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ON STABLE QUASI-HARMONIC MAPS
AND LIOUVILLE TYPE THEOREMS

DELIANG HSU AND CHUNQIN ZHOU

(Communicated by Bennett Chow)

Abstract. We consider Liouville type problems of stable quasi-harmonic
maps, by “stable” we mean that the second variation of quasi-energy functional
Eq(u) is nonnegative, and we prove that the stable quasi-harmonic maps must
be constant under some geometry conditions.

1. Introduction and preliminaries

The classical Liouville theorem states that a bounded entire harmonic function
onR2 must be constant. There are many generalizations of this theorem considering
harmonic functions on Riemannian manifold. In order to study the Liouville type
theorem for harmonic maps it is natural to assume that the domain manifold has
nonnegative Ricci curvature. Cheng [1] used a gradient estimate of the harmonic
map to prove that the Liouville theorem is true if the target manifold has non-
positive sectional curvature and the image satisfies the sublinear growth condition.
Hildebrant-Jost-Widman proved the Liouville theorem if the image of a simple Rie-
mannian manifold is contained in a geodesic ball Bn(Q) of radius M < π

2k , where
k2 > 0 is the upper bound of the sectional curvature on the target manifold. Other
types of Liouville theorems consider stable harmonic maps, by “stable” we mean
the second variation of energy E(u) is nonnegative, i.e. d2

dt2E(ut) ≥ 0. Xin in [9]
proved that there are no stable harmonic maps from Sk to N, where k ≥ 3 and
N is an arbitrary Riemannian manifold. Wei in [7] gives another type of Liouville
theorem about stable harmonic maps.

In [2] and [4] the authors give the concept of quasi-harmonic maps which relates
to the blow up of the heat flow of harmonic maps. Hence the Liouville type theorems
of quasi-harmonic maps guarantee some regularities of heat flow for harmonic maps.
In this paper we establish some Liouville type theorems of stable quasi-harmonic
maps. Our methods are based on [7].

Suppose that N is a smooth compact Riemannian manifold. We call Φ : Rl 7→ N
a quasi-harmonic map, if Φ is a nonconstant smooth map which is a critical point
of the quasi-energy functional Eq with respect to any smooth compactly supported
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variation, where

Eq(Φ) =
1
2

∫
Rl
|DΦ|2 e−

|y|2
4 dy.(1.1)

The Euler-Lagrange equation of Eq(Φ) is

4Φ− 1
2
y ·DΦ +A(Φ)(DΦ, DΦ) = 0(1.2)

where A(Φ) (·, ·) is the second fundamental form of N isometrically embedded in
Rq.

Let us consider a smooth two parameter variation Φs,t : Rl 7−→ N with Φ0,0 = Φ.
Denote Vs,t = ∂

∂sΦs,t,Ws,t = ∂
∂tΦs,t

Lemma 1.1. If Φs,t is a smooth two parameter variation of Φ : Rl 7→ N with
compact support, then

∂2

∂t∂s

∣∣∣
t=s=0

Eq(Φs,t) =
∫
Rl [∇V · ∇W +

〈
RN ◦ Φ(W,dΦ−)V, dΦ−

〉
· dΦ]e−

y2
4 dy

+
∫
Rl
∇X · dΦe−

y2
4 dy,

where V = ∂
∂s

∣∣
s=0

Φs,t,W = ∂
∂t

∣∣
t=0

Φs,t and X = ∂
∂t

∣∣
t=0

∂
∂s

∣∣
s=0

Φs,t. Furthermore,
if Φ : Rl 7→ N is a quasi-harmonic map, then

d2

dt2

∣∣∣∣
t=0

Eq(Φt) =
∫
Rl

[
|∇V |2 +

〈
(RN ·Φ)(V, dΦ−)V, dΦ

〉]
e−
|y|2

4 dy,

(1.3)

where (RN · Φ(V, dΦ−)V, dΦ) = −
∑
i

gNΦ(y)(RΦ(y)(∂iΦ(y), V (y))V (y), ∂iΦ(y)).

The proof of Lemma 1.1 is similar to the harmonic map’s case and we may refer
to Eells and Lemaire [3].

We say a quasi-harmonic map is stable, if

d2

dt2
Eq(Φt) ≥ 0

for any V ∈ Φ−1(TN) with compact support.
As in [7] we define

Definition. A complete Riemannian manifold N is called super-strongly unstable
(SSU) if QNy is negative definite for every y in N , where

〈
QNy (x), x

〉
N

=
n∑
i=1

2 |A(x, αi)|2 − 〈A(x, x), A(αi, αi)〉Rq

{α1, α2, · · · , αn} is an orthonormal basis for TyN. It is obvious that QNy is a self-
adjoint linear map of tangent space TyN .

Our main results are the following:

Theorem 1. Assume that N is a smooth SSU manifold. Then any smooth stable
quasi-harmonic map with finite quasi-energy from Rl to N is constant.
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Theorem 2. Assume that N is a smooth compact manifold Riemannian. If N is
simply-connected and is δn-pinched for 1

4 < δn < 1, then any stable quasi-harmonic
map with finite quasi-energy is constant, where n = dimN and δn will be defined
in section 3.

Theorem 3. Let u be a quasi-harmonic map with finite energy from Rl into N,
where N is a simple Riemannian manifold. Moreover, suppose that u is strict
stable, i.e., Eq (u) ≤ Eq (v) for each C2-map v from Rl into N which agrees with
u except on a compact subset of Rl. Then u is a constant map.

Combining our results with the result in [4], we pose the following question:
Without any topology restriction, can one prove that quasi-harmonic maps obtained
from the blow-up of heat flow are stable?

2. A stability inequality and the proof of Theorem 1

Let Φ be a smooth stable quasi-harmonic map. Let u(x) be a smooth real-valued
function on Rl with compact support, let {e1, e2, · · · , el} be an orthonormal basis
in Rl, let α be a unit vector in Rq, and let αT be the tangential projection of α
onto TN. Denote by Φuα

T

t a variation of Φ with Φuα
T

0 = Φ, and deformation vector,
uαT ∈ Φ−1(TN), where Φ−1(TN) is the pull-back bundle from the tangent bundle
TN of N. Denote ∇, the Riemannian connection of TN, and ∇′ the pull-back
connection. By Lemma 1.1

d2

dt2Eq(Φ
uαT

t )
∣∣∣
t=0

=
∫
Rl

[
l∑
i=1

(∣∣∇′eiu(x)αT
∣∣2 − 〈RN (uαT , ei)uαT , ei

〉
N

)]
e−
|x|2

4 dx

=
∫
Rl

l∑
i=1

(∣∣∣ ∂u∂xi ∣∣∣2 ∣∣αT ∣∣2 + u2(x)
∣∣∇′ei (α− α⊥)

∣∣2) e− |x|24 dx

−
∫
Rl

[
2 ∂u
∂xi

u
〈
αT ,∇′eiα⊥

〉
N
− u2(x)

l∑
i=1

〈
RN (αT , ei)αT , ei

〉
N

]
e−
|x|2

4 dx

=
∫
Rl

[
|∇u(x)|2

∣∣αT ∣∣2 +
l∑
i=1

(
u2(x)

∣∣∣Aα⊥ei∣∣∣2
+2 ∂u

∂xi
u
〈
αT , Aα

⊥
ei

〉
N

)]
e−
|x|2

4 dx

−
∫
Rl

(
u2(x)

l∑
i=1

〈
RN(αT , ei)αT , ei

〉
N

)
e−
|x|2

4 dx

(2.1)

where ei = dΦ(ei) and the Weingarten map Aα
⊥

is given by Aα
⊥
ei = −∇eiα⊥.

Hence
〈
Aα
⊥
ei, ei

〉
=
〈
A(ei, ei), α⊥

〉
N
, where A(·, ·) denotes the second fundamen-

tal form of N.
Assume that {α1, α2, · · · , αq) is an orthonormal basis in Rq and α1, α2, · · · , αk

are tangent to N, αk+1, αk+2, · · · , αq are orthonormal to N . Taking α = αi (i =
1, · · · , q), computing the second variational formula along u(x)αi and summing
over i from 1 to q, we obtain by the Gauss curvature equation and the stability
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assumption

0 ≤
q∑
j=1

d2

dt2Eq(Φ
uαT

t )

∣∣∣∣∣
t=0

=
∫
Rl

[
n |∇u(x)|2 +

l∑
i=1

q∑
j=1

(
u2(x)

∣∣∣Aα⊥j ei∣∣∣2 + 2 ∂u
∂xi

u
〈
αTj , A

α⊥j ei

〉
N

)]
e−
|x|2

4 dx

−
∫
Rl

(
u2(x)

l∑
i=1

q∑
j=1

〈
RN(αTj , ei)α

T
j , ei

〉
N

)
e−
|x|2

4 dx

=
∫
Rl

[
n |∇u(x)|2 +

l∑
i=1

n∑
j=1

u2(x)
(

2 |A(αj , ei)|2−〈A(αj , αj), A (ei, ei)〉
)]

e−
|x|2

4 dx

=
∫
Rl

[
n |∇u(x)|2 +

l∑
i=1

u2(x)
〈
QNy (ei), ei

〉
N

]
e−
|x|2

4 dx

(2.2)

where n = dimN, y = Φ(x). If we assume that QNx is negative definite, then
there exists a positive function Ψ(x) defined in Rl such that

〈
QNΦ(x)(X), X

〉
N
≤

−Ψ(x)|X |2 where X = dΦ(z) and z is an arbitrary vector in Rl. In order to prove
Theorem 1 we need the following:

Lemma 2.1. Assume that Φ : Rl 7−→ N is a smooth map, and Ψ(x) is a positive
function of Rl. If for every smooth real-valued function u(x) of Rl with compact
support, Φ satisfies the inequality∫

Rl
Ψ(x)u2(x) |∇Φ|2 e−

|x|2
4 dx ≤ c

∫
Rl
|∇u|2 e−

|x|2
4 dx,(2.3)

then Φ is a constant map.

Proof. We choose u(x) to be

u(x) = ut(x) =

 1, on Bt(0),
ln( t2

/
|x|)
/

ln t, on Bt2(0)\Bt(0),
0, |x| > t2.

Substituting ut(x) into (2.2), we have∫
Rl Ψ(x)u2

t (x) |∇Φ|2 e− |x|
2

4 dx

≤ c
∫
Bt2\Bt

1
(ln t)2|x|2 e

− |x|
2

4 dx

≤ c
(ln t)2

∫
Bt2\Bt

1
|x|2 e

− |x|
2

4 dx ≤ c
(ln t)2 ,

and letting t tend to +∞, we conclude that Φ is constant, which completes Lemma
2.1.

Combining Lemma 2.1 and (2.2), we obtain the result of Theorem 1.
As an application of Theorem 1, we immediately have

Corollary 2.2. There are no stable quasi-harmonic maps of Rl to any of the fol-
lowing Riemannian manifolds:

(A) a sphere Sn, n > 2.
(B) Grassmann manifolds sp(p+ q)/Sp(p)× Sp(q), 1 ≤ p ≤ q, 3 ≤ p+ q;
(C) SU(2n)/ sp(n), n > 2;
(D) Cayley Plane F4/Spin(9);
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(E) E6/F4;
(F) compactly simply connected simple Lie groups of type An, n ≥ 1, Bn and

Cn, n ≥ 3;
(G) arbitrary finite product of any manifold from (A), (B), (C), (D), (E) and

(F).

For the proof we refer to the result of the classification of a compact connected
symmetric space N with QNy being negative definite for every y in N in [6] and [8].

3. Another stability inequality, proof of Theorem 2 and Theorem 3

Assume that Φ is a smooth stable quasi-harmonic map from Rl to N, g is a
real-valued C1 function on R1, and Vy(g) is the gradient of g ◦ ρy where ρy(y′) is
the geodesic distance of y′ from y in N.

Denote by ΦuVy(g)
t a variation of Φ with ΦuVy(g)

0 = Φ, and deformation vector
u(x)Vy(g) ∈ Φ−1(TN), where u(x) is a smooth compactly supported function on
Rl. Denote by ∇′ the pull-back connection of Φ. Then from (1.3)

d2

dt2Eq(Φ
uαT

t )
∣∣∣
t=0

=
∫
Rl

[
l∑
i=1

(∣∣∇′ei(u(x)Vy(g))
∣∣2 − 〈RN(uVy(g), ei)uVy(g), ei

〉)]
e−
|x|2

4 dx

=
∫
Rl

l∑
i=1

u2(x)
(∣∣∇′eiVy(g)

∣∣2 − 〈RN (Vy(g), ei)Vy(g), ei
〉
N

)
e−
|x|2

4 dx

+
∫
Rl

[
|∇u|2 |Vy(g)|2 + u(x) ∂u∂ui ei |Vy(g)|2

]
e−
|x|2

4 dx

(3.1)

where {ei, ei, · · · , ei} is the orthonormal basis of Rl and ei = dΦ(ei). Integrating
the second variational formula along Vy(g) over N for any y ∈ N with volume
element dV of N, and applying the Fubini theorem and the stability assumption,
we obtain from (3.1)

0 ≤
∫
N

d2

dt2Eq(Φ
uαT

t )
∣∣∣
t=0

dV

=
∫
Rl
|∇u|2 e− |x|

2

4 dx
∫
N
|Vy(g)|2 dV +

l∑
i=1

∫
Rl
u(x) ∂u∂ui e

− |x|
2

4 dx
∫
N
ei |Vy(g)|2 dV

+
∫
Rl
u2(x)e−

|x|2
4 dx

∫
N

l∑
i=1

(∣∣∇′eiVy(g)
∣∣2 − 〈RN(Vy(g), ei)Vy(g), ei

〉
N

)
dV.

(3.2)

Proof of Theorem 2. Now we assume that N is simply connected, δ-pinched for
1
4 < δ < 1; then the radius of injectivity > π by a famous theorem of Klingenberge.
Letting

g(t) =
{
− cos t, |t| ≤ π,

1, |t| > π,

we have

Vy(g) =
{

sin(ρy)∇ey, ρy(y′) ≤ π,
0, otherwise.
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It follows from (8) and the Chauchy-Schwarz inequality that

l∑
i=1

∫
Rl
u(x) ∂u∂ui e

− |x|
2

4 dx
∫
N
ei |Vy(g)|2 dV

=
l∑
i=1

∫
Rl
u(x) ∂u∂ui |ei| e

− |x|
2

4 dx
∫
N
êi |Vy(g)|2 dV

≤
l∑
i=1

∫
Rl
c

(∣∣∣ ∂u∂ui ∣∣∣2/ 2ε+ u2(x) |ei|2 ε
2

)
e−
|x|2

4 dx

= c
2ε

∫
Rl
|∇u|2 e− |x|

2

4 dx+ cε
2

∫
Rl
u2(x) |dΦ|2 e− |x|

2

4 dx

(3.3)

where

êi =

{
ei
|ei| , if ei 6= 0,

0, otherwise,
ε > 0 is a constant and c = max

N

∣∣∣∇|Vy(g)|2
∣∣∣ vol(N).

Furthermore, an estimate of Howard [5], followed from manipulation of the vol-
ume comparison theorem of Bishop and Crittenden, and the Hessian comparison
theorem of Greene and Wu, implies

∫
Rl
u2(x)e−

|x|2
4 dx

∫
N

l∑
i=1

(∣∣∇′eiVy(g)
∣∣2 − 〈RN(Vy(g), ei)Vy(g), ei

〉
N

)
dV

≤ vol(Sn−1)Fn(δ)
∫
Rl u

2(x) |∇Φ|2 e− |x|
2

4 dx

(3.4)

where

Fn(δ) =
∫ π

0 [max
{

cos2 t, δ sin2 t cos2
√
δt
/

sin2
√
δt
}

×
(

sin
√
δt
/√

δ
)n−1

− (n− 1)δ cos2 t sinn−1 t]dt.
(3.5)

Combining (3.2)–(3.5) we obtain(
−vol(Sn−1)Fn(δ)− cε

2

) ∫
Rl u

2(x) |∇Φ|2 e− |x|
2

4 dx

≤
(
1 + c

2ε

) ∫
Rl |∇u|

2
e−
|x|2

4 dx.
(3.6)

Now let δn = inf
{
δ : 1

4 < δ and Fn(δ) < 0
}
, and choose ε sufficiently small, then

(3.6) implies ∫
Rl
u2(x) |∇Φ|2 e−

|x|2
4 dx ≤ c

∫
Rl
|∇u|2 e−

|x|2
4 dx(3.7)

So the proof of Theorem 2 is completed by combining (3.7) and Lemma 2.1.

Proof of Theorem 3. Since N is simple, we can introduce local coordinates u =
(u1, u2, · · ·, un) such that, for any map u ∈ C2

(
Rl, N

)
with its representation

u = (u1, u2, · · ·, un), the quasi-energy integral is of the form

Eq (u) =
∫
Rl
f (x, u,∇u) e−

|x|2
4 dx

where there exist two numbers λ and µ with 0 < λ < µ such that

λ |p|2 ≤ f (x, u, p) ≤ µ |p|2

for all (x, u, p) ∈ Rl ×Rn ×Rnl.
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Set Br =
{
x ∈ Rl : |x| ≤ r

}
, T2r =

{
x ∈ Rl : r ≤ |x| ≤ 2r

}
. Then, for each r >

1, there is a function η ∈ C∞0 (B2r, R) with 0 ≤ η ≤ 1 and η (x) = 1 on Br such
that |∇η| ≤ C · r−1 where C > 0 does not depend on r . Let

ω =
1

vol T2r

∫
T2r

u (x) dx

and set v (x) = (1 − η (x)) [u (x)− ω (x)] . Since

Eq (u) ≤ Eq (v) ,

we infer from above that

λ

∫
B2r

|∇u|2 e−
|x|2

4 dx ≤ 2µ
∫
T2r

(1− η)2 |∇u|2 e−
|x|2

4 dx

+2µC2r2

∫
T2r

|u− ω|2 e−
|x|2

4 dx ≤ 2µe−
r2
4

∫
T2r

|∇u|2 dx

+2µe−
r2
4 Cr−2

∫
T2r

|u− ω|2 dx.

By the Poincaré inequality, there is a number C0 independent of r such that∫
T2r

|u− ω|2 dx ≤ C0r
−2

∫
T2r

|∇u|2 dx.

Thus we obtain that∫
B2r

|∇u|2 e−
|x|2

4 dx ≤ ce− r
2
4

∫
T2r

|∇u|2 dx.

If we assume that limr→+∞ e
− r24

∫
T2r
|∇u|2 dx = 0, we can obtain that u ≡constant.

If u has finite energy, the above assumption is obviously true, and this completes
the proof.

Remark 1. Although the assumption of finite energy for u can be considerably
relaxed, we cannot prove Theorem 3 under the assumption that Eq (u) < ∞. We
will consider this problem in a future paper. For some results on the finiteness of
energy of quasi-harmonic maps we refer to [10].
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