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ABSTRACT. It is shown how one can get upper bounds for |u — v| when u and
v are the (viscosity) solutions of

ut — a(Dgu)Azu =0 and vy — B(Dgzv)Agzv =0,

respectively, in (0,00) x ©Q with Dirichlet boundary conditions. Similar re-
sults are obtained for some other parabolic equations as well, including certain
equations in divergence form.

1. INTRODUCTION

In this paper we study the problem of how to estimate the difference between
the (viscosity) solutions v and v of the parabolic equations

(1) ur — a(Dyu)Ayu =0 and v — G(Dzv)Ayv =0,

respectively, in (0,7) x Q with Dirichlet boundary conditions when w(0,z) and
v(0,z) are given and € is an open and convex subset of R?. Here both o and
[ are nonnegative continuous functions and if for example u(0,z) = v(0,z) is
Holder continuous with exponent 6, then we can conclude that |u(t, z) — v(t, x)| <
Cts supqeRd|\/a(q) - «/6(q)|0 for all ¢t > 0 and = € €.

For a general introduction to, and definitions of, viscosity solutions, see for ex-
ample [2] or [3] and the references mentioned there.

Instead of equation we can study equations of the form

uy — div(a(|Dgu|)Dgyu) =0 and vy — div(b(|Dyul)Dyu) = 0.
These results can be combined to results for equations of the form
ug + f(u, Dpu, D*u) — div(a(|Dyul) Dyu) — a(Dyu)Ayu = 0, in (0,00) x €,

(2) wu(t,x)=0, t>0, ze€0d,
U(O,{E) = Uo(l'), z €,
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and

v + g(v, Dpv, D2v) — div(b(| Dyu|) D) — B(Dav)Agzv = 0, in (0,00) x ©,
(3) w(t,x)=0, t>0, ze€dQ,

v(0,2) = vo(z), z€Q.

Here D,u denotes the (spatial) gradient of u and D2?u denotes the dx d matrix of sec-
ond derivatives. The trace of this matrix is the Laplacian A u. The reason for writ-
ing the equations in this special form is that one gets somewhat better estimates for
terms of the form —div(a(|Dyu|)Dyu) = —a(|Dyul)Azu — %(Dggu, D2uD,u)
and —a(D,u)Azu than for the more general case f(u, Dyu, D2u). (Here (-,-) de-
notes the standard inner product in Rd.) The fundamental monotonicity condition
is that f and ¢ are nondecreasing in their first and nonincreasing in their third
variable, and similarly that ¢ and b are nonincreasing and that a + « and b+ 3 are
nonnegative functions.

Observe that we assume that the domain €2 is convex, but we do not have to
assume that it is bounded. The boundary condition at points at infinity are here
taken to be that the solution is bounded, but it would be sufficient to have a
restriction on the growth rate at infinity.

In [1] the problem considered above was studied in the case of Neumann bound-
ary conditions (and with ¢ = b = 0) and here we shall consider the case of Dirichlet
conditions imposed at the boundary points. It turns out that at least if one makes
the additional assumptions that f(0,q,0) = 0 and that g(0,q,0) = 0 for all q € R¢,
then one can fairly easily obtain the same conclusion as in [1]. Another difference
compared to [T] is that here we state for completeness a result concerning existence
as well.

2. STATEMENT OF RESULTS

We let §(d) be the space of symmetric real d X d matrices with order defined by
A > B if (p, Ap) > (p, Bp) for every p € R?. Furthermore, C, C!, and BUC stand
for continuous, continuously differentiable, and bounded and uniformly continuous,
respectively.

Theorem 1. Assume that d > 1, and that

(i) Q@ c RY is an open and convex set;

(ii) f € C(R xR x S(d);R) and g € C(R x R? x S(d); R), and both functions are
nondecreasing in their first and nonincreasing in their third argument;

(iii) £(0,q,0) = g(0,q,0) =0 for all q € R%;

(iv) a and 3 € C(R%:R), a and b € C(RT;R) NC((0, 00); R) with lim,. o ra’ (r) =
lim, o rb'(r) = 0. Moreover, a(q) + a(|g]) > 0, B(q) +b(|la]) > 0, a’(r) >0
and V' (r) > 0 for all q € R and r > 0;

(v) up and vo € BUC(;R) with ug(z) = vo(z) = 0 for = € 9. Moreover,
w: RY — R is a concave, nondecreasing, and continuous function with
w(0) = 0 such that

uo(x) = uo(y)| < w(|z —yl),

loo(@) — vo()] < w(lz —yl), ¥ Q.
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Then there are unique bounded solutions u and v of equations [2) and B, respec-
tively, and for each t > 0, x € Q, and A > 0, we have

(5) |u(t,z) —v(t,z)| < sug\uo(y) —vo(y)| + §g13(w(r) —57%)

T (|g<r,q,X>—f<r,q,x>|+3A(¢|q|a'<|q|>—¢|q|b/<|q|>)2

(r,a,X)EDx

- (Vala) @ - VI +5@) ),

where

Dy € (R(uo) UR(vo))

X {q e R? ‘ lq| < \/ﬁ\/diam(R(uo) UR(vo)) }
x { X €S(d) | [|X]| <3x}.

Here R(ug) denotes the range {ug(z) | * € Q} of ug. Recall also that if
w is Holder continuous, that is, w(r) < Cr? for r > 0, where § € (0,1], then
sup,.q(w(r) — 3r?) < %C% A"7°7 when A > 0.

Theorem [Tlstates that the solution is unique among all bounded solutions. This
result can certainly be improved but some restrictions on the solutions are needed
because it is a well known fact that, e.g., the heat equation has null solutions when
Q =R, i.e., solutions that are zero at ¢ = 0 but nonzero for ¢ > 0.

Clearly, one should in Theorem [[] choose A so that the right hand side of (&) is
as small as possible. In general this is quite difficult, but we state a simple result
that one gets when f =g and a =b=0.

Corollary 2. Let the assumptions of Theorem [ hold with f = g, a = b = 0, and
w(r) = Cr?, for some C > 0 and 0 € (0,1]. Then for each t > 0 and x € Q we
have
‘U(t, :L') - ’U(t, (E)| < SUE|UO(Z/) - UO(y)|
y€eQ

+V6C(td) 2 sup [v/ala) — v/B(a)| -

qeRr?

(6)

In order to see how good this estimate really is, consider the case where d = 1,
Q=R, f=g=a=0,3(q) =c>0, and where u(0,z) = v(0,z) = (1 — [2/°)T for
some 6 € (0,1] where (¢)* = max{a,0}. Then a calculation shows that

21+0  r3ve
u(t,0) —v(t,0) > (ct)g T /2 sle ds, t>0,
T Jo

whereas Corollary[2 says that
u(t,0) — v(t,0) < (ct)3V6, t>0.

Next we state an application of Theorem [l to the question of how the solution
of the equation u; — div(|Dyu[P~2D,u) = 0 depends on the parameter p > 2.

Corollary 3. Let the assumptions of Theorem [ hold with f = g, « ﬁ =0,
w(r) = Cr?, for some C >0 and 6 € (0,1], and a(r) = rP~2 and b(r) = r?=2.
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Then for each ¢ > 0 there is a constant K depending on R(ug) U R(vo), €, and
on C such that for everyt >0 and x € Q

lu(t, ) — v(t, 2)| < supluo(x) — vo(x)| + K (v/pdi(p — q)) TFET
zeQ

provided p > q > 2+ € and /pdt(p — q) < 1.

3. Proor oF THEOREM [1I

We use the notation F(r,q,X) = f(r,q,X)— a’(lal) (q, Xq)— (a(q)+a(q))tr(X)

la] "=
and G(r,q, X) = g(r,q, X)— b l((llg“) (9, Xa)—(b(q)+5(q))tr(X) where tr(X) denotes
the trace of X and where %(O,XO) = b/‘((‘)(‘) ) (0,X0) =0.

Assume that w is an upper semi-continuous function on R x Q such that
SUP;e (0,770 U(t,2) < oo for all T € (0,00) and u is a subsolution of ) (so
that u(t,z) < 0 when t > 0 and = € 9Q and u(0,x) < ug(x) when z € Q). Corre-
spondingly, we assume that v is a lower semi-continuous function on R* x Q such
that infycp 7y ,eqv(t, @) > —oo for all T € (0,00) and v is a supersolution of 3.

We shall later need the fact that comparison holds for equation (2)) (and then
also for ([3)). This is the same as having u(t, z) < v(t,z) for all t > 0 and all x € Q
provided f =g, a = 3, a = b, and up < vo. This result is proven in [3] Thm 8.3]
in the case where 2 is bounded. It is not clear that this proof easily extends to
the case where () is unbounded but has a boundary, so we have first to establish a
result on the behaviour of solutions close to the boundary.

Let ug be the concave envelope of ug(z) (i.e., the infimum of all affine functions
that are greater than ug on §2). Since ug(x) = 0 when x € 9 we have '{1;)(&) >0
and it follows from (@) that the function (¢,2) — ug(x) is a supersolution of ().
If comparison holds for (), then we would have

(7) u(t,z) <wug(z), t>0, z€Q.

Next we give a direct proof of this fact, which is later used to prove that comparison
in fact holds. A similar argument shows that

(8) v(t,z) > vo(x), t>0, z€Q,

where vg is the convex envelope of vy.
Let p be an arbitrary affine function such that

(9) uo(w) < p(z), we Q.
Let e > 0,7 >0,7>0, and let

Ur(t,x):r+rt+u(:c)+e|x|2+ﬁ, 0<t<T, zel.

Since w is upper semi-continuous and bounded from above there are by @) positive
numbers r such that u(t,z) < U,.(t,z) for all t € [0,T) and = € Q. Let rg be the
infimum of these numbers. Thus we have

€

0<t<T Q.
T ¢’ St<1, we

(10) u(t,z) < ro + rot + p(x) + elz* +
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If ro > 0, then there must be some point (¢g, xo) where we have equality (other-
wise we could make r¢ smaller), that is,

u(to, xo) = Up,(to, zo)-

(Note that rg, to, and x¢ depend on e.) By the definition of U, we know that
u(to, o) > 0 and therefore we must have ¢ty > 0 and zo € 2. Since u is a subsolution
it follows that

To + 5+ F(u(to, x0), Dzpi(20) + 2€x0, chu(xo) + 26.[) <0.

€
(T —to)
Because p is affine we have D?ji(z0) = 0 so that we see from assumption (fl) that
ro + F(O, D, p(zo) + 2€xp, 26]) <0.

Now 7 and xp depend on € and since €|zo|?> must be bounded by the supremum
of u(t,z) on [0,T] x Q, we conclude that lim,|q €|xg| = 0. Using assumption (i)
and the fact that D, pu is constant we conclude that limsup, q70 = 0. Since € was
arbitrary, it follows from ([Q) that u(t,z) < p(x) when 0 <t < T and x € Q. But
since T and p were arbitrary, and since ug is the infimum of all affine functions
satisfying (@), we conclude that we actually have (7).

Next we shall prove that

(1) W) <w(le—y), veq yeo.

(We could easily prove that w is a modulus of continuity for ug in ©.) To prove
this inequality, suppose that z € Q and y € 09 and let ¢ > 0 be arbitrary. By

[5, Corollary 17.1.5, p. 157] there are points g, z1,... ,24 € 2 and nonnegative
numbers Mg, A1, ..., \g such that E?:o A =1, Z?:o Ajz; =z and

d
(12) ug(z) <> Nug(a;) + €.
§=0

Suppose there are numbers ¢; > 0 such that z; + c;j(y —z) € Q, j =0,1,... ,d,
and such that 3 % Z;lzo Ajcj > 1. Then Z?:o A (zj+ci(y—x)) = +B(y—z) € Q,
but this implies, since  is convex and open, z € Q, and § > 1 that y ¢ 9Q which
is a contradiction. Thus we can for all j = 0,1,...,d find numbers ¢; > 0 such
that x; + ¢;(y —x) € 9Q if A; > 0, and such that § = Z?:o Ajej < 1.

By @) we conclude that if z; + ¢;(y — z) € 09, then uy(z;) < w(cjly —z|), and
therefore it follows from (I2) and from the facts that 8 < 1 and w is nondecreasing
and concave that

d d
uo(w) <Y Ajuo(z;) + €< D Nwlesly —al) +e

7=0 j=0
d
<w (Y Nely—al | +e=w@Blz —yl) + e <w(lz —y|) +e.
j=0

Since € > 0 was arbitrary, this gives the inequality in (TT)).
Combining (@) with (1)) we conclude that

(13) ut,z) <w(lz—vy|), z€Q, yeoN.
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Similarly we also get, using the convex envelope of vy instead, that
(14) vt,a) = —w(le—yl), €0, yeon.
Now we proceed using the same techniques as in [I]. Define
(15) o sup (uo(z) — vo(az:))Jr and My = diam(R(uo) U R(vo)).
z€Q
Let T'> 0 and € > 0 be arbitrary and let
o sup (u(t,x) ot a) — e g|x|2) — B,
te[0,T) T—t
x€Q
If ¢ < 0 for arbitrarily small € we get directly the desired conclusion, so we shall
assume that o > 0. Let 6 € (0,1) and A > € be arbitrary and define

(16) w(t.2.9) 2 ut,2) — vltyy) — e~ L2

—%)\|x—y|2—%e|x|2, te [OaT)a x7y€ﬁ~

First we observe, by considering the possibility that = = y, that we must have

(17) sup ¢(t,z,y) > o+ Ey— (1 —d)o = do + Ey.

e
Next, note that because u is bounded from above and v is bounded from below
there cannot be a sequence (t, Tn,¥n)52, in [0,7) x Q x  such that we would
have

lim Y(tn, Tn,yn) =  sup  P(t,2,y)
n—oo te[0,T),z,yeQ

and

1
sup (Ixnl + yn| + T_tn) = 0.

It follows, because u is upper and v is lower semi-continuous, that there is a point
(to, To,y0) € [0,T) x  x Q such that

(18) w(tO;anyO) Z w(tax7y)7 (t,l‘,y) € [O)T) X ﬁ X ﬁ

On the other hand, we have by ([f), (8), (I%), (I7), and the assumption that
o > 0 that

0 < ¥(to, 20, yo) < Mo — $A|z0 — yo|? — Se€|wol?,
and it follows that

2M, 2M,
(19) |$0—y0|S\/TO, lzo] <4/ 60-

Suppose that t; > 0 and that 2o and yo € Q. Then we can apply [3, Thm. 8.3]
to conclude (cf. the proof of [3] Thm. 8.2]) that there are numbers a and b and
symmetric matrices X and Y such that

(a, Mo — yo) + €exo, X) € ﬁ?f(%towo) and

(20) =)
(b,)\(.l?() - yo)ay) S PQ (U,t0790)7
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and such that

(21) a—b=

and

@ —w+a() ) <5 5) w7

(£ 4201 0
+< 0 —el)’

We conclude by (20) and (1)), after subtracting the two inequalities that one
gets from the definitions of subsolutions and supersolutions, that
(1=9)o €

T + (T—t0)2 +F(u(t0;$0)7p+€$07X) - G(U(thyO)apay) S 07

(23)

where p def Ao — yo)-

def
Let pr = p + €0, ax(q) = a(lq]) + a(q), and B.(q) = b(lq]) + B(q). By @2)
we have for an arbitrary e € Rd,

. (pr)(e. Xe) — f.(p) (e, Ve) = <(WQ) (5 8 ) (%e»

(BA+e (\/a* PF) \/ﬂ* ) + 3ea (pr)(e,e),

where we used A > €. By choosing e to be the vectors in an orthonormal basis, and
then adding, one gets

(24) o (pr)tr(X) — A ()ix(Y) < (38X +)d (Vo) — VE-(B))
+ 3deas (Pr).

Similarly, we also get from (22) that

(25)

PED o o b'|<|7|> 0. VD)

IpF|
/a a'(lprl)
I:?‘ \pI;FI Pr
’ 0 —Y

-

From (22) it also follows that

+ 3ed'(Ipr|)|prF|.

(26) X <Y +2I and ||X| <3\+4e

When we use (M), (Z4), [Z5), and (Z6) together with the fact that u(tg,xo) >
v(to, yo) because o > 0, we get from (Z3]) and from the monotonicity properties of
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f and g that

T
(27) o< sup sup (g(hq,X—Qd)—f(r,q+qF7X)

1-—- 5 qr|<v2eMy (1,4, X)EDx 2.

+ (BN +e)d \/a (la+arl) + a(a+ar) — /b(lal) +ﬁ

FBAt o |q+qF| Iq
+OIF| |OI|

Jr
+ 3de(a(q+ qr) + a(q +qr)) + 3ed (la + qr|)|q + QF|> :

Suppose next that tg > 0 and yo € 9. Then it follows from (@) and (Il) because
v(to,yo) > 0 that
u(to, o) — v(to, yo) < w(|zo — Yol)-

It is clear that we get the same inequality if 2o € 0Q. From (IH), [I6), (I7), and
(I8) we now conclude that

1
(28) o< g(w(|$o—yo|)— 220 — yol?)-
Suppose finally that to = 0. By () and (I¥]) we must have

do + Ey < u(0,20) —v(0,y0) — %|$0 —yol? < uo(zo) — vo(yo) — %|$0 —yol?
< Juo(zo) — uo(yo)| + Eo — 3|zo — yol?,

and by (H) we have (28).

Now we have two upper bounds for o, i.e., (27) and (28), depending on whether
to is positive or not and whether at least one of the points lies on the boundary
Thus we get an upper bound of the form max{ %5, 1} and by choosing ¢ = m it
becomes p + 7. Hence we have (trivially in the case o < 0 as well)

(29) o < sup (w(lz—y)) - 3lz—yl*)
z,ye

+T  sup < sup (g(r,q,X—%I)—f(hq+qF,X)
lar|<v2eMo \(7,4,X)EDx42e

+ 87+ 0d (Valla + arl) + a(a + ar) — /() +ﬁ(q))2

L BA+e) |q+qF| a-+aqr) Iq
latar| |al

+
+ Bdea(a + ar) + 3dea(a + ar) + e <|q+qp|>|q+qp|)>

If now 2 € Q and t € [0,T) are arbitrary, then we have by the definition of
that

u(t,z) —v(t,z) < Eg+o+ ﬁ + e|z|?.
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If we now use (29) in this inequality and then let € | 0, we get for # € Q and
tel0,T)

(30) u(t,x) —v(t,x) < sup(uo(y) — voly)) " +sup(w(r) — 312
yeQ r>0

o1 swp(grax) - fra ) + 37 (VaaD - valraD)
(r,q,X)€Dx

2\ T
+3\d (\/a(|q|) +a(q) — v/b(lal) + ﬁ(q)) ) :

since f is lower semi-continuous, ¢ is upper semi-continuous and the functions «,
B, a, b, ra’(r), and rb’(r) are continuous.

If we have f = g, a = b, a = 3 and ug(z) < vo(z) for all 2 € Q, then we let
A — oo in [@0) and conclude that u(t,z) < v(t,z) for all t > 0 and = € Q, that is,
comparison holds. If u and v are solutions of ) and (@), respectively, then we can
interchange the role of u and v above and conclude that (B) holds.

Thus it remains to show that there are solutions of () and @). Uniqueness will
then follow from the fact that comparison holds. The argument is essentially the
same as in [3, Sec. 4] (but see also [{]) and we consider equation () only. Note
that for this argument there is nothing to be gained by not writing the equation in
the form

(31) uy + F(u, Dyu, D2u) = 0.

First we observe that we have the following version of [3] Lemma 4.2]: Let W be
a set of subsolutions of equation (BI)) in (0,00) x Q. If W (t,z) = sup{ w(t,z) | w €
W}, then W* is a subsolution of u; + F'(u, Dyu, D2u) = 0 in (0, 00) x Q, where W*
is the upper semi-continuous envelope of W. The proof is almost exactly the same
as in [3] and the convexity of Q is, of course, not needed here.

Suppose for the moment that ug € C2(2;R) with bounded second derivatives
and let
(32) ¢ def sup{ |F(r,p, X)| | r =wug(x),p = Dyuo(x), X = chuo(x),x cN }
Then we easily see that —ct+ug(x) is a subsolution and ct+wug(z) is a supersolution
of (BI) on (0,00) x Q. Above we showed that the maximum of two subsolutions
is a subsolution so we know that maX{z\fo(g), —ct 4+ up(z)} is a subsolution of (BI)).
Similarly, min{ug(z), ct 4+ uo(z)} is a supersolution.

For ¢t > 0 and z € Q let

u(t, x) ef sup{ w(t,z) ‘ w is a subsolution of (2) and if s > 0 and y € Q,
then max{uo(y), —cs + uo(y)} < w(s,y) < min{ug(y), ct + uo(y)} }.

If we let u* be the upper semi-continuous envelope of u, then it follows by the
result above that u* is a subsolution of (1) and by the definition of u and by
(D) (and the corresponding inequality for ug) we conclude that the initial and
boundary conditions are satisfied. Since we can use almost the same argument as
in [3} proof of Thm. 4.1] to show that u, (the lower semi-continuous envelope of u)
is a supersolution, we conclude from the fact that the comparison principle holds
that u, = u* and we have found a solution.
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If ug is not twice continuously differentiable, then we can approximate it by such

functions and use the estimate contained in (Bl to show that these approximations
converge uniformly, and therefore their limit is a viscosity solution; cf. [3| Sec. 6].

1

0
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