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TRACE METHODS IN TWISTED
GROUP ALGEBRAS, II

J. M. OSTERBURG AND D. S. PASSMAN

(Communicated by Lance W. Small)

Abstract. In this note, we continue our discussion of trace methods in twisted
group algebras. Specifically, we obtain the twisted analog of Bass’ theorem on
the traces of idempotents in ordinary group algebras. Indeed, we show that
with suitable normalization, the characteristic 0 trace values of an idempotent
are all contained in a cyclotomic field. The proof is a variant of the original
argument combined with a reduction to finitely presented groups.

1. Actions and traces

Let Kt[G] denote a twisted group algebra of a multiplicative group G over a
field K. Then Kt[G] is an associative K-algebra with K-basis G = {x̄ | x ∈ G}
and with multiplication defined distributively by x̄·ȳ = τ(x, y)xy for all x, y ∈ G.
Here τ : G × G → K• is the twisting function, and we know that the associative
law in Kt[G] is equivalent to τ being a 2-cocycle (see [3, § 1.2]). Furthermore, we
can always assume that 1̄ is the identity element of Kt[G]. Unlike ordinary group
algebras, twisted group algebras do not have a natural basis. Specifically, if Kt[G]
is given, then we say that G → G̃ = {g̃ | g ∈ G} is a diagonal change of basis, if
g̃ = dg ḡ ∈ K•ḡ for all g ∈ G. This procedure then changes τ by a factor which can
be an arbitrary 2-coboundary, but we do insist that d1 = 1, so that 1̃ = 1 = 1̄.

Let tr : Kt[G] → K be defined linearly by tr x̄ = 0 if 1 6= x ∈ G and tr 1̄ = 1.
Then, for any element α ∈ Kt[G], trα is the coefficient of the identity in α, and it is
easy to see that trαβ = trβα for all α, β ∈ Kt[G]. In other words, tr : Kt[G]→ K is
a trace map. As is well known, there are other trace maps defined on Kt[G]. To see
this, it is convenient to first introduce some notation. If x ∈ G and α ∈ Kt[G], then
we define αx = αx̄ = x̄−1αx̄. Note that if x̄ is replaced by any other element ofK•x̄,
then αx is unchanged. Thus, this conjugation is independent of a diagonal change
of basis. Furthermore, from x̄ȳ ∈ K•xy, for x, y ∈ G, we see that (αx)y = αxy. In
this way, G acts as automorphisms on Kt[G].

Next, if g ∈ G, we let CtG(g) = {x ∈ G | ḡx = ḡ}. Then CtG(g) is a subgroup
of G. Furthermore, if ḡ is replaced by any other element of K•ḡ, then this twisted
centralizer remains unchanged, and hence it is also independent of a diagonal change
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of basis. Since ḡx = x̄−1ḡx̄ ∈ K•gx in general, it follows that CtG(g) is a subgroup
of CG(g). Furthermore, since ordinary and twisted conjugation are G actions, we
have CG(gx) = CG(g)x and CtG(gx) = CtG(g)x.

We say that g ∈ G is special if CtG(g) = CG(g). In view of the preceding
comments, if g is special, then so are all its conjugates gx. Thus we can speak
about special conjugacy classes, and we use Kg to denote the class of g. Note that
being special is not affected by a diagonal change of basis.

Lemma 1.1. Let g ∈ G.
(i) If a and b are relatively prime integers and if ga and gb are special, then g is

special.
(ii) If charK = p > 0 and if gp

n

is special, then g is special.

Proof. (i) Let x ∈ G commute with g so that x̄−1ḡx̄ = λḡ for some λ ∈ K•. Then x
commutes with ga and, since ga is special, x̄ and ga commute. Furthermore, since
ḡa ∈ Kga, we see that x̄ and ḡa commute. Hence λaḡa = (x̄−1ḡx̄)a = x̄−1ḡax̄ = ḡa

and λa = 1. Similarly, λb = 1 and, since a and b are relatively prime integers, it
follows that λ = 1. Thus x̄ and ḡ commute, and g is indeed special.

(ii) Let charK = p > 0 and take a = pn in the above. Then λp
n

= 1, so λ = 1
and therefore x̄ and ḡ commute, as required.

We say that the conjugacy class Kg is consistent if for all h, k ∈ Kg, the equality
k = hy implies that k̄ = h̄y. Note that consistency clearly requires that the con-
jugacy class be special. Conversely, any such special class can be made consistent
via a diagonal change of basis that changes only those basis elements corresponding
to members of the class. To see this, let h ∈ Kg. Then there exists x in G with
h = gx, and x is unique up to a left factor in CG(g) = CtG(g). Thus ḡx = x̄−1ḡx̄
is uniquely determined by h, and we can make a diagonal change of basis so that
h̄ = ḡx. Indeed, if we do this for all members of Kg, then Kg becomes consistent
since h = gx and k = hy imply that k = gxy and hence k̄ = ḡxy = (ḡx)y = h̄y.

If Kg is consistent, then we define trḡ : Kt[G]→ K by

trḡ :
∑
x∈G

axx̄ 7→
∑
x∈Kg

ax.

It is clear that trḡ is a K-linear functional. Furthermore, we have

Lemma 1.2. If Kg is consistent, then trḡ is a trace map.

Proof. It suffices to show that if x, y ∈ G, then trḡ x̄ȳ = trḡ ȳx̄. Since this is clear
if neither xy nor yx is in Kg, we can assume that xy = h ∈ Kg. Then x̄ȳ = λh̄
for some λ ∈ K•, and clearly λ = trḡ x̄ȳ. Furthermore, if k = hx, then consistency
implies that h̄x = k̄, and hence ȳx̄ = x̄−1(x̄ȳ)x̄ = (x̄ȳ)x = (λh̄)x = λh̄x = λk̄.
Thus, trḡ ȳx̄ = λ = trḡ x̄ȳ, as required.

If g is not special, then ḡ vanishes on all trace maps. To see this, let t : Kt[G]→ K
be any trace, and choose x ∈ CG(g) \ CtG(g). Then ḡx = λḡ with λ 6= 1 and, since
x̄(x̄−1ḡ)− (x̄−1ḡ)x̄ = ḡ − ḡx = (1 − λ)ḡ, it follows that t : (1 − λ)ḡ 7→ 0 and hence
that t : ḡ 7→ 0. Note that if g is special, then trḡ depends upon ḡ and not just on
g. Indeed, suppose that Kg is consistent and let k ∈ K•. If we make a diagonal
change of basis by multiplying each gx by k, then Kg remains consistent, but gives
rise to a new trace map trkḡ satisfying
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Lemma 1.3. If g is a special element of G and if k ∈ K•, then trkḡ α = k−1· trḡ α
for all α ∈ Kt[G].

Thus the trace value of an element in Kt[G] can be multiplied by an arbitrary
element of K• by merely making a diagonal change of basis. It follows that if we
wish to speak about trace values, then we need to find canonical members of K•ḡ.
To this end, let g be a special element of G. If g is not conjugate to any power gn+1

with n ≥ 1, then we say that g has infinite conjugate order and write c(g) =∞. If
g is conjugate to some power gn+1 with n ≥ 1, then we let c(g) denote the minimal
such n. Note that if g has finite (ordinary) order m, then gm = 1, so gm+1 = g
is conjugate to g. Thus c(g) ≤ m = o(g). Furthermore, it is easy to see that the
conjugate order is constant over a conjugacy class. Indeed, if gc+1 is conjugate to
g, then conjugating by y shows that (gy)c+1 is conjugate to g and hence to gy.

Next, we define what it means for ḡ to be normalized. First, if c(g) = ∞,
then any choice for ḡ is normalized. On the other hand, suppose that c(g) = c
is finite. Then gc+1 is conjugate to g, say gc+1 = gx for some x ∈ G. It follows
that λḡc+1 = ḡx for some λ ∈ K•, and as we indicated previously, ḡx depends only
upon ḡ and gx. In this case, we say that ḡ is normalized if λ = 1. Now suppose
that ḡ is given with c(g) = c < ∞ and let us make a diagonal change of basis
by setting g̃ = kḡ for some k ∈ K•. Then g̃c+1 = kc+1ḡc+1 and g̃x = kḡx, so
λg̃c+1 = kc+1λḡc+1 = kc+1ḡx = kcg̃x. Thus g̃ will be normalized precisely when
kc = λ, and we have proved

Lemma 1.4. Let K be an algebraically closed field and let g be special with c(g) =
c < ∞. Then, via a diagonal change of basis, changing only the basis element
corresponding to g, we can make ḡ normalized. Furthermore, ḡ is then unique up
to a factor of a cth root of unity in K•.

Note that 1 ∈ G is special and 12 = 1, so c(1) = 1. Thus 1̄2 = 1̄ implies
that 1̄ = 1 is the unique normalized element associated with the identity of G.
Of course, tr1̄ : Kt[G] → K is the usual trace map tr. We also note that if Kg

is consistent and if ḡ is normalized, then ḡy is normalized for all y ∈ G. This is
immediate since ḡc+1 = ḡx implies that (ḡy)c+1 = ḡxy = (ḡy)y

−1xy. Thus, we can
speak about normalized classes. Now, the key fact about normalized elements is
that they control all situations where gn+1 is conjugate to g, not just the particular
case when n = c(g). Indeed, we have the following more general result, where we
use ∼ to denote the fact that two group elements are conjugate.

Lemma 1.5. Suppose that Kt[G] is given.

(i) Let g, h ∈ G with Kg and Kh both normalized and consistent. If gn ∼ h and
hm ∼ g for some positive integers n,m with nm > 1, then c(g) = c(h) < ∞
and trh̄ ḡ

n is a c(g)th root of unity.
(ii) Let g ∈ G with Kg normalized and consistent. If gn ∼ g for some positive

integer n > 1, then c(g) <∞ and trḡ ḡn is a c(g)th root of unity.

Proof. (i) We have gnm ∼ hm ∼ g, so c(g) < ∞ since nm > 1. Now, if gk ∼ g,
then hk ∼ gnk ∼ gn ∼ h, and if hk ∼ h, then gk ∼ hmk ∼ hm ∼ g. Thus
c = c(h) = c(g) <∞, and since Kg and Kh are normalized, we have ḡc+1 = ḡx and
h̄c+1 = h̄y for suitable x, y ∈ G.
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Finally, ḡn = λh̄z for some λ ∈ K• and z ∈ G, and raising this equation to the
(c+ 1)st power yields

(ḡn)x = (ḡn)c+1 = λc+1(h̄c+1)z = λc+1h̄yz.

Thus, λc+1 = trh̄(ḡn)x = trh̄ ḡn = λ, and hence λc = 1, as required.
(ii) Let h = g and m = 1 in the above, so that gn ∼ h, hm ∼ g and nm = n > 1.

Then, by (i), c(g) <∞ and trḡ ḡn = trh̄ ḡn is a c(g)th root of unity.

In the case of ordinary group rings, trace results in characteristic 0 are usually
lifted from those of characteristic p by means of a place argument. But in twisted
group algebras, the set τ(G,G) = {τ(x, y) | x, y ∈ G} can generate so large a
subgroup of K• as to effectively prevent the use of this technique. Indeed, even if
G is finitely generated, we could have 〈τ(G,G)〉 = K• when K is a countable field.
Nevertheless, we can overcome this difficulty with the following trick that extends
[4, Lemma 1.3]. Here, if α =

∑
x axx̄ ∈ Kt[G], then the support of α is the finite

subset of G given by suppα = {x ∈ G | ax 6= 0}.

Lemma 1.6. Let Kt[G] be a twisted group algebra, let f(ζ) ∈ K[ζ] be a polynomial,
and suppose that α ∈ Kt[G] satisfies f(α) = 0. Furthermore, let Kg be a consistent,
normalized conjugacy class in G. Then there exists a finitely presented group H, a
twisted group algebra Kt[H ], an element β ∈ Kt[H ], and a consistent, normalized
congugacy class Kh in H, such that:

(i) f(β) = 0, | suppα| = | suppβ|, and trḡ α = trh̄ β.
(ii) c(g) = c(h) and o(g) = o(h).
(iii) For any integer n, if hn ∼ h, then gn ∼ g, and if hn is conjugate to an element

of suppβ, then gn is conjugate to an element of suppα.

Proof. Write α = λ1g1 + λ2g2 + · · · + λmgm ∈ Kt[G] with g1, g2, . . . , gm distinct
elements of G, and with λ1, λ2, . . . , λm nonzero elements of K. We can assume
that the numbering is so chosen that g1, g2, . . . , gr are the elements of suppα that
are conjugate to g. Then trḡ α = λ1 +λ2 + · · ·+λr, and there exist elements xi ∈ G
with gxi = gi for i = 1, 2, . . . , r. If c(g) = c <∞, fix x ∈ G with gx = gc+1.

Let F = F 〈z, z1, . . . , zm, y1, . . . , yr, y〉 be a free group on m + r + 2 generators
and suppose that deg f(ζ) = d. Use W to denote the finite set of semigroup
words in z1, z2, . . . , zm of degree ≤ d and define the equivalence relation ≈ on W
by u ≈ v if and only if u(g1, g2, . . . , gm) = v(g1, g2, . . . , gm). Now let N be the
normal subgroup of F generated by all expressions of the form uv−1 with u, v ∈W
and u ≈ v, along with zyiz−1

i for i = 1, 2, . . . , r, and the elements zyz−(c+1) if
c = c(g) < ∞ and zo(g) if o(g) < ∞. Then N is finitely generated as a normal
subgroup of F , so H = F/N is a finitely presented group. Furthermore, N maps to
1 under the natural homomorphism F → G given by z 7→ g, zi 7→ gi, yi 7→ xi and
y 7→ x, so we obtain a homomorphism θ : H → G with h = zN 7→ g, hi = ziN 7→ gi,
ki = yiN 7→ xi and k = yN 7→ x

Next, observe that τ lifts to a 2-cocycle σ : H × H → K• given by σ(a, b) =
τ(θ(a), θ(b)) for all a, b ∈ H . This, in turn, allows us to define a twisted group
algebra Kt[H ], using σ, and then θ clearly extends to an algebra homomorphism
θ : Kt[H ] → Kt[G] via θ(ā) = θ(a) for all a ∈ H . Indeed, θ is certainly K-linear
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and we have

θ(ā)θ(b̄) = θ(a)·θ(b) = τ(θ(a), θ(b))θ(a)θ(b)

= σ(a, b)θ(ab) = θ(σ(a, b)ab) = θ(āb̄),

for all a, b ∈ H .
Define β ∈ Kt[H ] by β = λ1h1 + λ2h2 + · · · + λmhm, so that θ(β) = α. Since

f(ζ) ∈ K[ζ] is a polynomial of degree d, it is clear that f(β) can be written as

f(β) =
∑
w∈W

µ′w w(h1, h2, . . . , hm)

for suitable µ′w ∈ K. Note that this expression is not necessarily unique. Indeed,
if u, v ∈ W and if u ≈ v, then the definition of H implies that u(h1, h2, . . . , hm) =
v(h1, h2, . . . , hm). Thus, we can replace each w ∈ W in the above-displayed equa-
tion by a fixed representative of its equivalence class and obtain

f(β) =
∑
w∈W0

µw w(h1, h2, . . . , hm),

where W0 is a set of representatives for the ≈ equivalence classes and µw ∈ K.
Now, via the homomorphism θ, we have

0 = f(α) = θ(f(β)) =
∑
w∈W0

µw w(g1, g2, . . . , gm).

But, by definition of ≈, it follows that the group elements w(g1, g2, . . . , gm) with
w ∈ W0 are all distinct. Thus, since f(α) = 0, we must have µw = 0 for each
w ∈ W0, and hence f(β) = 0. Note also that gi 6= gj implies that hi 6= hj. Thus
| suppβ| = m = | suppα|.

Finally, we consider the element h = zN ∈ H . To start with, since θ(h) = g and
since ho(g) = 1 if o(g) < ∞, it follows that o(h) = o(g). Next, if a ∈ H commutes
with h, then h̄a = λh̄ for some λ ∈ K•, and by applying θ : Kt[H ] → Kt[G], we
obtain ḡθ(a) = λḡ. In particular, θ(a) ∈ G commutes with the special element g,
so λ = 1. Thus h̄a = h̄ and Kh is a special class in H . This class is also consistent
since, for any b ∈ H , applying θ to the equation h̄b = µhb yields ḡθ(b) = µgθ(b). But
we know that Kg is consistent, so µ = 1 and hence Kh is consistent, as claimed.

Next suppose that hs+1 ∼ h for some integer s ≥ 1. Then θ(h) = g implies
that gs+1 ∼ g and hence that s ≥ c = c(g). On the other hand, if c < ∞,
then hc+1 = hk ∼ h by the definition of k = yN ∈ H . Thus we conclude that
c(h) = c(g) = c. As a consequence, it also follows that h̄ is normalized. Indeed,
if c < ∞, then h̄c+1 = ρhk = ρh̄k for some ρ ∈ K•, and by applying θ, we have
ḡc+1 = ρḡθ(k). Thus, since ḡ is normalized and c = c(g), we conclude that ρ = 1
and hence that h̄ is normalized. It now makes sense to consider the map trh̄ and in
particular to compute trh̄ β. Observe that suppβ = {h1, h2, . . . , hm} and that by
applying θ to the expression h ∼ hi, we get g ∼ gi and hence i ≤ r. On the other
hand, by the definition of ki = yiN , we have hi = hki for i = 1, 2, . . . , r. Thus
Kh ∩{h1, h2, . . . , hm} = {h1, h2, . . . , hr}, so trh̄ β = λ1 +λ2 + · · ·+λr = trḡ α, and
parts (i) and (ii) are proved. In addition, if either hn ∼ h or if hn ∼ hj ∈ suppβ
for some integer n, then applying θ yields gn ∼ g or gn ∼ gj ∈ suppα, respectively,
so (iii) follows.

The previous lemma could clearly be extended in a number of ways by merely
adding additional subscripts. For example, we could deal with finitely many twisted
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group ring elements α1, α2, . . . , αs that satisfy various polynomials in one or more
variables. In addition, we could consider finitely many trace functions determined
by finitely many consistent, normalized classes. Fortunately, these more compli-
cated versions are not needed here. As we see below, the reason for studying
finitely presented groups in this context is that their possible twistings are not too
large. The following observation extends [4, Lemma 1.4].

Let G → G̃ be a diagonal change of basis, so that each ḡ ∈ G is replaced by
g̃ = dg ḡ for some dg ∈ K•. We say that a subset X ⊆ G is not affected by this basis
change if x̃ = x̄ for all x ∈ X or equivalently if dx = 1 for all such x. Note that if
Kh is a consistent class in Kt[G] and if Kh is not affected by the diagonal change of
basis, then Kh remains consistent and determines the same trace function. In other
words, trh̃ = trh̄, so this trace function is also not affected by the basis change.

Lemma 1.7. Let Kt[G] be a twisted group ring with G a finitely presented group,
and let Kg1 ,Kg2 , . . . ,Kgs be finitely many consistent classes. Then there exists a
diagonal change of basis, not affecting any of these finitely many classes or their
associated trace functions, such that if τ : G × G → K• is the new twisting, then
τ(G,G) is contained in a finitely generated subgroup of K•.

Proof. Extend the set {g1, g2, . . . , gs} to a finite generating set {g1, g2, . . . , gn} for
G, and let K•G be the group of trivial units in Kt[G]. Then the map ν : K•G→ G
given by kḡ 7→ g is an epimorphism. In particular, if G is the subgroup of K•G
generated by g1, g2, . . . , gn, then G is finitely generated and ν : G → G is onto. Of
course, the kernel here is G ∩K• / G and, since G is finitely presented, [3, Lemma
12.3.12(ii)] implies that G∩K• is finitely generated as a normal subgroup of G. But
G ∩K• is central in G, so it is necessarily a finitely generated abelian group.

Now observe that for any 1 ≤ i ≤ s and any x ∈ G, we have gi ∈ G and λx̄ ∈ G
for some λ ∈ K•. Thus since Kgi is consistent, gxi = gi

x = (λx̄)−1gi(λx̄) ∈ G.
Finally, let G̃ be a transversal for G ∩ K• in G chosen to contain all gxi and the
identity element. Then G̃ is clearly a new basis for Kt[G] and G→ G̃ is a diagonal
change of basis not affecting any of the finitely many classes Kgi . Furthermore, if
τ is the new twisting function, then τ(G,G) ⊆ G ∩K•, so the result follows.

Finally, if R is a subring of the field K containing τ(G,G) as a set of units, then
the R-linear span of G is clearly a subring of Kt[G] which we denote by Rt[G]. Note
that each x̄ is invertible in Rt[G] since x̄·x−1 = τ(x, x−1) and x−1·x̄ = τ(x−1, x)
are both units in R.

Lemma 1.8. Let R be a subring of the field K containing τ(G,G) as a set of
units, and let θ : R → F be a homomorphism to the field F . Then there exists
a twisted group algebra F t[G] and a ring homomorphism θ : Rt[G] → F t[G] given
by θ :

∑
axx̄ 7→

∑
θ(ax)x̄. Furthermore, if Kg is a consistent, normalized class

in Kt[G], then Kg is also a consistent, normalized class in F t[G], and we have
trḡ θ(α) = θ(trḡ α) for all α ∈ Rt[G].

Proof. Define a twisting function σ : G × G → F • by σ(x, y) = θ(τ(x, y)) for all
elements x, y ∈ G. Then σ is clearly a 2-cocycle since τ(G,G) consists of units of
R, and hence it determines a twisted group algebra F t[G]. Furthermore, the map
θ : Rt[G] → F t[G] described above is then a ring homomorphism since it is clearly
additive and since, for all x, y ∈ G, we have

θ(x̄)θ(ȳ) = x̄ȳ = σ(x, y)xy = θ(τ(x, y))xy = θ(τ(x, y)xy) = θ(x̄ȳ).
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This also implies that θ commutes with the action of G, so that θ(αx) = θ(α)x for
all α ∈ Rt[G] and x ∈ G. With this, it follows that Kg is consistent and normalized
in F t[G], and then that trḡ θ(α) = θ(trḡ α) for all α ∈ Rt[G].

2. Traces of idempotents

We now offer suitably modified versions of the arguments in [1] and its presen-
tation in [5, § 1.1]. We begin with the characteristic p > 0 situation.

Proposition 2.1. Let charK = p > 0 and let e be an idempotent in Kt[G]. As-
sume that Ky is consistent for all special elements y ∈ supp e. If Kg is consistent
and if trḡ e 6= 0, then there exists a positive integer n ≤ | supp e| such that gp

n

is
conjugate to g, and such that

trḡ e = trḡ ḡp
n

·
(
trḡ e

)pn
.

Furthermore, there exists a special element h ∈ supp e conjugate to gp with

trh̄ e = trh̄ ḡ
p·(trḡ e)p.

Proof. Let S = supp e and let K = {Kg1 ,Kg2 , . . . ,Kgr} denote the finitely many
consistent conjugacy classes of G that satisfy trḡi e 6= 0. By assumption, Kg ∈ K.
Furthermore, trḡi e 6= 0 implies that Kgi ∩ S 6= ∅, so r = |K| ≤ |S|. For simplicity,
let us write Ki for Kgi and tri for trḡi .

Let e =
∑
x∈S axx̄. Since charK = p, we have e = ep =

∑
x∈S a

p
xx̄

p+β for some
element β ∈ [Kt[G],Kt[G]]. Now fix a subscript i and note that

0 6= tri e = tri ep =
∑
x∈S

apx· tri x̄p =
∑
xp∼gi

apx· tri x̄p,

since tri β = 0. In particular, there exists y ∈ S with yp ∼ gi and, by Lemma 1.1(ii)
and our hypothesis, we know that each such Ky is special and consistent. Further-
more, if z ∈ G is conjugate to y, then z̄ is conjugate to ȳ by consistency, and hence
z̄p is conjugate to ȳp. Thus, since tri is a trace map, it follows that tri z̄p is constant
for all z ∈ Ky.

If y1, y2, . . . ∈ S are representatives of the conjugacy classes with ypj ∼ gi, then
the above displayed equation yields

0 6= tri e =
∑
j

tri yjp·
∑
x∼yj

apx

=
∑
j

tri yjp·
(∑
x∼yj

ax

)p
=
∑
j

tri yjp·(tryj e)p.

We can, of course, delete those terms in the above sum with tryj e = 0, and after
doing this, the remaining yj are then representatives of conjugacy classes in K. To
be specific, let Ki ⊆ K denote the set of all the conjugacy classes for the various
remaining yj . Then we have

0 6= tri e =
∑

Ky∈Ki

tri ȳp·(trȳ e)p.

In other words, each i gives rise to a nonempty subset Ki of K, and these subsets
are disjoint since if Ky ∈ Ki∩Kj , then gi ∼ yp ∼ gj and i = j. Thus, we have r = |K|
nonempty disjoint subsets of K, and this clearly implies that each Ki is a singleton
and that their union is K. In particular, we can now define a map σ that sends Ki
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to the unique conjugacy class Kν(i) in Ki. Then σ is clearly a permutation of K,
with ν the corresponding permutation of the subscripts 1, 2, . . . , r. Furthermore,
for all i = 1, 2, . . . , r, we have

gpν(i) ∼ gi and tri e = tri gν(i)
p·(trν(i) e)p.(∗)

Recall that Kg ∈ K, and let n ≤ |K| ≤ |S| be the length of the cycle of σ that
contains this element. We can, of course, assume the numbering so chosen that
Kg corresponds to i = 1 and that ν contains the n-cycle (1 2 · · · n). We show by
induction on i = 1, 2, . . . , n that

gp
i

ν(i) ∼ g and trḡ e = trḡ gν(i)
pi ·(trν(i) e)p

i

.

Since Kg = K1, this is equation (∗) when i = 1. Now suppose the result holds for
i < n. Then ν(i) ≤ n and ν(ν(i)) = ν(i+ 1), so (∗), with i replaced by ν(i), yields
trν(i) e = trν(i) gν(i+1)

p·(trν(i+1) e)p and hence

trḡ e = trḡ gν(i)
pi ·(trν(i) e)p

i

= trḡ gν(i)
pi ·(trν(i) gν(i+1)

p)p
i ·(trν(i+1) e)p

i+1
.

Furthermore, by induction, gν(i)
pi = ηḡx for some η ∈ K•, x ∈ G, and we know,

from (∗), that gν(i+1)
p = µgν(i)

y for some µ ∈ K•, y ∈ G. Thus

gν(i+1)
pi+1

= µp
i

(gν(i)
pi)y = ηµp

i

ḡxy.

In particular, we have gp
i+1

ν(i+1) ∼ g and

trḡ gν(i+1)
pi+1

= ηµp
i

= trḡ gν(i)
pi ·(trν(i) gν(i+1)

p)p
i

,

so it follows that trḡ e = trḡ gν(i+1)
pi+1 ·(trν(i+1) e)p

i+1
, as required.

Finally, when i = n, we have ν(n) = 1 so gp
n ∼ g and trḡ e = trḡ ḡp

n ·(trḡ e)p
n

.
This proves the first part of the proposition. For the second part, set h = gn. Since
σ(Kh) = σ(Kn) = K1 = Kg, it therefore follows from (∗) that gp ∼ h and also that
trh̄ e = trh̄ ḡp·(trḡ e)p.

As a consequence, we have

Corollary 2.2. Let charK = p > 0 and let e be an idempotent in Kt[G]. Assume
that Kg is consistent and normalized and that trḡ e 6= 0. Then there exists a positive
integer n ≤ | supp e| such that gp

n

is conjugate to g and such that

trḡ e = λ
(
trḡ e

)pn
,

where λ ∈ K• is a c(g)th root of unity. In particular, trḡ e is algebraic over GF(p).

Proof. We can assume that if h ∈ supp e = S and h is special, then Kh is consistent.
Thus, by Proposition 2.1, gp

n

is conjugate to g for some positive integer n ≤ |S|
and 0 6= trḡ e = trḡ ḡp

n ·(trḡ e)p
n

. In particular, c(g) < pn and if we set trḡ ḡp
n

=
λ ∈ K•, then ḡp

n

= λḡz for some z ∈ G. But Kg is normalized and consistent, so
Lemma 1.5(ii) implies that λ is a c(g)th root of unity.
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Next, we turn to fields K of characteristic 0, and we begin with

Proposition 2.3. Let charK = 0 and let e be an idempotent of Kt[G]. If Kg is
a consistent, normalized conjugacy class, then trḡ e is algebraic over the rational
field Q. Furthermore, if trḡ e 6= 0, then there exists a cofinite subset P of the set
of rational primes such that, for each p ∈ P, we have gp

n ∼ g for some positive
integer n = n(p) ≤ | supp e| and we have an element h = h(p) ∈ supp e with h ∼ gp.
In particular, trḡ e 6= 0 implies that c(g) <∞.

Proof. If f(ζ) = ζ2 − ζ ∈ K[ζ], then f(e) = 0 and, in view of Lemma 1.6, we can
assume that G is finitely presented. Then, by Lemma 1.7 applied to the class Kg,
we can assume that τ(G,G) is contained in a finitely generated subgroup T of K•.
If e =

∑
axx̄, then we let R be the subring of K generated over the integers Z

by the finitely many ax with x ∈ supp e and by the finitely many generators of T
and their inverses. It follows that τ(G,G) is a subset of the units of R and that
e ∈ Rt[G]. We may clearly suppose that trḡ e 6= 0.

If trḡ e is transcendental over Q, then it follows from [5, Theorem 1.1.9] that
there exists a ring homomorphism θ : R → F , with F an algebraically closed field
of characteristic p > 0, and with θ(trḡ e) transcendental over GF(p). Furthermore,
by Lemma 1.8, there exists a twisted group algebra F t[G] and a homomorphism
θ : Rt[G]→ F t[G] given by

∑
rxx̄ 7→

∑
θ(rx)x̄. In particular, θ(e) is an idempotent

of F t[G] with trḡ θ(e) = θ(trḡ e) transcendental over GF(p). But Kg is a consistent,
normalized class in F t[G], and therefore this contradicts Corollary 2.2. Thus trḡ e
must be algebraic over Q.

Finally, since trḡ e 6= 0, either [3, Corollary 2.2.7] or [5, Theorem 1.1.9] implies
that there exists a cofinite subset P of the set of rational primes such that, for each
p ∈ P , there is a ring homomorphism θp : R → Fp, with Fp an algebraically closed
field of characteristic p and with θ(trḡ e) 6= 0. (Both of the above-cited results
speak about infinite sets of primes, but their proofs show that only finitely many
primes need to be avoided.) Again, Lemma 1.8 yields twisted group algebras F tp[G]
and extended homomorphisms θp : Rt[G] → F tp[G] given by

∑
rxx̄ 7→

∑
θp(rx)x̄.

Thus θp(e) is an idempotent of F tp[G] with supp θp(e) ⊆ supp e. Since trḡ θp(e) =
θp(trḡ e) 6= 0 and since Kg is consistent and normalized in F tp [G], Proposition 2.1
implies that gp

n ∼ g for some positive integer n = n(p) ≤ | supp θp(e)| ≤ | supp e|.
In addition, there exists h = h(p) ∈ supp e with h ∼ gp.

Finally, we obtain our main result, the twisted analog of [1, Theorem 8.1]. As
in the original argument, we require both the Frobenius Density Theorem and the
Kronecker-Weber Theorem.

Theorem 2.4. Let charK = 0 and let e be an idempotent of the twisted group
algebra Kt[G]. If Kg is a consistent, normalized conjugacy class of the group G,
then trḡ e is contained in a cyclotomic field.

Proof. If f(ζ) = ζ2 − ζ ∈ K[ζ], then f(e) = 0 and hence, by Lemma 1.6, we can
assume that G is finitely presented. Furthermore, by Lemma 1.7 applied to the
class Kg, we can assume that τ(G,G) is contained in a finitely generated subgroup
T0 of K•. If e =

∑
axx̄, then we let R0 be the subring of K generated over

the integers Z by the finitely many ax with x ∈ supp e and by the finitely many
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generators of T0 and their inverses. It follows that τ(G,G) is a subset of the
units of R0, and that e ∈ Rt0[G]. We may clearly suppose that trḡ e 6= 0 and, by
Proposition 2.3, we know that trḡ e is algebraic over the rational field Q and that
c = c(g) < ∞. If Q̃ denotes the algebraic closure of Q, then it follows from [3,
Corollary 2.2.6] that there exists a homomorphism κ : R0 → Q̃ which is the identity
map on R0 ∩ Q̃. By Lemma 1.8, there exists a twisted group algebra Q̃t[G] and
an extended homomorphism κ : Rt0[G]→ Q̃t[G] with trḡ κ(e) = κ(trḡ e) = trḡ e. In
other words, we may now assume that G is finitely presented and that K = Q̃.

By Lemma 1.4, we can suppose that, for every special element h ∈ supp e,
the conjugacy class Kh is consistent and normalized. Furthermore, by Lemma 1.7
applied to Kg and these finitely many classes, we may again suppose that τ(G,G)
is contained in a finitely generated subgroup T of Q̃. If e =

∑
axx̄, then we

let S′ be the subring of Q̃ generated over the integers Z by the finitely many ax
with x ∈ supp e and by the finitely many generators of T and their inverses. For
convenience, we also assume that S′ contains a primitive cth root of unity. Then S′ is
contained in a finite normal extension field L of Q with Galois group G = Gal(L/Q).
Since G is finite, the subring S of L generated by S′ and all it G-conjugates is also
finitely generated. Thus S is a finitely generated G-stable subring of L, τ(G,G) is
a subset of the units of S, and e ∈ St[G].

Next, we adjoin to S the element (trḡ e)−1 and its finitely many G-conjugates.
Furthermore, for each of the finitely many special elements h ∈ supp e, for each
of the finitely many pairs σ1, σ2 ∈ G, and for each of the finitely many cth roots
of unity λ ∈ S, if σ1(trh̄ e) − λ·σ2(trḡ e) 6= 0, then we adjoin to S the inverse
of this element. In this way, we obtain a finitely generated G-stable ring R with
S ⊆ R ⊆ L and with e ∈ Rt[G]. Our goal now is to understand the action of G on
the normal closure of trḡ e, namely the subfield E of L generated by all G-conjugates
of trḡ e. To this end, let C be an arbitrary cyclic subgroup of G. Then the Frobenius
Density Theorem (see [2, Theorem IV.5.2]) implies that there is a generator η of
C and an infinite family Q′ of rationals primes such that, for each p ∈ Q′, there
exists a homomorphism θp : R → Fp, where Fp is an algebraically closed field of
characteristic p and where θp(η(r)) = θp(r)p for all r ∈ R.

Let P be the subset of rational primes given by Proposition 2.3. Then P is
cofinite and Q′ is infinite, so P ∩ Q′ is also infinite. By definition of P , for each
p ∈ P ∩ Q′, there exists an element h(p) ∈ supp e with h(p) ∼ gp. Furthermore,
gp
n(p) ∼ g for some positive integer n(p) ≤ | supp e|. Since P ∩ Q′ is infinite and

supp e is finite, there is an infinite subset Q of P ∩ Q′, a fixed element h ∈ supp e
and a fixed positive integer n ≤ | supp e|, with h(p) = h and n(p) = n for all p ∈ Q.
Observe that if p is in Q, then gp ∼ h and gp

n ∼ g, so hp
n−1 ∼ g. In particular,

this formula holds for two different primes p1, p2 ∈ Q and, since pn−1
1 and pn−1

2

are relatively prime, we conclude from Lemma 1.1(i) that h is special. By our
assumptions, Kh is therefore a consistent and normalized conjugacy class.

At this point, we fix a prime p in Q, and we let θ : R → F denote the corre-
sponding homomorphism to an algebraically closed field F of characteristic p. Of
course, θ(η(r)) = θ(r)p for all elements r ∈ R. Note that gp ∼ h and hp

n−1 ∼ g, so
Lemma 1.5(i) implies that c(h) = c(g) = c. Now let ξ ∈ G. Then, by Lemma 1.8,
the combined map

θξ : R
ξ−→ R

θ−→ F
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determines a twisted group algebra over F , which we denote by F tξ [G], and an
extended homomorphism θξ : Rt[G] → F tξ [G] given by

∑
rxx̄ 7→

∑
θξ(rx)x̄. In

particular, θξ(e) is an idempotent in F tξ [G] with supp θξ(e) ⊆ supp e. Furthermore,
we know that both Kg and Kh are consistent and normalized in F tξ [G] and that, for
all α ∈ Rt[G], we have trḡ θξ(α) = θξ(trḡ α) and trh̄ θξ(α) = θξ(trh̄ α).

Now θξ(e) =
∑
θξ(ax)x̄ is an idempotent in F tξ [G] and, via a diagonal change of

basis, we can make consistent all conjugacy classes of elements of supp θξ(e) which
have become special. Since trḡ e is a unit in R, it follows that trḡ θξ(e) 6= 0 and
then, since h ∼ gp, Proposition 2.1 implies that

θξ(trh̄ e) = trh̄ θξ(e) = trh̄ θξ(ḡ)p·(trḡ θξ(e))p = trh̄ θξ(ḡ
p)·θξ(trḡ e)p

= θξ(trh̄ ḡ
p)·θ(ξ(trḡ e)p) = θξ(trh̄ ḡ

p)·θ(ηξ(trḡ e)),

since θ(r)p = θη(r) for all r ∈ R. In other words, ξ(trh̄ e)− ξ(trh̄ ḡp)·ηξ(trḡ e) is an
element of R that maps to 0 under θ. Furthermore, we know that ξ(trh̄ ḡ

p) = λ is
a cth root of unity by Lemma 1.5(i). Since ξ(trh̄ e)− λ·ηξ(trḡ e) is not a unit in R,
this element must be 0, by the definition of R.

We have therefore shown that

ξ(trh̄ e) = ξ(trh̄ ḡ
p)·ηξ(trḡ e) for all ξ ∈ G.(∗∗)

In particular, if we fix σ ∈ G and replace ξ by ξσ in (∗∗), then we have

ξσ(trh̄ e) = ξσ(trh̄ ḡ
p)·ηξ(σ(trḡ e)).

On the other hand, if we replace ξ by σ in (∗∗) and then apply the automorphism
ξ to the resulting equation, we get

ξσ(trh̄ e) = ξσ(trh̄ ḡ
p)·ξη(σ(trḡ e)).

The preceding two displayed equations now yield

ηξ(σ(trḡ e)) = ξη(σ(trḡ e))

for all ξ, σ ∈ G. This shows that η and ξ commute when restricted to E, the normal
closure of trḡ e, and hence, since resE G = Gal(E/Q), the restriction of η is central
in Gal(E/Q). But C = 〈η〉 is an arbitrary cyclic subgroup of G, so the restriction of
G to E is abelian, and consequently resE G = Gal(E/Q) is abelian. It now follows
from the Kronecker-Weber Theorem (see [2, Theorem V.5.10]) that E is contained
in a cyclotomic field and, since trḡ e ∈ E, the theorem is proved.

In the above, if trḡ e ∈ Q[ε] with εk = 1, then one expects the exponent k to
be related to the orders of the torsion elements of G. A precise conjecture of this
nature, in the case of ordinary group algebras, is proposed in [1].
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