have
UptoUni1 — W1 = —k? — hk* — k3 + hp + h?p — k*p > 0,
which implies that
Un41Un — Wy, = —k% + hp + h®p + hkp > hk? + k3 + k*p + hkp > 0.
Thus the proof is complete. O
The converse implication is not always true (see Examples 4.1 and 4.2).
The following theorem is immediate from Theorem 3.7 and Lemma 3.8.

Theorem 3.9. Let W, be a weighted shift with property B(k) for some k > 2.
Then W, is positively quadratically hyponormal if and only if c(n+1i — 1,7) > 0,
form=1,2,... ) k—1andi=1,2,... k.

The following is immediate from Corollary 3.3 and Theorem 3.9.

Corollary 3.10. Let W, be a weighted shift with oy = 1. If Wy, has property
B(3), then W, is positively quadratically hyponormal if and only if ¢(3,2) > 0 and
c(4,3) > 0.

- _ k
Corollary 3.11. Let k be any fixzed number in N and let o, = ni—ltﬂ (n>1).
Let a: a1,01,00,a3,.... Then Wy is positively quadratically hyponormal.

Proof. By direct computation, t,4+1v, —w, =0 (n > 3), so Wj has property B(3).
Since

k(k+1)
3,2) = >0
B = G 3G a)
and
k+1)2(3k% + 13k — 6
o(43) = o LLBE LI
(k+2)*(k+3)2(k+4)2(k+5)(k+6)
by Corollary 3.10 we have the result. O
Corollary 3.12. Let k be any fized number in N and let o, = ZZE (n>1).
Let a: a1,01,00,a3,.... Then Wy is positively quadratically hyponormal.

Proof. By direct computation, we have that for n > 3,

2k3(k — 1) -0
(kn+2)2(kn — 2k +2)(kn — k +2)2(kn+k+2) =
so W4 has property B(3). Since

Up4+1VUp — Wp =

k2(2k +1)(k®> 4+ &k +2)

G = S Er Dk + 253k 2)

>0

and

k3(39k* + 12k 4 73k? + 64k + 12)
16(k + 1)(k + 2)5(3k 4 2)3(5k + 2)
by Corollary 3.10 we have the corollary. O

c(4,3) =

>0,
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4. EXAMPLES
The following first two examples show that properties B(k) and C(I) are different.
Example 4.1. Let a be a sequence with
3n+41 :
o, = BniQ if n#k,
NZ7 if n=k

(n > 0). Then we have the following:
(i) If £ > 1, then

3k—2 _ < 27k3 + 144k* + 231k + 98
3k—1~ " = 27k3 4+ 153k2 + 276k + 160"
(i) If £ = 0, then W, has property B(2) <=0 <z < %.

(iii) If & > 1, then

W,, has property B(k + 2) <=

3k —2 e 27k3 + 144k + 249k + 140
3k—1 "= 273 1 153k2 + 294k + 208"
(iv) If k = 0, then W, has property C(1) <= 0 < z < 2.

W, has property C(k + 1) <

Let a: ag,a1,... ,ak-2, (Qg—1, Oy appy1) With 0 < a1 < o < agyr1 (K > 1),
where (ag—1, ok, ag+1) is a subnormal completion (cf [6], [7] or [§]). Then it follows
from [8] Lemma 2.1] that

(19) Vnt1 = Vi(ups1 +un) (0> k),
(20) Wy, = UnpUnt1 (0> k),
(21) Up = —Vo—m=L (> k4 1)
n— " ¥0 5 5 = )
ai_y0l
where

2,2 2 2 2( 2 2
Ty = _akakﬂ(akﬂ —ag) and Ty — (g — 0%4).

7 2 5%
Ok — X1 ap — Qg

Example 4.2. Let a : 1, (1, /a,Vb)" with 1 < a < b. By (20), W, has property
C(2). But it does not have property B(n) for any n € N. Indeed, first recall that
a2 =W, + 2o (n>2) (cf. [6], [7] or [§]). For n > 3, since

a

Up4+1Un — Wp = Up4+1Un — Up41Unp by (20)
- unJrl\Ill(un + unfl) - \Ill(unJrl + un)un by (]—9)
= Viupiiun-1 — Viu2
- <-x110 “"“”3) U2 by (21)

2
10

Up—1 Up—1
= \I’wn(—\Ifo - 5 + VYo T )
an—lan an—Qan—l
1 1 1
= YyWiuptp1—-5—|—5———5 | <0,
ez (aiz a%)
W, does not have property B(n) for any n > 3. Also it is easy to show that W,
does not have property B(2).
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We may easily recapture some well-known examples in [4], [2] and [9] by criteria
in the previous section. Finally we consider some of them here.

Example 4.3 ([2, Theorem 2]). Let a(z) : /z, /755 (n > 1). Then:

(i) Wa(a) has property C(1) <= 0 < z < 1.
(ii) Wia(z) is positively quadratically hyponormal<= 0 < z < 22.

Proof. Notice that W, ;) has property B(3) and C(2). Since

1 11 1
c(2,1) = Efc(l —2z), ¢(3,2)= %x(l —2z), ¢(4,3)= mx(% —47z),
by applying Corollary 3.3 and Theorem 3.9 we obviously obtain (ii). O

Example 4.4 ([9, Theorem 3.7]). Let o (z) : /7, 1/3,/ Z—E (n > 2). Then:
(i) Wq () has property C(1) <=0 <z < %.
(ii) W(z) has property B(2) <= 0 <z < 1.

(iii) W (a) is positively quadratically hyponormal<=- 0 < x < 1945

3136°
p . . 21 o o
roof. Notice that W, has property B(3). Since ¢(2,1) = x(5b—8x), ¢(3,2) =

1280
Toa552(425 — 644z) and (4, 3) = 1ae552(1945 — 31362), apply Corollary 3.3 and
Theorem 3.9 again to obtain (iii). Other statements are obvious. O
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