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ABSTRACT. The paper identifies the multivariate analog of factorization prop-
erties of univariate masks for compactly supported refinable functions, that is,
the “zero at m”-property, as containment of the mask polynomial in an ap-
propriate quotient ideal. In addition, some of these quotient ideals are given
explicitly.

1. INTRODUCTION

A function f : R®* — R is said to be refinable with respect to a mask a =
(ae : a0 € Z%) if it satisfies a refinement equation of the form

(1.1) b= aad(2-—a).
aEZS

Due to the importance of refinable functions, in particular in connection with
wavelet analysis, such functions are well studied, especially in one variable; cf. [7].
One point of interest in the research on refinable functions is the description of
properties of the function ¢, for example smoothness, in terms of the mask vector
a; cf. [4,[6]. A crucial property in this context is whether the algebraic span of the
multi-integer translates of ¢ contains all polynomials of a certain degree, that is,
whether

(1.2) II,(R) =S (¢) := ancﬁ(-—a) tca €ER G

Q€L

where II,,(R) denotes the vector space of all polynomials of total degree at most
n with real coefficients. This polynomial containment is necessary for (n — 1)-
fold differentiability of ¢ (cf. [4]), and necessary and sufficient for ¢ providing
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approzimation order n. For further details, let me refer to the recent survey [9] and
the references therein.

Here, we focus on the case that the mask a or, equivalently, the refinable function
¢, are compactly supported. In this case, it is convenient to look at the symbol

(1.3) a(z) = Z anz%, z € C°\ {0},

aEZS

which is a Laurent polynomial, but after shifting the mask appropriately we might
as well assume that a(z) is a polynomial, that is, a(z) € Il := C[zy,..., z5]. In the
univariate case it is well-known that containment of polynomials in S (¢) can be
related to factorizations of a of the form

1 n
(1.4) a(z) = (_‘_TZ)
These factorizations are a handy tool for the construction of smooth refinable func-
tions or for the “smoothing” of refinable functions, respectively, by taking a “rea-
sonable” mask b and multiplying it with factors of the form (1 + z)/2.

A popular statement about the multivariate case, however, is that factorization
techniques cannot be extended from the univariate case since (in general) polyno-
mials in more than one variable cannot be factored into linear polynomials. Of
course, this statement is true but, nevertheless, there is a natural generalization of
factorizations based on the notion of a quotient ideal. In fact, this paper will give
an ideal theoretic characterization of the “sum rule”

(15)  (@D)a)(z)=0, qeT degg<n, ze{-1,1}\{(...,1)},

which is an equivalent description of (IZ). Having this description available, one
can compute a basis for the ideal of solutions of (LH)), for example by using some
computer algebra program, which then allows for a parametrization of all masks
which satisfy (LE) and hence for a systematic search for masks which admit re-
finable functions of a prescribed approximation order. However, it is worthwhile
to mention that this algebraic condition does not guarantee the existence of the
refinable function ¢, for example in Ly (R®). To ensure this, additional properties
on a are necessary which can be expressed by the normalization property

(1.6) a(l,...,1) =25

b(z), z e C.

and, for example, in terms of the joint spectral radius of certain matrices; cf. [§].

The paper is organized as follows. In Section Pl we will review some basic facts
on ideal bases and the connection to multivariate polynomial interpolation. Based
on a characterization of particular ideal bases from this section, we will describe
the ideal of all solutions of (L5 in Section (] and give explicit representations of
this ideal in special cases in Section [4]

2. POLYNOMIAL INTERPOLATION AND IDEAL THEORY

In this section we recall and extend some results on the intimate connection
between polynomial interpolation, polynomial ideal theory and ideal bases. A finite
set © C II’ of linearly independent functionals is called an ideal interpolation scheme
[1] if the vector space

ker©@ ={fell:0(f) =0} CII
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is an ideal in I, denoted by Zg. This is the case if and only if the functionals in ©
consist of consecutive derivatives evaluated at given points; cf. [3] [LT].

To study the ideal Zg more carefully, we recall the notion of grading: an additive
monoid I', equipped with a well-ordering “<”, is called a grading monoid if there
is a direct sum decomposition

n=m,

yel’

such that each homogeneous subspace IL, is a C-vector space and such that IL,IL,, C
IT, 4. The two “standard” gradings are the G (“Grébner”) gradings, where I' = Nj
equipped with a term order and II, = span {z®}, a € N§, and the H (“homoge-
neous”) gradings, where I' = Ny with the natural order and

II, = span {z% : |a] = n}, n € Ny.
Since any polynomial f € II can be uniquely expanded into the finite sum

F=>Fn  fE, I(f)CT, #I(f) <o,
YEI(S)

of its homogeneous components, we can define the I'-degree

or (f) = max{y € I(f) : fy # 0}
and the I'-leading term

Ar (f) = fsepy

of f. With this notion of degree at hand, we can define “good” bases for polynomial
ideals which are a joint generalization of Grobner bases and H-bases; cf. [12, [13].
Recall that a basis of an ideal Z is a (finite) set P C II such that Z is the ideal
generated by P, that is,

I=(P):= ngp cgp€ll,peP,,
pEP

and that Hilbert’s Basissatz says that every polynomial ideal has such a finite basis.
For practical applications, however, bases with additional properties are preferred.

Definition 2.1. A finite set G C II is called a I'-basis (for the ideal Z = (G)) if
any f € 7 can be written as

(2.1) F=Y fo9. fo€IL, v (fe9) <or(f).
Y

Equivalently, G is a I'-basis if and only if the homogeneous ideal Ar ({G)) (keep in
mind that “homogeneous ideal” means that closure under addition is only requested
for homogeneous polynomials from the same II,) has the form

(2.2) Ar((9) = (Ar (@), = [J V2(9),

where, for v € I', the homogeneous space of degree v spanned by the leading terms
in G is defined as

(2.3) Vi (G) = ZH'y—ér(g) Ar(g) = Z fog v (feg) =~ CIL,.

g9€g g9€g
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In what follows, we will assume that I" is a monomial grading, that is, all the
homogeneous spaces IL,, v € I', are spanned by monomials, and that I' is a strict
grading, that is, Iy = C. Moreover, we introduce the inner product

(2.4) (f,9)= (f(D) g) (0),
which has been of great use in the study of the least interpolant introduced and
investigated by de Boor et al. [2] 3], partially because of the convenient identity

(2.5) (f,a(D)g)=(fq,9), f.g,q€ell

Note that, under the assumption of a monomial grading, the inner product (24)
separates degrees, that is,

(26) (H’WH’Y’) = Oa Y 7é 'Y/-

The following two results have been proven in [I6] for the H-grading and in [I5]
for the G—grading; the general argument is an almost literal replication of the one
in [16].

Theorem 2.2. If G C II is a I'-basis, then there exists, for any polynomial f € 11,
a unique polynomial r € II, dp(r) < or(f), such that

(2.7) F=Y fog+r,  orfy9) <or(f), g€g,
geg

and

(2.8) ry L V4(9), yel.

The “remainder of division” r, denoted by f ?, will be called the normal form

of f with respect to G. It is worthwhile to mention that the uniqueness of r in
Theorem relies on G being a ['-basis.

Theorem 2.3 ([16]). Let © be a finite set of linearly independent functionals which
define an ideal interpolation scheme. With the scalar product [24), a monomial
grading ', and a T'-basis G for Tg, the normal form operator f — f ? is a degree

reducing linear interpolation operator and the respective interpolation space satisfies
(2.9) M= () ker Ar (9) (D).
9g€g

Besides the fact that in the case of the H-grading the polynomial spaces defined
in equation (2.9) play an important role in box spline theory (cf. [6]), it gives exactly
the least interpolant for this particular grading; see [3]. However, this identity even
yields a simple and useful method to check if a given ideal basis is a ['-basis.

Theorem 2.4. Let G be a finite set of polynomials and suppose that (G) is zero-
dimensional. Then G is a I'-basis if and only if

(2.10) dim | () ker Ar (g) (D) | = dim (I1/ (G)) .
geg

Proof. We first remark that the zero—dimensionality of (G) implies that there exists
a set © € II' of linearly independent functionals such that (G) = ker® and, in
particular,

#0 = dim (TI/ (G) ) = dim (H?)
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The necessity of (ZI0) then follows directly from Theorem 23
For the converse, we decompose each homogeneous subspace into

H”/ = Vv(g)@wv(g)v vel,
and note that dim V,(G) < dim ((G) NII,), hence, since II = II/ (G) + (G),
(2.11) dim W, > dim (II/ (G) N IL,), vel,
with equality if and only if V,,(G) = (A((G)) N1L,) for all v € T, that is, if and only
if G is a I'-basis. Using the identity
(2.12) W4(G) € (] ker Ar (9) (D),

g€eg

and assuming that G is no I'-basis, we then obtain from (ZII) that

dim | () ker Ar(g) (D) | =Y dim W, (G)>>  dim (TI/ (G) N1IL,) = dim (II/ (G)),

Y ver ~er

which completes the proof of the theorem.
It remains to verify (ZI2). To this end, we first recall that the monomials form
an orthogonal basis for II, and that, for any f € II,

« (L‘a

(2.13) F=Y et
aeNG
Therefore, for any g € G and f € II we have that
a z* a — x
(2.14) Ar(g)(D)f = Z (%, Ar(9)(D)f) o Z (z*Ar (9), f) E
a€ENg aeNg
and consequently f € W, (G) implies that Ar(¢g)(D)f = 0, which proves (Z12). O
From the proof of Theorem [2Z4] we can also draw the following conclusion.

Corollary 2.5. Let G C 11 be a finite set of polynomials. Then

dim (I1/ (G)) < dim | ) ker Ar(g)(D)
9geg

with equality if and only if G is a I'~basis.

3. ZERO CONDITIONS

Let B = {e€R°:ej ==1,j=1,...,s} denote the set of edges of the cube
[—1,1]° and set Z, := E,\ {1}, where 1 = (1,...,1). We start by giving a (univer-
sal) I'—basis for the ideal

(3.1) In={fe€ll: (¢(D)f)(Es) =0,qell,}, neNg,

determined by the fat points of order n of Z. It is obvious that 7, is an ideal for
n € Ng. Moreover, Jy has already been identified in [4] as

(3.2) Jo=(z—-1,...,22 - 1).
We use an abbreviated notation from now on: we use z—1 for the vector (z1—1, ...,
zs — 1) and, in the same way, we will write 22 — 1 = (2 —1,...,22 —1). In this

notation, equation ([32) becomes Jy = <22 — 1>. The first result is as follows.
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Theorem 3.1. For n € Ny we have that

(3.3) To={((*=1)"la] =n+1),

where {(22 — 1)a dal=n+ 1} is a I'=basis for any strict monomial grading T'.
Proof. The inclusion

(3.4) ((2=1)":lal =n+1) C T,

is easily checked by straightforward computations.
To verify the converse inclusion, we denote by J = <(22 - 1)a Cal =n+ 1> the
ideal generated by our candidates for a basis and claim that the polynomials

f:{(zz—l)a:|a|:n—|—1}

are a I'-basis for J for any strict monomial grading I'. For this purpose, we first
note that I' being a strict monomial grading implies, for any j7 = 1,...,s, that
Ar (,zj2 — 1) = 2]2 and since, for any p,q € II, we have Ar (pg) = Ar (¢) Ar (q), it
follows that

(3.5) Ar ((22 - 1)a) = z2®, a € Nj.

Consequently,

(3.6)
ﬂ ker Ar (f(D)) = ﬂ ker D2 = ﬂ span {zﬁ : BSZ@,B#Z@}.
fer la|=n+1 |al=n+1

Now, we choose any such 8 € N{,
0&{2x : |a|=n+1} and 8 <2 |a=n+1,
write B as f =2y +¢, € € {0,1}°, and obtain that, for any « € N§, |a| =n+ 1, we
have that v < « and 7 # «. This, however, is equivalent to |y| < n. Hence,
(3.7) ﬂ {zF : p<2a} C U {22018 <},
|a|=n+1 ec{0,1}°

and so we conclude that

(3.8) dim [ (] ker Ar (f(D)) g28<"+5).

s
feF

On the other hand, the number of linearly independent interpolation conditions
which have to be annihilated by J,, and thus the dimension of I1/7,, is also 2° ("js)
and therefore there must be equality in (B.8) and hence in (B.7), too. By Theo-
rem 2.4] this implies that F is a I'-basis for 7,,. O

For any two ideals Z, J CII, their quotient T : J is defined as
(3.9) I:J={fell : f7CT}.

It is well known (cf. [5]) that Z : J is again an ideal and that Z C Z : J.
Geometrically, the operation of taking ideal quotients corresponds to “subtraction”
of the associated varieties. In view of this relationship, the following result is not
very surprising.
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Theorem 3.2. For n € Ny we have that
(3.10) T,:={f €Tl : ¢(D)f(Z)=0,qeT,} = (2= 1)""": (z =)™
Proof. We write
J={fell : ¢D)f (%) =0, qell}
and first note that
(z—1)" T C g = (21",

hence J C (2% — 1>"+1 . (z—1)"*". For the converse inclusion, we pick any
f€Tn:{z—1)""" and claim that

oled
(3.11) 5 / (Zs) =0, a €Ny, |a] <n.
ZO(
We prove (BI1) by induction on k := |a|. In the case k = 0 we choose ¢ € Z;
and note that there exists at least one index j € {1,...,s} such that {; = —1.
Therefore,

0= (- 1"" 1) (©) = (2" Q).

hence f (Zs) = 0. Now, suppose that ([B11) has been verified for all |a| < k, where
0 <k <n. Choose a € N§, |a] = k+ 1, as well as ( € Z; and assume again that

¢; = —1. Now we obtain, using the Leibniz formula and the induction hypothesis,
that
k+1 il o\ dlo=nl (z; — )"t gl g
0 = =1 = J
e (-0 0 =3 ()0 S
ololf
— 92 n+l1>  J
(22 (o)
which advances the induction hypothesis and thus proves (BI1). Since (BI1) shows
that J D <22 - 1>n+1 oz — 1}”“, the proof is complete. O

Remark 3.3. 1. For n = 0 Theorem follows directly from the well-known fact
(cf. [5l Theorem 7, p. 193]) that over algebraically closed fields the variety asso-
ciated to an ideal quotient Z : J, where Z is radical, equals the (Zariski closure
of) the difference. In contrast to this general result, Theorem [B2] treats only zero-
dimensional ideals, but includes multiplicities. Nevertheless, this fact might be
known or folklore; however, we include it here for the sake of completeness.

2. Tt is easy to see that the (primary) ideal (z — 1)" can be written as

z-=1)"={z-1%: |a| =n), n €N,

and that the representation on the right-hand side is again a I'-basis for any strict
monomial grading I'. Therefore, it is possible to compute Grobner bases for the
ideal <22 — 1>n+1 sz — 1)"Jr1 explicitly, for example by the method proposed in
5, p. 195].

3. For s =1 the quotient ideal is

(21" - = e

which precisely recovers the factorizations from (4.
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Now suppose that a € Z,. Then the above results yield the existence of a
polynomial matrix

(3.12) B=lbas : |a| =8 =n+1]

such that

(3.13) z-D%alz)= Y bas(x) (2-1)",  Jal=n+1,
|Bi=n-+1

and since both (z —1)® and (2% — 1)6 are I'-bases for the ideal they generate as
long as the grading is a strict monomial one, we can conclude that

Or (ba,p) <dr(a),  |a|=[Bl=n+1,

so as in the univariate situation factorizing is degree—reducing. It is also worthwhile
to remark that the matrix (312) plays a crucial role in “differencing” the subdivision
operator S, which acts on (scalar valued) sequences ¢ = (¢ € R : a € Z?) as

Sac = Zaa,%% T aEZ
BEL

It has been pointed out in [l p. 57ff] and also in [I0] that the case n = 0 in (BI3)
corresponds to the decomposition AS, = SA, where
Ac=[Cotej—Ca : j=1,...,9]

denotes the forward difference operator or discrete gradient. Here, the subdivision
operator Sp acts on vector valued sequences. Therefore our above observations
yield that o € Z,, implies that there exist matrix valued polynomials By, ..., By,11
such that

AFS, =Sp. A%, k=1,...,n+1,  Or(Bni1)<---<dr(B1) < dr(a).

A simpler and more direct way to obtain polynomials in (22 — 1>n+1 Dz — 1)
is to represent this ideal in another slightly different form. For that end, recall that
the product Z - J of two ideals Z, 7 C II is defined as the ideal generated by all
products fg, f€Z, g€ J.

Corollary 3.4. Forn € Ny we have that
n+1 n+1
3.14)  L=(2-1D)"" 1" = (21 -1 =yt

Since

(3.15) (Z-1)= N -0= N -0]nE-1,
¢e{0,1}¢ ¢e{0,1}=\{1}

Corollary [34 follows directly from Theorem[3.2] and Lemma B which will be given

immediately. For that end, recall that an ideal 7 is called prime if fg € Z and

g € T imply that f € Z and note that all the ideals on the right-hand side are in

fact prime ideals.

Lemma 3.5. Let T be the intersection of a finite number of prime ideals with the
ideal J. Then, for any n € N,

(3.16) Z:0)"=1":J".
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Proof. The inclusion “C” even holds for any pair J,J of ideals. Using the two
well-known identities (Z-7) : KD Z - (J:K)and (Z:J): K =7 :(J:K) (ct
[14, p. 63]), we obtain this fact by induction on n, noting that

InJrl . jnJrl _ (InJrl . jn) Ij 2 (I (In . jn)) . j > (In : jn) : (I : j)
= 7).

For the converse inclusion, “2”, we first show that (BId) holds true when 7 is a
prime ideal. In fact, this is trivial if Z = J and otherwise it follows by the above
argument from the identity

(3.17) 2. J=T-(T:7), 7 prime, J#1I,

which we are going to prove first. Since the inclusion “2” holds in ([BI7) for any
pair of ideals, we only have to verify “C”. To that end we recall that, by definition,
any f € Z : J has to satisfy fg € Z for any g € J. Choosing 0 # g € J \ Z, which
is possible since Z # 7, and the assumption that Z is prime then yields that f € 7,
hence Z : J = Z and therefore Z - (Z : J) = Z?. In a similar fashion, suppose that
f€TI?: J, that is, fg € Z%, g € J, and choosing g € J \ T we now obtain that
f € I? which proves (317).
To finish the proof of (BId), we use the non-redundant representation

I=Iin---NInNJ

of 7 as an intersection of the different prime ideals Z;,...,Zy with J. Setting
In+1 = J and making use of Z; : J =7;, j =1,..., N, we observe that

N+1

N N N
7:7=()@:)=):T) jjzﬂI Jzﬂ i

hence, by (B.17),

N N N N N+1
0" = |N) =NZ=N@:N"=Nz7:9"=(7}:J"

j=1 j=1 Jj=1 Jj=1 j=1

N+1

j=1

O

Corollary [3:4] is useful for the practical determination of “masks that yield ap-
proximation power”, for example by means of a computer algebra program. Pro-
vided that we know a basis of Zy, which will be given in Proposition L Tlimmediately,
we can construct a first basis of Z,, = Ig“ by “simply” taking all products of n+1
elements of the basis of Zy, repetitions allowed. Of course, such a highly redundant
basis which consists of (s+1)"*! elements can be reduced to a “simpler” ideal basis
automatically by computing the associated Grébner basis, preferably with a term
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order subordinate total degree. Such a basis, let us call it G,, can now be used in
various ways:

1. To “parameterize” all potential masks with desired approximation power by
considering the set of polynomials

Z Dg g : pgell
9EGn

The coefficients of these p, then define an associated joint spectral radius which
one might try to adjust by some standard optimization routines in order to obtain
refinable functions.

2. To give estimates on the minimal support of such masks in terms of the total
degree. If a Grébner basis has been computed with respect to a term order which
is subordinate to total degree, then any polynomial in the ideal must have at least
the same total degree as the least degree element in the basis.

However, the use of Grobner bases will usually destroy symmetry or other struc-
tural information provided by the quotient ideal. For example, the representation
(E2) cannot be obtained by symbolic manipulations.

4. TwWO EXAMPLES

We end the paper by deriving and discussing ezxplicit descriptions for Zy and Z;.
The first one, Zy, is very simple, indeed.

Proposition 4.1 (Description of Zy).
(4.1) To=(-1): (z—1) == 1)+ ((z1 + 1)+ (25 + 1))

Note that the additional polynomial (21 4+ 1) - - (25 + 1) corresponds to the mask
of the characteristic function of the unit cube [0, 1]°, which is of course refinable.

Proof. Set
g:{zf—1,...,23—1,(zl—|—1)---(zs—|—1)}.

Clearly, G(Zs) = 0, hence (G) C (22 —1) : (z—1). Moreover, for any strict
monomial grading I" we have that Ap(G) = {zf, vy 22y ~zs}. Thus,

dim ﬂ f(D) | =2° —=1=dim (IT/((2* — 1) : (z = 1))),

fEAr(9)
and so, by Theorem [Z4] G is even a I'-basis for (2% —1) : (z — 1). O
Proposition 4.2 (Description of Zy).
(4.2)
Iy = (2* - 1>2 (2 —1)2
=((=*=1)" ol =2) + (12— (s =) (21 + 1) (2 + 1)),

and the polynomials on the right-hand side of equation [@2) form an H-basis for
the ideal 1.
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Before getting to the proof of this result two remarks are appropriate. First,
it is important to note that the basis from ([2)) is no Grébuner basis for any term
order, not even a term order which is subordinate to the total degree. This can
be verified by combining Theorem [Z4] with a simple counting argument and shows
that indeed the concept of an H-basis provides a significantly improved generality
in comparison to Grobner bases with respect to a term order subordinate to total
degree which nevertheless yields an H—basis, too. Second, the “additional” basis
function in (£2) has an appealing geometric interpretation for s = 2: the unique
minimally supported refinable function (in the sense of total degree) is the one
according to the mask

z1+ =z
a(z) = T2
which is the well-known (piecewise linear) three directions box spline. This function
is piecewise linear on the triangulation of its support which is given by the three
directions ej, es, e; + eo; see Figure [[1 For higher dimensions, however, I am not
aware of geometric interpretation of the mask

S

21+t zs—5+2
29 H(Zj+1).

(z214+1) (22 + 1),

j=1
Moreover, since this polynomial has degree s +1 > 4 if s > 3, the minimally
supported refinable function of approximation order 1 is no more unique since we
can always add multiples of the polynomials (22 - 1)a, |a| = 2, without increasing
the degree.

i

F1GURE 1. The three directions box spline and the three directions.

Also observe that the normalization condition (IC8), that is, a(1) = 1, requests
that the polynomial a must always contain a nontrivial contribution by the “addi-
tional polynomials” connected to the characteristic function of the unit cube in the
case of Zy and to the (s + 1)—directions “box—spline” in the case of Z;, respectively,
which yields that the minimal degrees of the mask necessary for approximation
order 1 or 2 are s and s + 1, respectively.
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Proof of Proposition[{.3. Let
F= {(32—1)a o 22}U{(zl—l----—I—zs—s+2)(21+1)---(zs+1)}

= GU{s}

denote the polynomials generating the ideal on the right-hand side of (£2). Tt
is easy to verify that all these polynomials in F vanish together with their first
derivatives at Z5 and so we obtain that (F) C 7; and thus

(4.3) (2°=1)(s = 1) =dim (II/Z7) < dim (II/ (F)) .
Recalling the proof of Theorem Bl we also recall that
dim P =2°(s+ 1), P = m ker A(g)(D) = m ker D,
9€g |a]=2

where A = Ap denotes the homogeneous leading term. However, defining the
linearly independent polynomials

i) =2f(2)=> (-1 (-1), i=1...5
k#j
we observe that f, f; & ker A(f)(D), j =1,...,s, while the identities

Ay =D 2" A(f) =21, =1,
k=1

imply that f, f; € P, j =1,...,s. Thus, we conclude that

dim | () ker A(f)(D) | <dim [ [ kerA(g)(D) | = (s+1) = (2° 1) (s + 1),
fer geg

which yields, together with ([€3) and Corollary 2.5 that

(2°=1)(s—1) =dim (II/Z;) < dim ﬂ ker A(f)(D) ]| <(2°=1)(s+1)

feF
and another application of Theorem B4 yields that F is in fact an H-basis for
1. O
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