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BRAIDING MINIMAL SETS OF VECTOR FIELDS

MAXIME LAGRANGE

(Communicated by Michael Handel)

Abstract. We extend a classical but fundamental theorem of knot and braid
theories to describe the geometry of nonsingular minimal sets of 3-dimensional
flows.

1. Introduction

The idea that periodic orbits are crucial when trying to understand global dy-
namics in dimension three is certainly due to Henri Poincaré (see [Po]). Since
then, this idea has been widely improved and has been very fruitful in the study of
homoclinic orbits to a periodic one by Birkhoff and Smale (see [Bi], [Sm]).

In the last decades, a more specific point of view has been standing out. It is
based on the fact that a periodic orbit of a flow on the 3-sphere S3 forms a knot,
i.e. the embedding of an oriented circle into S3 (see [Mu] for a survey of knot
and braid theories). For instance, Birman and Williams ([BiWi1] and [BiWi2])
investigated knot and link types of periodic orbits in flows on a 3-manifold. Some
recent works show that the isotopy classes of knots and links represented by a
finite set of periodic orbits of a three-dimensional vector field provide interesting
information about global dynamics. For instance, Wada (see [Wa]) has shown that
the type of knots that can be reached as periodic orbits of Morse-Smale flows on
S3 are of a very particular kind, such as connected sums of iterated torus knots
(see [Mu]). More recently, Casasayas, Martinez Alfaro and Nunes (see [CMAN])
have related Bott integrable Hamiltonian flows to nonsingular Morse-Smale flows
in order to show that the same result holds for periodic orbits of a Bott-integrable
Hamiltonian flow on a nondegenerate constant-energy three-manifold.

In the particular case of suspensions of diffeomorphisms of the disk, the topo-
logical object that arises naturally is closed braids. It has been used for instance
by Gambaudo, van Strien and Tresser (see [GST1]) to describe the set of periodic
orbits of C1-diffeomorphisms of the disk with zero entropy. Also using techniques
coming from closed braids, some generalizations of Sarkovskĭı’s theorem to diffeo-
morphisms of the disk have been proved: in some cases the existence of a periodic
orbit of period 3 implies the existence of periodic points with any period (see [GST2]
and [Ko]).

Since closed braids are conjugacy classes of Artin braids (see [Mu] again) and
then possess an algebraic structure, it is easier to work with closed braids than with
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knots. Actually, it is one of the reasons why the dynamics of diffeomorphisms of
the disk is better understood than the one of three-dimensional flows (see [Bo]).

However, these two notions are closely related. Indeed, Alexander (see [Al])
showed that for every link L in S3 there exists an ambient isotopy which sends L
into the standard revolution solid torus T so that its image is transverse to the
fibers of T , thus changing the link into a closed braid.

Unfortunately, periodic orbits do not always carry enough information and the
following two results show the limit of this approach. On one hand, there exists
a flow whose set of periodic orbits contains all knots and links (see [GhHo]). On
the other hand, the Seifert question, that wonders whether a smooth flow on S3

possesses a periodic orbit, has been answered negatively (see [Ku] or [Gh] for more
details): there exist smooth aperiodic vector fields on the 3-sphere.

So, it seems natural to try to generalize to a more general class of orbits the
topological notions defined for periodic orbits via knot theory.

From a statistical point of view, a good candidate should be the supports of
ergodic measures. This approach has been done by Arnold (see [ArKh]) in hy-
drodynamics to study the energy relaxation of a flow. He showed that the way
orbits of a smooth divergence-free vector field are asymptotically linked in the 3-
sphere gives a reduction of its energy. If E2(−) denotes the quadratic energy, we get
E2(X) ≥ C|AX |, where AX is the asymptotic Hopf invariant, which is invariant un-
der the volume preserving change of variables. Following this idea, Gambaudo and
Ghys (see [GaG1] and [GaG2]) developed techniques to generalize knot invariants,
such as linking a number or signature, to invariant measures of vector fields.

From a topological point of view, the appropriate set of orbits that naturally
appears is a minimal set:

Definition 1.1. A nonempty compact set is minimal if it is a union of trajectories
of the flow and if none of its proper subsets has this property.

The main advantage of considering minimal sets instead of periodic orbits is
that every vector field on a compact manifold admits a minimal set (it is an easy
consequence of Zorn’s lemma; see [KaHa] for details concerning minimal sets and
dynamics).

Moreover a minimal set can be much more complicated than periodic orbits. For
instance, a minimal set homeomorphic to the Denjoy set appears in the study of
the Kuperberg attractor whose structure has not yet been completely understood
(see [Ku]). In many cases (think for instance about the suspension of the Denjoy
counterexample) the minimal set is a solenoid, i.e.:

Definition 1.2. A minimal set M of a vector field X is a solenoid if it is locally
homeomorphic to the product of the Cantor by an interval.

The aim of this article is to ask whether there is an analogous tool to knots and
braids which may be relevant for the study of minimal sets of smooth vector fields
of euclidian 3-dimensional spaces.

More precisely, we will consider a minimal set M of a vector field in S3 =
{(x, y, z, t) ∈ R4 | x2 + y2 + z2 + t2 = 1} or R3, different from a singularity. As in
knot theory we will try to braid it.

Recall the parametrization defining the standard revolution torus T in R3:

[0, 1]× [0, 2π]× [0, 2π] → R3

(ρ, φ, ψ) 7→ ((2 + cos(φ)) cos(ψ), (2 + cos(φ)) sin(ψ), sin(φ)).
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Definition 1.3.
• An invariant set M in R3 is braidable if there exists an ambient isotopy which

sends it into the standard solid torus T so that the flow is transverse to the
fibers of T .
• A set invariant M in S3 is braidable if there exists a stereographic projection
SP : S3 \ {P} → R3, where P is a point in the complement of M , such that
SP (M) is braidable in R3.

In section 4 we will find two natural obstructions that prevent the braiding
of nonsingular minimal sets in R3. One of them will enable us to construct a
nonbraidable minimal set in R3. In the case when the dynamical system lies in S3,
this one disappears (see subsection 4.2).

However, both obstructions vanishe when looking at any solenoid in R3 or in S3.
Hence, as a particular case of our study, we get:

Corollary 1.4. Solenoids are braidable.

The two first sections will deal with geometric considerations about minimal sets
and with a generalization of a classical theorem of knot theory. In appendix A we
will prove propositions whose proofs involve concepts of knot theory.

Let us state precisely the fundamental properties of minimal sets used in this
paper:
• the orbit of every point of a minimal set is dense in it (this is equivalent to

Definition 1.1) ;
• a minimal (compact) set that is not a singularity admits a neighborhood that

contains no singularity.

2. Geometric propositions

In this sequel {φt} is the flow of a smooth vector field X (in R3 or in S3) and M
denotes a compact minimal set that is not a singularity.

A quite natural and necessary condition for M being braidable is the existence
of a disk having some particular properties that are given next.

Definition 2.1. A closed disk satisfies the section condition relative to M if the
restriction of the flow on M crosses it every time on the same direction and if it
intersects M on its interior and not on its boundary.

So we will suppose that there exists a disk ∆ that satisfies the section condition
relative to M .

First, we have to describe the geometry of the compact set K = M ∩∆ to prove
that the following configuration does not appear (see Figure 1): the trajectory of a
connected component of K is knotted inside the cylinder defined by a trajectory of
another connected component of K that divides ∆ in two connected components.
In this situation, it is easy to see that M is not braidable.

That is the purpose of Proposition 2.2.
We recall some basic topological definitions. A set k̃ is a cut of ∆ if its comple-

ment ∆ \ k̃ consists of at least two disjoint connected components. A subset of ∆
is said to be nonbounded if one of its boundary components is in ∂∆.

Proposition 2.2. Suppose that K has a connected component k̃ which is a cut of
∆ and denote by O one of the bounded connected components of ∆ \ k̃. Then, O
does not intersect K.
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Figure 1. A forbidden configuration

Proof. Let x be in K. Since M is a nonsingular minimal set, the section condition
implies that the orbit of x intersects the interior of ∆, int(∆), at a finite time. By
the continuity of X (and the fact that M is nonsingular), there exits a neighborhood
of x, Vx, such that every point in Vx returns to int(∆).

Because of compactness, we can extract a finite number of these open sets con-
tained in int(∆) so that they form a finite cover of K.

Up to reparametrization, we can suppose that the first return time is equal to 1
for every point of this covering.

We will say that ∂O is periodic if, up to the former time rescaling, there exists
N > 0 such that φN (∂O) = ∂O.

Lemma 2.3. If O ∩K is not empty, then ∂O is periodic.

Proof. Let C be a connected component of K contained in O. Choose a point x0

in C and an open neighborhood V of C whose closure is contained in O.
Since the orbit of x0 is dense in K, it returns to V . Denote by t0 the first time

it happens. There exists an integer N0 such that the arc of orbit of x0 during time
t0 is contained inside the cylinder {φt(∂O), t ∈ [0, N0]}.

Notice that φN0(∂O) is the boundary of one connected component of ∆ \ K
which is bounded, U .

There are then only three possibilities:
1. V ⊂ O ∪ ∂O ⊂ U (see the left side of Figure 2):

Since the orbit of x0 accumulates ∂U , it intersects U \ (O ∪ ∂O). Choose
a point y0 of this intersection.

Since

d(V ; {φt(y0), t > 0} ∩∆) > d(V ; ∂O) > 0,

the orbit of yO cannot meet V . It refutes minimality.
2. V ⊂ U ∪ ∂U ⊂ O (see the right side of Figure 2)

Since

d(∂O; {φt(x0), t > 0} ∩∆) > min
i=1,··· ,N0

d(∂O;φi(∂U)) > d(∂O; ∂U) > 0,

the orbit of xO cannot accumulate ∂O, which is also impossible.
3. ∂O is periodic.

Finally, the only possibility is the third one and so we proved the lemma.
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Figure 2. V ⊂ O ∪ ∂O ⊂ U V ⊂ U ∪ ∂U ⊂ O

Observe that if ∂O is periodic, then minimality implies that O cannot contain a
point belonging toK. The end of the proof of the proposition is straightforward.

In fact, we can assert that

Proposition 2.4. There exists a covering of K by connected open sets {Oi, i =
1, · · · , n} satisfying the following conditions:

• their closures are pairwise disjoint and contained in int(∆),
• their union returns to int(∆),
• if Oi is a cut of ∆, then the bounded components of its complement do not

contain any Oj .

Proof. Recall that a union of sets {Sp, p ∈ P} forms a chain if for each p in P there
exists q in P \ {p} such that Sq is not disjoint from Sp.

Denote by {Ci, i = 1, · · · ,m} the covering of K resulting from forming maximal
chains with the open sets of the covering of K appearing in Proposition 2.2. Notice
that necessarily K does not intersect the frontier of the open sets of this covering.
Since K is compact, for any i in {1, · · · ,m} the distance εi between K and the
frontier of the set Ci is nonzero. So, removing from each Ci an εi

2 -neighborhood
of its frontier, we construct a covering of K by a collection of open sets {Oi, i =
1, · · · ,m} satisfying the first two conditions of Proposition 2.4.

Observe that if a set S is not a cut of ∆, then any two points of ∆ \ S can be
joined by a smooth arc in ∆. Hence, if Oi is a cut of ∆ such that the bounded
component of its complement contains an open set of the family, Oj , then either

• Oj ∩ K is not empty and therefore Oi does not contain a component of K
which is a cut of ∆: we can replace Oi by another open set which is not a cut
of ∆; or
• Oj ∩K is empty and so we can remove Oj from the covering.

So, Proposition 2.4 is a consequence of Proposition 2.2.
Notice that we can manage so that if Oi is a cut of ∆, then it contains a connected

component of K that is a cut of ∆ also.
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The tubes resulting from the action of the flow on the covering of Proposition
2.4 look like a thick pinched knot which can be braided, and is explained in the
next section.

3. Pseudo-knots

Let D be diffeomorphic to a euclidian embedded disk in the three-dimensional
space R3 and let G = {γi : [0, 1]→ R3, i = 1, · · · , n} be a finite collection of simple
pairwise disjoint smooth curves satisfying the two following conditions (see Figure
3):

• each γi intersects D only on its endpoints and these intersections are trans-
verse,
• each γ′i(0) and each γ′i(1) induces the same orientation on D.

We will denote by |G| the union of the γi([0, 1]).

Definition 3.1. The isotopy class under diffeomorphisms connected to Identity of
such a knotted system will be called a pseudo-knot.

Definition 3.2. A pseudo-knot can be braided if there exist a representative (in
its isotopy class) (D,G) (which will be said to be braided) and an axis A such that:

• D is a euclidian disk,
• A is contained in R3 \ (D ∪ |G|),
• A belongs to the 2-plane defined by D,
• each arc of G is parametrized by cylindrical coordinates relative to A, the

polar angle functions being all increasing or all decreasing.

In classical knot theory, Alexander’s theorem [Al] states that every knot is a
closed braid. This fact remains true for pseudo-knots (see Figure 4).

Proposition 3.3. A pseudo-knot can be braided.

Proof. See Appendix, subsection A.1.

D

Figure 3. A representative of a pseudo-knot
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D
A

Figure 4. Braiding a pseudo-knot

D
φ(U)

Figure 5. A fountain

Let U be a connected open set of R2 and consider the tube U × [0, 1], where
· stands for closure. A smooth map φ : U × [0, 1] → R3 is a pseudo-embedding

(relative to the disk D) if:
• φ|U×]0,1[ : U×]0, 1[→ R3 \D is an embedding,
• φ(U × {0}) and φ(U × {1}) are contained in D.

There is a particular geometrical configuration (see Figure 5) that we have to take
apart.

Definition 3.4. A pseudo-embedded tube T = φ(U × [0, 1]) is a fountain (relative
to D) if the frontier of D lies in a bounded component of R3 \ T .

Definition 3.5. A tubular pseudo-knot is a finite ordered collection of pseudo-
embedded tubes {φi(Ui × [0, 1]), i = 1, · · · , n} such that:
• none of them is a fountain,
• they do not intersect each other except eventually on their opposite extremi-

ties,
• if φi(Ui×{0}) is a cut of D, then the bounded components of its complement

do not contain any φj(Uj × {0}),
• if xi is in Ui for i = 1 · · ·n, then {φi({xi}× [0, 1]), i = 1, · · · , n} is a represen-

tative of a pseudo-knot.

It is easy to generalize Proposition 3.3 to tubular pseudo-knots by wrapping solid
tubes (instead of strands) around a braid axis:

Corollary 3.6. A tubular pseudo-knot can be braided.

4. Braiding minimal sets

4.1. Braiding minimal sets of R3. Let X be a smooth vector field in R3 and M
a nonsingular minimal set. Suppose that we get a disk ∆ that satisfies the section
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condition. Up to the rescaling of Proposition 2.2, we can suppose that each point
of M ∩∆ returns to ∆ in time 1.

We say that

Definition 4.1. M forms a ∆-fountain if the boundary of ∆ is contained in a
bounded component of R3 \ {φt(M ∩∆), t ∈ [0, 1]}.

Now, notice that if x, y are inM∩∆, then the orientation induced byX(x), X(y),
X(φ1(x)) and X(φ1(y)) on ∆ are the same. Hence, combined with Proposition 2.4,
Corollary 3.6 implies the following theorem:

Theorem 4.2. Let X be a smooth vector field of the 3-dimensional euclidian space
and consider M a minimal set that is not a singularity.

If there exists a disk ∆ satisfying the section condition relative to M such that
M is not a ∆-fountain, then M is braidable.

It is important to notice that the existence of a disk satisfying the section con-
dition is not sufficient to braid a minimal set:

Proposition 4.3. There exists a nonbraidable minimal set of a smooth flow on R3

for which we can find a disk satisfying the section condition.

Proof. See Appendix, subsection A.2.

However, notice that the irrational flow on the trivial torus T2 = ∂T is braidable
even though there exists a disk that satisfies the section condition and for which the
trivial torus is a fountain: choose a disk whose boundary is the core of the torus,
then the intersection of T2 with this disk forms a fountain.

Observe that the proof of Theorem 4.2 given here allows us to braid not only a
nonsingular minimal set but a tubular neighborhood of it.

4.2. Braiding minimal sets of S3. In this subsection, we consider a minimal set
M of a flow on S3. We suppose that it is different from a singularity and from
the 3-sphere. In the last case, it is obvious that the minimal set is not braidable.
However, it is not known if such a flow exists.

The latter condition allows us, without loss of generality, to suppose that the
dynamical system lies in R3. Choose a point P∞ (we will call it the infinity point)
in the complement of M and of the singularities of the flow and then consider the
(smooth) stereographic projection SP∞ : S3 \ P∞ → R3; it sends our dynamical
system in R3 so that SP∞(M) remains a nonsingular minimal set of the image of
the flow. So we can apply Theorem 4.2 to it.

Notice that every connected component of the complement of any set of S3 is
bounded and thus the fountain condition makes no sense in S3.

In fact, we will prove the following theorem:

Theorem 4.4. Let X be a smooth vector field of the 3-dimensional sphere and
consider M a minimal set that is not a singularity.

If there exists a disk satisfying the section condition relative to M , then M is
braidable.

Proof. Let ∆ be a disk satisfying the section condition relative to M .
Consider the covering {Oi, i = 1, · · · , n} of K = M ∩∆ resulting from Propo-

sition 2.4. Denote by T the union of the tubes (up to reparametrization) Ti =
{φt(Oi), t ∈ [0, 1]}. The statement of Proposition 2.4 implies that the boundary of
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∆ is contained in one of the connected components of the complement of T . Choose
the infinite point in this connected component.

Consider the corresponding stereographic projection. It sends our systems in R3

so that the resulting dynamical system satisfies the hypothesis of Theorem 4.2.

It is worthwhile to note that the statement of Theorem 4.4 is already known in
the case when the minimal set is hyperbolic. In this case the dynamics reduces to
the dynamics on a template, i.e. a branched 2-manifold, and Franks and Williams
(see [FrWi]) proved that such templates can be braided. However, Theorem 4.4
remains valid in a more general context: it seems that the existence of a disk
satisfying the section condition is not a strong one.

Appendix A. Proofs involving knot theory

A.1. Proof of Proposition 3.3. We will prove that a pseudo-knot can be braided.
The proof is just an extension of the one for classical knots. Therefore, more

details can be found in [Al].
Let (D,G) be a representative of a given pseudo-knot. Choose an axis A in

R3 \ (D ∪ |G|).
We can manage so that:
• D is a euclidian disk,
• |G| is defined by a diagram in the (r, θ)-plane relative to A,
• there exists a neighborhood N of D such that θ|N∩γi are all increasing or all

decreasing (suppose increasing).
Let Λ be a finite collection of smooth curves satisfying the following three conditions:
• their union equals to |G|,
• two of them can intersect only on their endpoints,
• each of them contains at most a crossing point.

Moreover, we can assume modulo an isotopy that θ|λ is nonconstant for each λ in
Λ. There are then two types of arcs: positive ones if θ|λ is increasing and negative
ones if θ|λ is decreasing.

A D

λ0

Figure 6. Replacement of a bad arc by good arcs
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K

D

K

Figure 7. A knotted tube The fountain after gluing the tube

If λ0 is a negative arc, then replace it (via an isotopy) by a positive one, which
respect the type of crossing of λ0 (see Figure 6). Then the number of negative arcs
decreases.

This finite process yields to a braided representative.
Notice that without the second condition defining knotted systems, the proof

does not work. In fact, without this assumption, Proposition 3.3 is not true.

A.2. Proof of Proposition 4.3. We want to construct a minimal set in R3 that
cannot be braided and for which there exists a disk D that satisfies the section
condition.

Let K be a knot in R3. Construct a knotted tube as follows (see the left side
of Figure 7): choose a planar part of K and consider a tubular neighborhood of
its complement. Now glue together the extremities of this tube so that it forms a
fountain FK (relative to a disk D which is transverse to our previous tube); see the
right side of Figure 7. Such a fountain will be called a K-type fountain.

Lemma A.1. A K-type fountain FK is braidable if and only if K is unknotted.

Proof. If we denote by VK the bounded complement of this fountain in R3, we can
prove that FK is not braidable by showing that the fundamental group of R3 \ VK
is not equal to the one of D2 × S1, i.e., π1(R3 \ VK) 6= Z.

Consider S3 as the natural compactification of R3. Remark that VK is now a
tubular neighborhood of K. So the knot group of K (the fundamental group of the
complement of the knot) is equal to π1(R3 \ VK).

Recall that Dehn’s lemma implies the following theorem (see [Ro]), known as
the unknotting theorem:

Theorem A.2. A knot is trivial if and only if its knot group is Z.

This achieves the proof of lemma.

Given a K-type fountain FK we always can construct a smooth flow {φt} on R3

such that the restriction of {φt} on FK is an irrational flow. So, to each nontrivial
knot, we can assign a vector field in R3 that satisfies the properties of Proposition
4.3.
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