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ABSTRACT. We will show that there is no ZFC example of a set distinguishing
between universally null and perfectly meager sets.

1. INTRODUCTION

Consider the following three families of sets of reals:

Definition 1. Let X C R. Then:
(1) X is perfectly meager if for every perfect set P C R, PN X is meager in P.
(2) X is universally meager if every Borel isomorphic image of X is meager.
(3) X is universal null if every Borel isomorphic image of X has Lebesgue mea-
sure zero.

Let PM, UM and UN denote these families respectively.

The family UM was studied recently by Zakrzewski [13], and identified as an
analog of UN.

One gets an equivalent definition of UN by replacing “Borel isomorphic” with
“homeomorphic”, but this is not the case with UM.

Let M and N denote the o-ideals of meager and of measure zero subsets of the
reals, respectively.

For a o-ideal J C P(R) let

non(J)=min{|X|: X CR & X & J}.

There are many ZFC examples of uncountable sets that are in UM NUN. These
include wyw}-gaps, a selector from the constituents of a non-Borel IT} set, etc. (see
[9)). All these sets have size Ny, since Miller [8] showed that, consistently, no set of
size 2%0 is in UM U UN.

Grzegorek found other constructions in ZFC that produce sets of (consistently)
different sizes.

Theorem 2 (Grzegorek, [6]). (1) There exists a set X € UN such that | X| =
non(N\),
(2) There exists a set X € UM such that | X| = non(M).
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The problem of whether the equality UM = UN is consistent is open. However,
both inclusions are consistent with ZFC; UM C UN holds in a model obtained by
adding N9 Cohen reals, and UN C UM holds in a model obtained by adding No
random reals (side-by-side) (see [E], [9], [8]).

In this paper we investigate the connection between families UN and PM, and
show that both inclusions PM C UN and UN C PM are consistent with ZFC
as well. Observe that trivially UM C PM, thus we only need to check that
PM C UN is consistent. Recall that PM # UM is consistent ([12]) as well as
PM = UM ([2]). We will show that:

Theorem 3. [t is consistent with ZFC that PM C [R]<*™ C UN.

2. ForciNG

Suppose that X C 2¢ is a perfectly meager set in V. Let P be a fixed closed
subset of 2 x 2“ which is universal for perfect sets in 2¢. In other words, for
every perfect set P C 2 there exists an x such that P = (P), = {y : (z,y) € P}.
Note that this property is absolute. Since X is perfectly meager, we can find sets
@L C 2% x 2“ such that for every z € 2“ and n € w,

(1) (Q™). is a closed nowhere dense subset of (P),,
@) X0 (P € (Uneu Q") -

Clearly, the set |, ,, Q" witnesses that X € PM since

xc2o\ @\ QM-
re2w nEw

Note that the last inclusion makes sense even if X is not a subset of V. Suppose
that V/'C V and X C V is a set of reals. We will say V' = X € PM if there
exists a family {Q" :n € w} € V/ such that X N (P), C (Unew Q" )z for every real
x eV,

The property of being perfectly meager is not absolute, so whether X is perfectly
meager in V' has no bearing onto whether X is perfectly meager in V. For example,
if x € V is a Cohen real over V', then the set {z} is perfectly meager in V but not
in V',

Lemma 4. Let {P,, On:a< wa} be a countable support iteration of proper forcing
notions over V = CH. Suppose that X C VP2 NR is a perfectly meager set. Then
there exists an wi-club C C wy such that for every a € C,

VP = X € PM.

Proof. Let {@v" :n € w} € VP2 be a family witnessing that X is perfectly meager.
Let C consist of those ordinals of cofinality wy such that Q™ N (2NVP)x2v) €
VPa for every n. The usual argument involving Skolem-Léwenheim theorem shows
that C' has the required property. O

Our objective is to find a set of general conditions on a forcing notion P such
that the countable support iteration of P of length ws produces a model where
PM C [R]S®: C UN. These conditions are sufficient for the class of forcing
notions defined using norms [10].
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These conditions are the following:

1) VEEVN2weN,

2) VEEVN2w ¢ M,
) P is w*-bounding, that is, w* NV is a dominating family in w* N VF,

) P adds a real zp € 2* such that V |= {ap} ¢ PM,

) PP generic real is minimal, that is, if g is P-generic over V and z € V[g] N 2%,
then € V or g € V[z].

Condition (1) is necessary to make all sets of size ¥; universally null, and condi-
tion (2) is necessary to avoid making all N; sets perfectly meager. Recall that (2)
and (3) together are essentially equivalent to VF =V N M is cofinal in M.

For the forcing notions IP that we have in mind the following property holds: for
every real z € VF there exists a continuous function f € V such that r = f(z¢),
where z¢ is a generic real.

Condition (5) guarantees that in the above context f can be chosen to be a
homeomorphism. In particular, if X is a set of reals of size Ny, then X will contain
a homeomorphic image of a sequence of generic reals.

The following forcing notion appeared in [5]; it is similar (but not identical) to
the infinitely equal real forcing from [7].

For a tree p and ¢ € p, let succ,(t) be the set of all immediate successors of ¢ in p,
pr={vE€p:tCworwvCt} the subtree of p determined by ¢, p[n the n-th level of
p, and [p] the set of branches of p. By identifying s € w<“ with the full-branching
tree having root s, we can also denote [s] = {f € w¥ : s C f}.

Fix a strictly increasing function f € w® and let X =[], f(n). Note that
X is a Polish space homeomorphic to 2¢. For technical reasons we require that
f(n) =2/ for n € w.

Let EE be the following forcing notion: p € EE if

(
(
(
(
(

(1) p is a nonempty subtree of w<¥,
(2) s(n) < f(n) for all s € p and n € dom(s),
(3) for all s € p there exists an extension ¢ of s such that t™n € p for all
n < f([t)-
For p,q € EE, p > ¢ if p C q. Without loss of generality we can assume that
|succ,(s)| = 1 or succy(s) = f(|p]) for all p € EE and s € p. Conditions of this type
form a dense subset of EE. Let

split(p) = {s € p : [succ,(s)| > 1} = [ ] split,, (p),
new
where split,, (p) = {s € split(p) : |{t T s : t € split(p)}| = n}.
For p,q € EE, n € w, we let

p=nq <= p=q & split,(q) = split, (p).
Lemma 5 ([5]). (1) EE satisfies Aziom A, so it is proper,
(2) VEEEVN2v e N,
(3) VEE =V 2w g M,
(4) for every mazximal antichain A CEE, p € EE, and n € w there exists ¢ >, p
such that {r € A : r is compatible with q} is finite,
(5) for every family of mazimal antichains {A,, : n € w} and p € EE there exists
q > p such that for every n, {r € A, : r is compatible with q} is finite,
(6) EE is w* bounding,
(7) VEE =V N M is cofinal in M. O
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Note that for p € EE the set [p] is a compact subset of X =[] f(n). Moreover,
there is a canonical isomorphism between [p] and 2 defined as follows:

For every n let {sf,... ,s?(n)} be a fixed enumeration of 0-1 sequences of length
f(n) (recall that f(n) = 2f(")). Define F': [p] — 2% as
F(z) = sz‘()noﬂ)’“sz(lnlﬂ)’“ ce

where ng,n1,... is the increasing enumeration of the set {n : xn € split(p)}.

Lemma 6. Let p € EE and suppose that H C [p] is a meager set in [p]. For every
n € w there exists q >, p such that [q) N H = (. In particular, lFgg “V E {g} &
PM”.

Proof. Let H C [p] be a meager set, and let n € w. Fix a descending sequence of
open sets (Uy : k € w) such that each Uy, is dense in [p] and H N, U = 0. By
induction build a sequence (py, : k € w) such that py = p, and for every k,

(1) Prt1 Zntnt1 pr € EE,

(2) [prt1] € Uk
Suppose that py is given. For every v € split, ;1 (px) find ¢, > (pi), such that
[q0] € Ug. Let pry1 = U{qv : v € split, ;1 (px)}. Condition ¢ = limy, py, has the
required property.

Suppose that {Q™ : n € w} € V is a possible witness that {g} is perfectly
meager, and let p € EE. Find € V such that [p] = (P), and let ¢ > p be such

that [q] N (Un @v">x = (). Clearly,

qlFes {9} € U <P\U@V"> :

rEV
In particular, ¢ IFgg “V = {¢} & PM”. O

Lemma 7. Suppose that p € EE and p IFgg & € 2¥. For every n € w there exist
q >n p and a continuous function F : [q] — 2% such that q lFgg & = F(§), where
g is the canonical name for the generic real.

Moreover, we can require that for every v € split,(q¢) and any 1,22 € [q],
F(z1)In = F(z2)[n.

Proof. The first part is a special case of a more general fact. For n € w let
A, C EE be a maximal antichain below p such that Vr € A, 3s € 2" r IFgg
zln = s. Use Lemma BI5) to find ¢ > p such that for every n € w, {r € A, :
r is compatible with ¢} is finite. Let A}, = {r € A, : r is compatible with ¢}.
Without loss of generality we can assume that [¢] € U, A, [r]. It follows that
[r] N [q] is clopen in [g] for every r € A/,. Define F': [q] — 2% as F'(z) = y if for
every n € w there exists r € A}, such that x € [r] and r IFgg &[n = y[n. It is easy
to see that F' is a continuous function that has the required properties.

To show the second part we need to build ¢ in such a way that for every v €
split,,(¢), there is r € A}, such that ¢, > r. O

Lemma 8. Suppose that p € EE, n € w and plrgg & € 2¥. Let F : [q] — 2¥ be a
continuous function such that p g & = F(g).

There exists ¢ > p such that F|[q] is constant, or there exists ¢ >, p such that
F[q] is one-to-one. In particular, the generic real is minimal.
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Proof. Consider the following two cases:

CASE 1. plfgr @& € V. Let £ € V and g > p be such that ¢ IFgg & = z. Clearly
F'llg] is constant with value .

CASE 2. p IFre @ € V.

Build by induction a sequence of conditions (py : k € w) such that pg = p and
for every k,

(1) Prt1 Zntht1 Dr;
(2) sets {F” ([(pk+1)s]> 1S € splitn+k+1(pk+1)} are pairwise disjoint and have

diameter < 27°%.

Suppose that py is given. Note that F” ([(pk)s]) is uncountable for every s € py.
For v € split,, ;1 (pr) choose pairwise different reals z, € F” ([(px)y]). It is not
important now but will be relevant in the sequel, that we can choose these reals
“effectively” from a fixed countable subset of [py]. Let £ > k be such that sequences
x,[€ are also pairwise different. For every v € split, ;1 (pr) let s, € split(px) be
such that for every z € [(pr)s,], F(2)[¢ = z,[¢. If F is as in the second part
of Lemma [7, then we can find s, in split,(pg). Define prr1 = U{(pr)s, : v €
split,,  41(pk)}. Observe that ¢ = limy, p has the required property. O

Note that the above lemma shows that the reals added by EE are minimal.
Infinitely equal forcing from [7] or [4] does not have this property.

3. ITERATION OF EE

Let a < ws be an ordinal and suppose that EE,, is a countable support iteration
of EE of length . In other words, p € EE, is

(1) pis a function and dom(p) = «,

(2) supp(p) = {B: p(B) # 0} is countable,
(3) VB < a plBIFe, p(B) € EE.

For F € [a]<¥, n € w, and p, ¢ € EE,, define

q2Fnp == q>2p& VB e F qIfIFee, ¢(B) >n p(B).

The following fact is well-known.

Theorem 9 ([5], [7], [B]). Suppose that p € EE,, F € [a]<“, and n € w. Then:

(1) for every mazimal antichain A C EE,, there exists ¢ >pn p such that
{r € A:r is compatible with q} is finite,

(2) for every family of mazimal antichains {A, : n € w} there exists ¢ > p such
that for every n, {r € A, : r is compatible with q} is finite,

(3) VEPeo | [R]<?™ C N,

(4) VEEw = M NV is cofinal in M. O

For p € EE, let cl(p) be the smallest set w C « such that p can be evaluated
using generic reals (gg : § € w). In other words, cl(p) consists of those 8 < « such
that the transitive closure of p contains an EEg-name for an element of EE. It is
well-known [LT] that {p € EE,, : cl(p) € [a]5*} is dense in EE,.
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Suppose that p € EE,, w = cl(p) is countable and «,, = ot(cl(p)). Let EE,, be
the countable support iteration of EE with the domain w. In other words, consider
the countable support iteration (Pg, Qg : § < sup(w)) such that

Vi3 < sup(w) IFp, QB ~ { %EE ig ; Z’

It is clear that EE, ~ EE,,. Moreover, we can view condition p as a member of
EE,,.

For the rest of the section we will consider only the iteration of EE of countable
length o and show that EE, has the same properties as EE.

Let o be a countable ordinal and p € EE,. Define p C X as follows:

(xg: B < a) epif for every 3 < a,

zg € [p(ﬁ)[m iy < 6>]]

Note that p(8)[(z : v < )] is the interpretation of p(3) using reals (z, : v < )
so it may be undefined if these reals are not sufficiently generic.
For a set G C X%, u C a, and = € X" let

(@ ={yeXN:3zeGzlu=2 & z|(a\ u) =y},

and for § € a let (G)g = {z(B) : x € G}.
We say that p € EE,, is good if

1) p is compact
(1) p pact, o

(2) for every 0 < o and x € p[f, plz] = (p) and p(B)[x] = ((p)z)s,
(3) pis homeomorphic to X% via a homeomorphism h such that for every 8 < «

and = € p[f, h[((p)s)p is a homeomorphism between ((p),)s and X.

Lemma 10. {p € EE,, : § is good} is dense in EE,.

Proof. CASE 1. o=+ 1.
Fix p € EE, and for n € w let 4,, be a maximal antichain below p[{ such that

(1) Vr € A, T is compact,
(2) Vre A, 3t C Hj<n f(j) 7 lFeg, p(B)In = t.
Fix a sequence (F,, : n € w) such that for n € w,
(1) Fn € 8],
(2) Fn C Fn+17
3) U, Fn =5
By induction build a sequence (g, : n € w) such that for n € w,
(1) gy is compact,
(2) Gn+1 2P, n Gns
(3) 3A, € [A)<¥ @, C UreA;L T.

Let g, = lim,, ¢,. As in the proof of Lemmalllwe show that there exists a continuous
function F' : g, — EE (encode elements of EE as reals) such that

Qw IFeE, P(B) = F({gy : v < B))-

Consider ¢ = ¢, p(B) > p. Clearly, ¢ = {{z,y) : ® € G, y € [F(z)]} is compact in
X“. Remaining requirements are met as well.
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CASE 2. « is limit.
Given p € EE,, fix sequences (F, : n € w) and (a, : n € w) such that
(1) Fn € [on]=%,
(2) Fn g Fn+17
(3) U, Frn = o,
(4) sup,, an = .
By induction build a sequence (g, : n € w) such that for n € w,
(1) gn € EE,,
(2) supp(qn) C ap,
(3) Qn-',-l ZFp,n qn;
(4) Gnlan > play,
(5) gnlam, is compact in X,

Let g = lim,, ¢,,. Note that § =, gn [, X X\on i as required. [l

From now on we will always work with conditions p such that p is good. We
noticed earlier that for every condition p € EE, [p] is canonically isomorphic to 2¢.
In exactly the same way we can verify that if p € EE, and p is good, then P is
isomorphic to (2¢)<.

As in Lemma [[]we show that:

Lemma 11. Suppose that p € EE, and p IFgg, & € 2¥. Then there exist ¢ > p
and a continuous function F' : p — 2% such that q lFgg, © = F(g), where g =
(gp : B < ) is the sequence of generic reals.

Lemma 12. Let p € EE, and suppose that H C P is a meager set in p. For every
F € [a]<¥ and n € w there exists ¢ >, p such that N H = 0.

Proof. As before, without loss of generality we can assume that « is countable.
Induction on a.
CAsE 1. a= (3 +1.
Suppose that p € EE, and H C 5 C X? x X is meager, and let F' € [a]<“ and
n € w be given.
Let

H = {x eplf: (H), is not meager in [p(ﬁ)[x]] = ((ﬁ)x)g} .
Using the fact that p is homeomorphic to (2¢)% via homeomorphism respecting ver-
tical sections, and by Kuratowski-Ulam theorem, we conclude that H " is a meager
set in p[g.
Recall the following classical lemma:

Lemma 13 ([1]). Suppose that H C 2% x 2¥ is a Borel set.

(1) Assume (H), is meager for all x. Then there exists a sequence of Borel sets
{Gpn :n €w} C 2% x 2% such that
(a) (Gn)y is a closed nowhere dense set for all v € 2¥,

(b) HCU

nEw

By the inductive hypothesis we can find ¢* >png., plf such that ¢* N H' = 0.
By Lemma [l for every = € ¢* there exists g, >, p(8)[z] such that [¢.| N (H), =
Moreover, by Lemma [I3, the mapping = — ¢, can be chosen to be Borel, and
subsequently, by shrinking ¢*, continuous. Let ¢ € EE, be defined such that
qI8 = ¢* and ¢* IFgg, q(B) = qg,- It is clear that ¢ has the required properties.
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CASE 2. « is limit.
Fix sequences (F), : n € w) and (o, : n € w) such that
(1) Fy € an]=,
(2) Fn g Fn+17
3) Up Fn =,
(4) sup,, an = .
By induction build a sequence (g, : n € w) such that for n € w,

( ) gn € EE,,

(2) supp(qn) C an,

(3) Qn+1 ZFn,n 9n;

(4) Gnln > plog,

(5) qnlan N H, =0, where H, = {x € qnlay, : (H), is not meager in m}

As before (5) is possible by Kuratowski-Ulam theorem. Let ¢ = lim,, g,,. It is clear
that gN H = 0. O

The following lemma is an analog of Lemma

Lemma 14. Suppose that p € EE,, n € w and p lFgg, & € 2. Let F : p — 2%
be a continuous function such that p lFge, & = F(g), where g = (gg : B < a) is the
sequence of generic reals. There exists ¢ > p such that exactly one of the following
conditions holds:

(1) F|q is constant,

(2) there exists f < « such that Flq|f is one-to-one and for every x € q|f,

F1(q[B)s is constant,
(3) F'|q is one-to-one.

Proof. We have three cases:

CASE 1. There exists ¢ > p such that ¢ IFgg, © € V. Without loss of generality
we can assume that for some z € VN 2“, ¢ lrgg, ¢ = x. It follows that F[q is
constant.

CASE 2. There exists ¢ > p such that ¢ IFgg, 38 < a # € VEEs. By shrinking
g we can assume that there exists a continuous function G : ¢[3 — 2% such that
q kg, & = G(g!F). In particular, for x € [¢], F(z) = G(z[B). If 8 was minimal,
then, using the argument below, we can also assume that G is one-to-one.

Suppose that ¢ € EE,, F € [a]<¥, and n € w. Without loss of generality we
can assume that for every § € F, ¢ determines the value of split,(¢(3)) (up
to finitely many values). Suppose that ¢ : FF — w<%“ is a function such that
o(B) € split, (¢(8)) for 8 € F. Let (q), be the condition defined as

¥ <a @alf e, @0 ={ &0 HAEE

Let X, be the finite set of all mappings o satisfying the requirements.
Lemma 15. Suppose that F € [a]<¥, n € w and
plige, © = F(g) & VB < a & ¢ VEE,

There exists ¢ > g, p such that the sets {F” (( )o) 0 € an} are pairwise disjoint.
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Proof. Induction on |F| and «. If F' = {3} this is essentially Lemma

Let {v; : j < k*} be an enumeration of split,, (p(3)). For v € split,(p) choose
pairwise different reals z, € F” (@) Note that this choice can be made canon-
ically from, for example, the countable dense set of leftmost branches of subtrees
of p. Let £ > k be such that sequences z,[¢ are also pairwise different. Define
conditions (r; : j < k*), (g; : j < k*) such that for every j < k*,

(1) rj € EEg,

(2) Tj+1 > Tjs

(3) FeE, g5 2> (p)v; 118, ),

(4) Vzer;q;, F(2)[l = F(xy,)[L.
Let q]8 = g+ and q][B, ) = U; - 45

Suppose that |F| =k + 1 and let § = max(F).

By the part already proved, for each x = (z, : v < ) € pIB find a condition

gx >n pl[B, a)[x] such that the sets {F”((qx)s) HERS splitn(qx)} are pairwise dis-

joint. Note that we can do it in such a way that the mapping x — ¢« is continuous.
(As before we first choose gx in a Borel way, and then shrink p[$ to make this
mapping continuous.) That defines an EEg-name for an element of EEg o, which
we call ¢*.

Next, let F/ = F'\ {8} and apply the inductive hypothesis to find ¢’ >/, I3

such that {F” ((¢)e):0 € Xpim } are pairwise disjoint. Let ¢ € EE,, be defined as
qIB8 = ¢ and q[B IFgg, ql[6,a) =

It is clear that ¢ is as required. O

CASE 3. plrgg, VB < a i ¢ VEEs,

Let (F,, : k € w) be an increasing sequence of finite sets such that | J, F, = a.

By induction build a sequence of conditions (p, : n € w) such that py = p and
for every n,

(1) pn"l‘l Z Fn,n Pn,
(2) sets {F”(( n)o) 1O € Epn} are pairwise disjoint.

Let ¢ = lim,, p,,.

Suppose that x = (z5 : f < a) and x' = (z}; : § < ) are two distinct points
in g. Let 3 be the first ordinal such that x5 # 2. Let n be so large that 8 € F,
and there are two distinct 0,0’ € ¥, ,, such that x € (pn), and X’ € (p,)o. Since
F”((pn)o) N F? ((pn)or) = 0, it follows that F(x) # F(x'). O

4. A MODEL WHERE PM C UN

Let EE,, be the countable support iteration of EE of length N,. We will show
that in VEE«2 PM C UN.
By Theorem [J(2), VEE2 |= [R]<2NO C UN, thus we have to show that

EEs; = PM C [R]<2™.

Suppose that X € VEE«: ig a set of reals of size No. Let {&q : @ < wa} be the set

of names for elements of X such that II-]E]sz Va # (B &q # ©g. Apply Lemma [T]and

<w

find for each o < wy a set w,, € [w2]=¥, a condition p, € EE,,_, and a continuous
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function Fy, : D — 2% such that p, I, o = Fo({gg = B € wq)). We can
assume that wg is minimal. In other words, p, IFgE,, V8 < sup(wy) o & VEES,
In particular, without loss of generality we can assume Fj, is one-to-one, so it is a
homeomorphism.

By thinning out we can assume that ot(w,) = v, F, = F and pg = p. Moreover,
since V |= CH, we can assume that w, Nwg = w* for a # §. Finally, without loss
of generality we can assume that w* = ().

Let P = F”(p). Since F' is a homeomorphism, P is perfect. We will show that
X N P is not meager in VEE« (relative to P).

Assume otherwise and let H C P be a meager set such that for some p* € EE,,,
p* IFgg,, X NP C H. By Theorem [(4) we can assume that H € V. Set G =
(F)~!(H) and notice that G is a meager subset of p.

Find a < wy such that w, Ncl(p*) = 0. By Lemma there exists ¢ > p,
q € EE,,, ~ EE, such that gN G = 0.

Since p* and ¢ are compatible let r > p*, g. It follows that

r ”_]E]sz J,‘O( = Fa(<Q[3 : 6 S wa)) € I{7

which finishes the proof.
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