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ABSTRACT. In this note, we continue our discussion of trace methods in twisted
group algebras. Specifically, we obtain the twisted analog of Bass’ theorem on
the traces of idempotents in ordinary group algebras. Indeed, we show that
with suitable normalization, the characteristic 0 trace values of an idempotent
are all contained in a cyclotomic field. The proof is a variant of the original
argument combined with a reduction to finitely presented groups.

1. ACTIONS AND TRACES

Let K'[G] denote a twisted group algebra of a multiplicative group G over a
field K. Then K'[G] is an associative K-algebra with K-basis G = {z | = € G}
and with multiplication defined distributively by Z-§ = 7(x,y)Zy for all z,y € G.
Here 7: G x G — K* is the twisting function, and we know that the associative
law in K*[G] is equivalent to T being a 2-cocycle (see [3} § 1.2]). Furthermore, we
can always assume that 1 is the identity element of K*[G]. Unlike ordinary group
algebras, twisted group algebras do not have a natural basis. Specifically, if K*[G]
is given, then we say that G — G = {g | g € G} is a diagonal change of basis, if
g=dyg € K*g for all g € G. This procedure then changes 7 by a factor which can
be an arbitrary 2-coboundary, but we do insist that d; = 1, so that 1 =1 = 1.

Let tr: K'[G] — K be defined linearly by trz = 0if 1 # 2 € G and tr1 = 1.
Then, for any element o € K*[G], tr a is the coefficient of the identity in «, and it is
easy to see that tr a3 = tr Ba for all o, 8 € K*[G]. In other words, tr: K'[G] — K is
a trace map. As is well known, there are other trace maps defined on K*[G]. To see
this, it is convenient to first introduce some notation. If z € G and « € K*[G], then
we define a® = a® = Z-'aZ. Note that if Z is replaced by any other element of K°*Z,
then o is unchanged. Thus, this conjugation is independent of a diagonal change
of basis. Furthermore, from Zj € K*Ty, for z,y € G, we see that (a*)¥ = a®. In
this way, G acts as automorphisms on K*[G].

Next, if g € G, we let CL(g9) = {z € G | §* = g}. Then CL(g) is a subgroup
of G. Furthermore, if g is replaced by any other element of K*®g, then this twisted
centralizer remains unchanged, and hence it is also independent of a diagonal change

Received by the editors July 13, 2001.

2000 Mathematics Subject Classification. Primary 16S35.

The first author’s research was supported by the Taft Committee of the University of Cincin-
nati. He would also like to thank the Mathematics Department of the University of Wisconsin for
its hospitality. The second author’s research was supported in part by NSF Grant DMS-9820271.

(©2002 American Mathematical Society

3495



3496 J. M. OSTERBURG AND D. S. PASSMAN

of basis. Since g* = 271§z € K*g7 in general, it follows that C(g) is a subgroup
of C¢(g). Furthermore, since ordinary and twisted conjugation are G actions, we
have Ca(g”) = Ca(g)” and Cly(g7) = CL(g)*.

We say that g € G is special if CL(g) = Cg(g). In view of the preceding
comments, if g is special, then so are all its conjugates g*. Thus we can speak
about special conjugacy classes, and we use £, to denote the class of g. Note that
being special is not affected by a diagonal change of basis.

Lemma 1.1. Let g € G.

(i) If a and b are relatively prime integers and if g% and g° are special, then g is
special.
(ii) If char K = p > 0 and if g*" is special, then g is special.

Proof. (i) Let # € G commute with g so that 271§z = \g for some A € K*®. Then z
commutes with g% and, since ¢g* is special, Z and ¢ commute. Furthermore, since
g® € Kg°, we see that Z and g* commute. Hence \*g® = (z71g7)* = 2~ 15%7 = g*
and \* = 1. Similarly, \’* = 1 and, since a and b are relatively prime integers, it
follows that A = 1. Thus Z and g commute, and g is indeed special.

(ii) Let char K = p > 0 and take a = p" in the above. Then \*" =1,s0 A = 1
and therefore T and g commute, as required. O

We say that the conjugacy class &y is consistent if for all h, k € £, the equality
k = hY implies that k& = h¥. Note that consistency clearly requires that the con-
jugacy class be special. Conversely, any such special class can be made consistent
via a diagonal change of basis that changes only those basis elements corresponding
to members of the class. To see this, let h € R;. Then there exists « in G with
h = g%, and z is unique up to a left factor in Cg(g) = CL(g). Thus §g* = 21§z
is uniquely determined by h, and we can make a diagonal change of basis so that
h = g®. Indeed, if we do this for all members of Ry, then K, becomes consistent
since h = ¢® and k = h¥ imply that & = ¢®¥ and hence k = §*¥ = (g*)¥ = h¥.

If R, is consistent, then we define try: K*[G] — K by

trg: ZaxiH Z Qg

zeG TER,

It is clear that trg is a K-linear functional. Furthermore, we have
Lemma 1.2. If R, is consistent, then trg is a trace map.

Proof. It suffices to show that if z,y € G, then try Ty = trg yz. Since this is clear
if neither xy nor yx is in &y, we can assume that xy = h € &;. Then zy = \h
for some A € K*®, and clearly A = trs zy. Furthermore, if k£ = h”, then consistency
implies that h® = k, and hence gz = z-'(Z9)z = (27)® = (\h)® = A = Mk.
Thus, trg T = X = trg Ty, as required. [l

If g is not special, then g vanishes on all trace maps. To see this, let t: K'[G] — K
be any trace, and choose x € Cg(g) \ Ch(g). Then g* = A\g with A # 1 and, since
z(z71g) — (z7'g)z = g — g° = (1 — \)g, it follows that ¢: (1 — X\)g — 0 and hence
that ¢: g — 0. Note that if g is special, then tr depends upon g and not just on
g. Indeed, suppose that &, is consistent and let k¥ € K*. If we make a diagonal
change of basis by multiplying each g% by k, then K, remains consistent, but gives
rise to a new trace map tryg satisfying
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Lemma 1.3. If g is a special element of G and if k € K*®, then tryga = k™' trya
for all a € K'[G].

Thus the trace value of an element in K*[G] can be multiplied by an arbitrary
element of K* by merely making a diagonal change of basis. It follows that if we
wish to speak about trace values, then we need to find canonical members of K*g.
To this end, let g be a special element of G. If ¢ is not conjugate to any power g"+!
with n > 1, then we say that g has infinite conjugate order and write c¢(g) = oco. If
g is conjugate to some power g" ! with n > 1, then we let ¢(g) denote the minimal
such n. Note that if g has finite (ordinary) order m, then g™ = 1, so g™ = ¢
is conjugate to g. Thus ¢(g) < m = o(g). Furthermore, it is easy to see that the
conjugate order is constant over a conjugacy class. Indeed, if g°T! is conjugate to
g, then conjugating by y shows that (g¥)“*! is conjugate to g and hence to g¥.

Next, we define what it means for g to be normalized. First, if ¢(g) = oo,
then any choice for § is normalized. On the other hand, suppose that ¢(g) = ¢
is finite. Then g°*! is conjugate to g, say g°t! = g% for some x € G. It follows
that A\get! = §® for some A € K*, and as we indicated previously, g* depends only
upon g and ¢g*. In this case, we say that g is normalized if A = 1. Now suppose
that g is given with ¢(g) = ¢ < oo and let us make a diagonal change of basis
by setting § = kg for some k € K®. Then §°t! = k°tlg¢tl and §* = kg®, so
MGt = Eetizget! = kcH1g® = k°G®. Thus § will be normalized precisely when
k¢ = X, and we have proved

Lemma 1.4. Let K be an algebraically closed field and let g be special with c(g) =
¢ < 00. Then, via a diagonal change of basis, changing only the basis element
corresponding to g, we can make g normalized. Furthermore, g is then unique up
to a factor of a ¢ root of unity in K*.

Note that 1 € G is special and 12 = 1, so ¢(1) = 1. Thus 1?2 = 1 implies
that 1 = 1 is the unique normalized element associated with the identity of G.
Of course, tri: K[G] — K is the usual trace map tr. We also note that if &,
is consistent and if g is normalized, then g¥ is normalized for all y € G. This is
immediate since §°*! = §* implies that (3¥)*t! = g®¥ = (g¥)¥ *¥. Thus, we can
speak about normalized classes. Now, the key fact about normalized elements is
that they control all situations where ¢g"*! is conjugate to ¢, not just the particular
case when n = ¢(g). Indeed, we have the following more general result, where we
use ~ to denote the fact that two group elements are conjugate.

Lemma 1.5. Suppose that K[G] is given.

(i) Let g,h € G with 8y and Ky both normalized and consistent. If g" ~ h and
W™ ~ g for some positive integers n,m with nm > 1, then c¢(g) = ¢(h) < oo
and try, g" is a c(g)*" root of unity.

(i) Let g € G with Ry normalized and consistent. If g" ~ g for some positive
integer n > 1, then c(g) < co and try g" is a c(g)™ root of unity.

Proof. (i) We have g"™ ~ h™ ~ g, so ¢(g) < oo since nm > 1. Now, if g* ~ g,
then h* ~ g™ ~ g™ ~ h, and if h* ~ h, then gF ~ A™* ~ A™ ~ g. Thus
c=c(h) = ¢(g) < oo, and since K, and £, are normalized, we have g = g” and
hett = hY for suitable z,y € G.
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Finally, g" = Ah* for some A € K* and z € G, and raising this equation to the
(c+ 1)%* power yields

(gn);c _ (gn)c—i-l _ )\C+1(7_LC+1)Z _ )\C—i—lﬁyz.

Thus, ATt = try,(g")® = trj g" = A, and hence \° = 1, as required.
(ii) Let h = g and m = 1 in the above, so that g" ~ h, A" ~ g and nm =n > 1.
Then, by (i), c(g) < co and try g" = tr g" is a c(g)*™® root of unity. O

In the case of ordinary group rings, trace results in characteristic 0 are usually
lifted from those of characteristic p by means of a place argument. But in twisted
group algebras, the set 7(G,G) = {7(z,y) | ,y € G} can generate so large a
subgroup of K*® as to effectively prevent the use of this technique. Indeed, even if
G is finitely generated, we could have (r(G,G)) = K*® when K is a countable field.
Nevertheless, we can overcome this difficulty with the following trick that extends
[4, Lemma 1.3]. Here, if @ =Y a,T € K*[G], then the support of « is the finite
subset of G given by suppa = {z € G | a, # 0}.

Lemma 1.6. Let K'[G] be a twisted group algebra, let f(¢) € K|[(] be a polynomial,
and suppose that o € K*[G| satisfies f(a) = 0. Furthermore, let & be a consistent,
normalized conjugacy class in G. Then there exists a finitely presented group H, a
twisted group algebra K'[H]|, an element 3 € K'[H|, and a consistent, normalized
congugacy class Ky, in H, such that:

(i) f(B) =0, |suppa| = |supp |, and trza = try 5.
(i) c(g) = c(h) and o(g) = o(h).
(iil) For any integern, if h™ ~ h, then g™ ~ g, and if h™ is conjugate to an element
of supp (3, then g™ is conjugate to an element of supp a.

Proof. Write o = A\1g1 + A2ga + -+ + AmGm € K'[G] with g1,g2, ..., gm distinct
elements of G, and with A, Aa,... , A\, nonzero elements of K. We can assume
that the numbering is so chosen that g1, ¢go, ... , g, are the elements of supp a that
are conjugate to g. Then trga = A1 + A2+ -+ A, and there exist elements z; € G
with g% = g; fori =1,2,...,7. If ¢c(g) = ¢ < oo, fix * € G with g® = g¢*L.

Let F = F(z,z1,... yZm,Y1,--- ,Yr, y) be a free group on m + r + 2 generators
and suppose that deg f(¢) = d. Use W to denote the finite set of semigroup
words in 21, 29,. .., 2y of degree < d and define the equivalence relation ~ on W

by u &~ v if and only if u(g1,92,...,9m) = v(g1,92,... ,9m). Now let N be the
normal subgroup of I’ generated by all expressions of the form uv™! with u,v € W
and u =~ v, along with zy’izi_1 for i = 1,2,...,r, and the elements z¥z—(ct1) if
c = c(g) < oo and 2°9 if o(g) < co. Then N is finitely generated as a normal
subgroup of F', so H = F//N is a finitely presented group. Furthermore, N maps to
1 under the natural homomorphism F' — G given by z — g, z; — g;, y; — ; and
y +— x, so we obtain a homomorphism 0: H — G with h = 2N — g, h; = z;N +— g¢;,
ki=y;Nw— x; and k =yN — x

Next, observe that 7 lifts to a 2-cocycle o: H x H — K* given by o(a,b) =
7(0(a),0(b)) for all a,b € H. This, in turn, allows us to define a twisted group
algebra K'[H], using o, and then 6 clearly extends to an algebra homomorphism

0: K'[H] — K'[G] via 6(a) = 6(a) for all @ € H. Indeed, 6 is certainly K-linear
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and we have

for all a,b € H. o o L
Define 8 € KY[H| by 3 = Ah1 + Aaha + -+ + Ahun, so that 8(8) = «. Since
f(¢) € K[¢] is a polynomial of degree d, it is clear that f(5) can be written as
1) = > sy wlhn,hay o hn)

weWw

for suitable u!, € K. Note that this expression is not necessarily unique. Indeed,
if u,v € W and if u & v, then the definition of H implies that u(hy, ha, ..., hy) =
v(h1, ha, ..., hy). Thus, we can replace each w € W in the above-displayed equa-
tion by a fixed representative of its equivalence class and obtain

f(ﬁ) = Z Mww(h17h27"' 7hm)a

weWp

where W) is a set of representatives for the ~ equivalence classes and pu,, € K.
Now, via the homomorphism 6, we have

Ozf(a) :e(f(ﬂ)) = Z :u’ww(g17927"' ,gm)

weWy

But, by definition of ~, it follows that the group elements w(g1, g2, .. , gm) With
w € Wy are all distinct. Thus, since f(a) = 0, we must have u,, = 0 for each
w € Wy, and hence f(8) = 0. Note also that g; # g; implies that h; # h;. Thus
| supp 3| = m = |supp a.

Finally, we consider the element h = zN € H. To start with, since (k) = g and
since h°9) = 1 if o(g) < oo, it follows that o(h) = o(g). Next, if a € H commutes
with h, then h® = Ah for some A € K*®, and by applying 0: K'[H] — K*[G], we
obtain g?(®) = \g. In particular, #(a) € G commutes with the special element g,
so A= 1. Thus h® = h and &, is a special class in H. This class is also consistent
since, for any b € H, applying 6 to the equation h® = ph? yields g?® = ;g?®). But
we know that £, is consistent, so 1t = 1 and hence K}, is consistent, as claimed.

Next suppose that h*Tt ~ h for some integer s > 1. Then 0(h) = g implies
that ¢g**! ~ g and hence that s > ¢ = ¢(g). On the other hand, if ¢ < oo,
then h*t! = h* ~ h by the definition of k = yN € H. Thus we conclude that
c(h) = c(g) = c. As a consequence, it also follows that h is normalized. Indeed,

if ¢ < 00, then h¢t! = phk = ph* for some p € K*, and by applying 6, we have
g°t! = pg?®). Thus, since § is normalized and ¢ = ¢(g), we conclude that p = 1
and hence that h is normalized. It now makes sense to consider the map tr; and in
particular to compute trj 5. Observe that supp 8 = {hq, ha,... ,h,} and that by
applying 6 to the expression h ~ h;, we get g ~ ¢g; and hence ¢ < r. On the other
hand, by the definition of k; = y; N, we have h; = h* for i = 1,2,...,r. Thus
B N{h1,hay ... shm}t ={h1,ho, ... ,hp},s0tr, B= A+ Ao+ -+ A\ =trza, and
parts (i) and (ii) are proved. In addition, if either A™ ~ h or if A™ ~ h; € supp 8
for some integer n, then applying 6 yields g™ ~ g or ¢g" ~ g; € supp «, respectively,
so (iii) follows. O

The previous lemma could clearly be extended in a number of ways by merely
adding additional subscripts. For example, we could deal with finitely many twisted
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group ring elements aq, s, ... ,as that satisfy various polynomials in one or more
variables. In addition, we could consider finitely many trace functions determined
by finitely many consistent, normalized classes. Fortunately, these more compli-
cated versions are not needed here. As we see below, the reason for studying
finitely presented groups in this context is that their possible twistings are not too
large. The following observation extends [4] Lemma 1.4].

Let G — G be a diagonal change of basis, so that each g € G is replaced by
g = dgg for some d, € K*. We say that a subset X C G is not affected by this basis
change if Z = 7 for all x € X or equivalently if d, = 1 for all such z. Note that if
£, is a consistent class in K'[G] and if &), is not affected by the diagonal change of
basis, then £, remains consistent and determines the same trace function. In other
words, tr;, = try, so this trace function is also not affected by the basis change.

Lemma 1.7. Let K'[G] be a twisted group ring with G a finitely presented group,
and let Rg,, Ry,, ... , Ry, be finitely many consistent classes. Then there exists a
diagonal change of basis, not affecting any of these finitely many classes or their
associated trace functions, such that if T: G x G — K?*® is the new twisting, then
7(G, G) is contained in a finitely generated subgroup of K*.

Proof. Extend the set {g1,¢2,...,9s} to a finite generating set {g1,92,... ,gn} for
G, and let K*G be the group of trivial units in K*[G]. Then the map v: K*G — G
given by kg — ¢ is an epimorphism. In particular, if G is the subgroup of K*G
generated by 1,932, -. ,Jn, then G is finitely generated and v: G — G is onto. Of
course, the kernel here is G N K*® < G and, since G is finitely presented, [3, Lemma
12.3.12(ii)] implies that GNK* is finitely generated as a normal subgroup of G. But
G N K* is central in G, so it is necessarily a finitely generated abelian group.

Now observe that for any 1 < i < s and any « € G, we have g; € G and AT € G
for some A € K*. Thus since &, is consistent, g7 = §;* = (A\z) " 'g;(\z) € G.
Finally, let G be a transversal for G N K*® in G chosen to contain all g% and the
identity element. Then G is clearly a new basis for K* [G] and G — G is a diagonal
change of basis not affecting any of the finitely many classes £&y,. Furthermore, if
7 is the new twisting function, then 7(G,G) C G N K*, so the result follows. O

Finally, if R is a subring of the field K containing 7(G, G) as a set of units, then
the R-linear span of G is clearly a subring of K[G] which we denote by R![G]. Note
that each Z is invertible in R*[G] since Z-z—! = 7(z,2~") and 2=1-7 = (2", x)
are both units in R.

Lemma 1.8. Let R be a subring of the field K containing 7(G,G) as a set of
units, and let 0: R — F be a homomorphism to the field F. Then there exists
a twisted group algebra F'[G] and a ring homomorphism 0: R'|G] — F'[G] given
by 0: > a,T — > 0(az)T. Furthermore, if Ry is a consistent, normalized class

in K'[G), then Ry is also a consistent, normalized class in F*[G], and we have
try 0(a) = (try @) for all o € RYG].

Proof. Define a twisting function o: G x G — F*® by o(z,y) = 0(7(z,y)) for all
elements x,y € G. Then o is clearly a 2-cocycle since 7(G, G) consists of units of
R, and hence it determines a twisted group algebra F'*[G]. Furthermore, the map
: R'[G] — F'[G] described above is then a ring homomorphism since it is clearly
additive and since, for all x,y € G, we have

0(2)0(y) = xy = o(x,y)7y = 0(7(2,y))7y = 0(7 (2, y)7Y) = 0(ZY).
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This also implies that # commutes with the action of G, so that 6(a”) = 0(a)” for
all @ € R'[G] and = € G. With this, it follows that £, is consistent and normalized
in F'[G], and then that tr; (o) = 6(tr; ) for all a € RY[G]. O

2. TRACES OF IDEMPOTENTS

We now offer suitably modified versions of the arguments in [I] and its presen-
tation in [5], § 1.1]. We begin with the characteristic p > 0 situation.

Proposition 2.1. Let char K = p > 0 and let e be an idempotent in K'[G]. As-
sume that Ry is consistent for all special elements y € suppe. If Ry is consistent
and if trge # 0, then there exists a positive integer n < |suppe| such that g?" is
conjugate to g, and such that

n

trg e = try T (trg e)p .
Furthermore, there exists a special element h € supp e conjugate to gP with
try e = try g¥-(trg e)”.

Proof. Let S = suppe and let £ = {&,, Ry,,..., Ry, } denote the finitely many
consistent conjugacy classes of G that satisfy trz, e # 0. By assumption, &, € K.
Furthermore, trg, e # 0 implies that Ky, NS # 0, so r = |K| < |S|. For simplicity,
let us write &; for &y, and tr; for trg,.

Let e = ) g a,. Since char K = p, we have e = e = 3 o aPzP 4 3 for some
element 3 € [K'[G], K*[G]]. Now fix a subscript ¢ and note that

0 #£trye=tr;el = Za§~trif” = Z ab-tr; T,
€S TP rg;

since tr; 5 = 0. In particular, there exists y € S with y? ~ g; and, by Lemma[TT)(ii)
and our hypothesis, we know that each such £, is special and consistent. Further-
more, if z € G is conjugate to y, then Z is conjugate to g by consistency, and hence
ZP is conjugate to yP. Thus, since tr; is a trace map, it follows that tr; Z? is constant
for all z € R,.

If y1,y2,... € S are representatives of the conjugacy classes with yf ~ @;, then
the above displayed equation yields

O#triezz:triy_jp- Z ab
J

Y

= Ztri y_jp'(z ax)p = Ztriy_jp~(try—je)p.

J Y J
We can, of course, delete those terms in the above sum with try-e = 0, and after
doing this, the remaining y; are then representatives of conjugacy classes in K. To
be specific, let K; C K denote the set of all the conjugacy classes for the various
remaining y;. Then we have

0#trie= Z tr; gP-(trg e)P.
R, €K
In other words, each i gives rise to a nonempty subset IC; of I, and these subsets
are disjoint since if 8, € K;NKC;, then g; ~ y? ~ g; and ¢ = j. Thus, we have r = ||
nonempty disjoint subsets of K, and this clearly implies that each K; is a singleton
and that their union is . In particular, we can now define a map o that sends &;
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to the unique conjugacy class &,(;) in K;. Then o is clearly a permutation of K,

with v the corresponding permutation of the subscripts 1,2,...,r. Furthermore,
foralli=1,2,...,r, we have
(%) 95(1-) ~gi and trie=tr; g, (tr,)e)’.

Recall that R; € K, and let n < |K| < |S| be the length of the cycle of o that
contains this element. We can, of course, assume the numbering so chosen that
R, corresponds to ¢ = 1 and that v contains the n-cycle (1 2 --- n). We show by
induction on i = 1,2,... ,n that

gf(i) ~g and trze=trg gy—(i)pl-(tr,,(i) ).

Since Ry = Ry, this is equation &) when i = 1. Now suppose the result holds for
i <mn. Then v(i) <n and v(v(i)) = v(i + 1), so @), with ¢ replaced by v(3), yields
tr, () € = tru() Goir1) - (tru i1y €)P and hence

trye = try gu(i)’fﬁ(try(i) e)?

i i i+1
=trg Gy’ (truiy Gy )P - (trugigr) )P

Furthermore, by induction, g,,(i)pi = 7ng” for some n € K*, x € G, and we know,
from @), that g,31)" = 4gu()? for some p € K*, y € G. Thus

i+1 i i i _
Gy, =1 (G’ )Y =P g™,
In particular, we have g¥ 1(;1) ~ g and

i+1 2 k3 2
try Gy, = =trg ey’ (v Toir )’
o (try i) e)piﬂ, as required.

Finally, when i = n, we have v(n) = 1 so g*" ~ g and trge = try gp"~(tr§ e)P".
This proves the first part of the proposition. For the second part, set h = g,,. Since
o(Rr) = 0(Rn) = K1 = Ry, it therefore follows from () that g ~ h and also that

try, e = try, gP-(trg e)P. O

so it follows that trye = try g, 1)"

As a consequence, we have

Corollary 2.2. Let char K = p > 0 and let e be an idempotent in K'[G]. Assume
that Ry is consistent and normalized and that trge # 0. Then there exists a positive
integer n < | supp e| such that g°" is conjugate to g and such that

trge = )\(trg e)pn,
where A € K* is a c(g)"™ root of unity. In particular, trge is algebraic over GF(p).

Proof. We can assume that if h € suppe = S and h is special, then &}, is consistent.
Thus, by Proposition g”" is conjugate to g for some positive integer n < |S|
and 0 # trge = try g7 -(trye)?". In particular, ¢(g) < p" and if we set try g¥" =
M\ € K*, then gP" = \g* for some z € G. But Ry is normalized and consistent, so
Lemma [[5(ii) implies that ) is a ¢(g)*™® root of unity. O
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Next, we turn to fields K of characteristic 0, and we begin with

Proposition 2.3. Let char K = 0 and let e be an idempotent of K'[G]. If &y is
a consistent, normalized conjugacy class, then trge is algebraic over the rational
field Q. Furthermore, if trge # 0, then there exists a cofinite subset P of the set
of rational primes such that, for each p € P, we have g?" ~ g for some positive
integer n = n(p) < |suppe| and we have an element h = h(p) € supp e with h ~ gP.
In particular, trge # 0 implies that c¢(g) < co.

Proof. If f(¢) = ¢®> — ¢ € K[¢], then f(e) = 0 and, in view of Lemma [[f, we can
assume that G is finitely presented. Then, by Lemma [7 applied to the class £,
we can assume that 7(G, G) is contained in a finitely generated subgroup T of K*°.
If e = > a,%, then we let R be the subring of K generated over the integers Z
by the finitely many a, with x € suppe and by the finitely many generators of T
and their inverses. It follows that 7(G,G) is a subset of the units of R and that
e € R'[G]. We may clearly suppose that trz e # 0.

If trj e is transcendental over @), then it follows from [A, Theorem 1.1.9] that
there exists a ring homomorphism 6: R — F, with F' an algebraically closed field
of characteristic p > 0, and with 0(trz e) transcendental over GF(p). Furthermore,
by Lemma [[8, there exists a twisted group algebra F'[G] and a homomorphism
: R'[G] — F'[G] given by > r,Z +— > 6(r;)z. In particular, §(e) is an idempotent
of F'*|G] with trg 6(e) = f(tr; e) transcendental over GF(p). But &, is a consistent,
normalized class in F*[G], and therefore this contradicts Corollary Thus trge
must be algebraic over Q.

Finally, since trze # 0, either [3| Corollary 2.2.7] or [5, Theorem 1.1.9] implies
that there exists a cofinite subset P of the set of rational primes such that, for each
p € P, there is a ring homomorphism 6,: R — F},, with F}, an algebraically closed
field of characteristic p and with (trze) # 0. (Both of the above-cited results
speak about infinite sets of primes, but their proofs show that only finitely many
primes need to be avoided.) Again, Lemma [[.8]yields twisted group algebras F}[G]
and extended homomorphisms 6),: R'[G] — F}[G] given by Y 7,2 +— Y 0,(r,)T.
Thus 6,(e) is an idempotent of F}[G] with suppf,(e) C suppe. Since trg f,(e) =
Op(trge) # 0 and since R is consistent and normalized in F}[G], Proposition
implies that g?" ~ g for some positive integer n = n(p) < |supp,(e)| < |suppe].
In addition, there exists h = h(p) € supp e with h ~ gP. O

Finally, we obtain our main result, the twisted analog of [II Theorem 8.1]. As
in the original argument, we require both the Frobenius Density Theorem and the
Kronecker-Weber Theorem.

Theorem 2.4. Let char K = 0 and let e be an idempotent of the twisted group
algebra K'[G]. If Ry is a consistent, normalized conjugacy class of the group G,
then trge is contained in a cyclotomic field.

Proof. If f(¢) = ¢®> — ¢ € K|[¢], then f(e) = 0 and hence, by Lemma [[6] we can
assume that G is finitely presented. Furthermore, by Lemma [ applied to the
class &, we can assume that 7(G, G) is contained in a finitely generated subgroup
To of K*. If e = > a,%, then we let Ry be the subring of K generated over
the integers Z by the finitely many a, with = € suppe and by the finitely many
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generators of Ty and their inverses. It follows that 7(G,G) is a subset of the
units of Ry, and that e € R§[G]. We may clearly suppose that tryje # 0 and, by
Proposition 23, we know that trge is algebraic over the rational field @ and that
c=c(g) < oo If @ denotes the algebraic closure of @, then it follows from [3]
Corollary 2.2.6] that there exists a homomorphism x: Ry — é which is the identity
map on Ry N CNQ By Lemma [[H, there exists a twisted group algebra @t [G] and
an extended homomorphism : R5[G] — Q'[G] with try s(e) = k(trge) = trye. In
other words, we may now assume that G is finitely presented and that K = @

By Lemma [[.4] we can suppose that, for every special element h € suppe,
the conjugacy class £, is consistent and normalized. Furthermore, by Lemma [[.7
applied to £y and these finitely many classes, we may again suppose that 7(G, G)
is contained in a finitely generated subgroup T of @ If e = > a,Z, then we
let S’ be the subring of @ generated over the integers Z by the finitely many a,
with € suppe and by the finitely many generators of T" and their inverses. For
convenience, we also assume that S’ contains a primitive ¢ root of unity. Then S’ is
contained in a finite normal extension field L of ) with Galois group G = Gal(L/Q).
Since G is finite, the subring S of L generated by S’ and all it G-conjugates is also
finitely generated. Thus S is a finitely generated G-stable subring of L, 7(G, G) is
a subset of the units of S, and e € S*[G].

Next, we adjoin to S the element (trje)~! and its finitely many G-conjugates.
Furthermore, for each of the finitely many special elements h € suppe, for each
of the finitely many pairs 01,09 € G, and for each of the finitely many c* roots
of unity A € S, if oy(trye) — A-oa(trge) # 0, then we adjoin to S the inverse
of this element. In this way, we obtain a finitely generated G-stable ring R with
S C R C L and with e € RY[G]. Our goal now is to understand the action of G on
the normal closure of try e, namely the subfield E of L generated by all G-conjugates
of trg e. To this end, let C be an arbitrary cyclic subgroup of G. Then the Frobenius
Density Theorem (see [2] Theorem IV.5.2]) implies that there is a generator n of
C and an infinite family Q' of rationals primes such that, for each p € Q’, there
exists a homomorphism 6,: R — F},, where F}, is an algebraically closed field of
characteristic p and where 6,(n(r)) = 6,(r)? for all r € R.

Let P be the subset of rational primes given by Proposition 231 Then P is
cofinite and Q' is infinite, so P N Q' is also infinite. By definition of P, for each
p € PN Q, there exists an element h(p) € suppe with h(p) ~ gP. Furthermore,
g?""” ~ g for some positive integer n(p) < |suppel. Since PN Q' is infinite and
supp e is finite, there is an infinite subset Q of P N Q’, a fixed element h € suppe
and a fixed positive integer n < |supp e|, with A(p) = h and n(p) =n for all p € Q.
Observe that if p is in Q, then ¢g? ~ h and ¢g*" ~ g, so R o g. In particular,
this formula holds for two different primes pi,ps € Q and, since p?fl and p§71
are relatively prime, we conclude from Lemma [TI(i) that h is special. By our
assumptions, K, is therefore a consistent and normalized conjugacy class.

At this point, we fix a prime p in Q, and we let §: R — F' denote the corre-
sponding homomorphism to an algebraically closed field F' of characteristic p. Of
course, 6(n(r)) = 6(r)? for all elements r € R. Note that gP ~ h and h?" ~ g, so
Lemma [[H(i) implies that c(h) = ¢(g) = ¢. Now let £ € G. Then, by Lemma [LS]
the combined map

oc:RERLF
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determines a twisted group algebra over F', which we denote by FE[G], and an
extended homomorphism 6¢: R'[G] — F{[G] given by Y r,@ +— 3 0(r,)z. In
particular, 6£(e) is an idempotent in th [G] with supp 0£(e) C supp e. Furthermore,
we know that both 8, and &), are consistent and normalized in F{[G] and that, for
all @ € RG], we have try 0(a) = 0¢(try o) and try 0(a) = 0&(try, @).

Now 6¢(e) = 3 0¢(a,)7 is an idempotent in F{[G] and, via a diagonal change of
basis, we can make consistent all conjugacy classes of elements of supp 0¢(e) which
have become special. Since trje is a unit in R, it follows that trz 0¢(e) # 0 and
then, since h ~ ¢P, Proposition 2] implies that

06 (117 €) — try, O (e) — try, O£ (9)"- (b5 0 (€))” = try 08 (57) 06 tr )7
= 0&(try, gP)-0(&(trg e)?) = 0 (try, g°)-0(n&(trge)),

since §(r)? = 6n(r) for all r € R. In other words, {(try e) — &£(try g¥)-né(trze) is an
element of R that maps to 0 under . Furthermore, we know that &(try, gP) = A is
a c'h root of unity by Lemma [IB(i). Since &(trj, e) — A-né(trge) is not a unit in R,
this element must be 0, by the definition of R.

We have therefore shown that

(xx) E(try, e) = &(try, g7)-né(trz e) for all £ € G.
In particular, if we fix 0 € G and replace £ by o in (F%), then we have
Eo(try, e) = Eo(try, g°)né(o(trge)).

On the other hand, if we replace £ by ¢ in (EH) and then apply the automorphism
& to the resulting equation, we get

§o(try, e) = Eo(try g7)-&n(o(trg e)).

The preceding two displayed equations now yield
né(o(trze)) = En(o(trze))

for all £,0 € G. This shows that 7 and £ commute when restricted to F, the normal
closure of trj e, and hence, since resp G = Gal(E/Q), the restriction of 7 is central
in Gal(E/Q). But C = (n) is an arbitrary cyclic subgroup of G, so the restriction of
G to E is abelian, and consequently resg G = Gal(E/Q) is abelian. It now follows
from the Kronecker-Weber Theorem (see [2, Theorem V.5.10]) that E is contained
in a cyclotomic field and, since trze € E, the theorem is proved. O

In the above, if trye € Q[e] with €® = 1, then one expects the exponent k to
be related to the orders of the torsion elements of G. A precise conjecture of this
nature, in the case of ordinary group algebras, is proposed in [I].
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