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ABSTRACT. Let X C Y be Banach spaces and let A C B be closed operator
ideals. Let Z be a Banach space having the Radon-Nikodym property. The
main results are as follows. If ® : A(Z,X)* — B(Z,Y)* is a Hahn-Banach
extension operator, then there exists a set of Hahn-Banach extension operators
¢i 0 X* — Y*, i €I, such that Z = } ;. ®1Zgg,, Where Zgy, = {2 €
Z: ®(z* ®2) = (¢iz*) ® z,Va* € X*}. If A(Z,X) is an ideal in B(Z,Y)
for all equivalently renormed versions Zof Z , then there exist Hahn-Banach
extension operators ® : A(Z, X)* — B(Z,Y)* and ¢ : X* — Y™ such that
Z =Zypy-

INTRODUCTION

Let X be a closed subspace of a Banach space Y. A linear operator ¢p: X* — Y*
is called a Hahn-Banach extension operator if (¢px*)(x) = x*(x) and ||¢pz*| = [|z*||
for all x € X and all 2* € X*. Let us denote the set of all Hahn-Banach extension
operators ¢: X* — Y* by HB(X,Y).

It is well known (and straightforward to verify) that HB(X,Y") # 0 if and only
if X is an ideal in Y. Let us recall that X is an ideal in Y if X1, the annihilator
of X in Y™, is the kernel of a norm one projection on Y*. The notion of an ideal
was introduced and studied by Godefroy, Kalton, and Saphar in [7].

For a Banach space Z # {0}, let A be a closed subspace of the Banach space
L(Z,X) of bounded linear operators and let B be a closed subspace of £(Z,Y).
We assume that the subspaces of finite rank operators F(Z,X) and F(Z,Y) are
respectively contained in A4 and 5. We also assume that A C B.

If ® € HB(A, B), then it is easy to see that any pair of elements z € Z, z* € Z*
satisfying ||z]| = ||z*|| = 2*(2) = 1 defines ¢ € HB(X,Y) by

(02")(y) = (B(z" @ 2))(z" ®@y), Va* e X", VyeY.

Received by the editors July 16, 2001.

2000 Mathematics Subject Classification. Primary 46B20, 46B28, 47L05.

Key words and phrases. Hahn-Banach extension operators, spaces of operators, operator ideals,
Radon-Nikodym property.

The second-named author wishes to acknowledge the warm hospitality provided by Asvald
Lima and his colleagues at Agder College, where a part of this work was done in October 2000.
Her visit was supported by the Norwegian Academy of Science and Letters and by Estonian
Science Foundation Grant 4400.

(©2002 American Mathematical Society

3631



3632 ASVALD LIMA AND EVE OJA

This means that
(¢2")(Tz) = (®(2" ® 2))(T)

for all z* € X* and all elementary operators T' € B of the form T = z* @y, y € Y.
For given ® € HB(A,B) and ¢ € HB(X,Y), let us introduce

Zop ={2€ Z: (¢px*)(Tz) = (®(z* ® 2))(T),Vz* € X", VT € B}.

Then Zgy is a closed subspace of Z and we may have Zgy = {0}. One of the main
results of [9] asserts that if X* has the compact approximation property with con-
jugate operators (i.e. there exists a net (K, ) in (X, X) such that (K}) converges
to the identity Ix~ uniformly on compact subsets of X*), then for any reflexive
Banach space Z and any ¢ € HB(X,Y) there exists ® € HB(K(Z,X),W(Z,Y))
so that Zoy = Z.

In this paper, we shall look at the general situation: we shall not assume any
approximation property. We shall prove (see Theorems 1.3 and 2.3) that if a Banach
space Z has the Radon-Nikodym property and does not contain any isometric
copy of ¢1, then for every ® € HB(A, B) there exists a finite set {¢1,...,¢,} C
HB(X,Y) so that

7 =Zsogy, D1 DP1 Log,,,

and, under some additional hypotheses, there exist ¢ € HB(X,Y) and ® €
HB(A, B) so that Z = Zq>¢.

The notation we use is standard. We consider Banach spaces over the real
field R. The closure of a set A is denoted by A and its convex hull by conv A.
For a Banach space Z and r > 0, we denote Bz(0,7) = {z € Z : |z| < r},
Sz(0,7) = {2z € Z : |z|| = r}, and Bz = Bz(0,1). The set of denting points
of Bz(0,r) is denoted by dent Bz(0,r). The identity operator on Z is denoted
by Iz. By F(Z,Y), K(Z,Y), and W(Z,Y) we denote the subspaces of L(Z,Y)
of approximable operators (i.e. norm limits of finite rank operators), compact
operators, and weakly compact operators.

1. HAHN-BANACH EXTENSION OPERATORS AND SPACES OF OPERATORS

Let X be a closed subspace of a Banach space Y and let Z be a Banach space.
Let A C £(Z,X) and B C L(Z,Y) be closed subspaces such that F(Z,X) C A,
F(Z,Y)C B,and A C B.

For given ¢ € HB(X,Y) and ® € HB(A, B), we have mappings

621z X*®7 >Y*®ZC B*
and
O xegz: X ®Z— B
By definition, Zg4 is the maximal subspace of Z for which
P Iz4, = Px+g2z,,-
Thus
Zop={2€Z:2(x"Q@2) = (¢z") @z, V¥ € X"}
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Lemma 1.1. Let X be a closed subspace of a Banach space Y and let Z be a
Banach space. Let A C L(Z,X) and B C L(Z,Y) be closed subspaces such that
F(Z,X)C A F(Z,Y)C B, and AC B. Assume that ® € HB(A,B). If 1,09, . ..
are in HB(X,Y), all different, and if z; € Zay, are such that Y -, z; = 0 and
ooy llzill < oo, then z; =0 for all i € N.

Proof. Assume for contradiction that some z;, say z; # 0. For 2* € X™* we get that

0=3(2"®0)=d(z*® Zz) = Z@(x* ®z) =Y (¢ix") @ 2.

i=1

Let 2* € Z* and y € Y. Evaluating at z* ® y gives

0= ((¢sz*) ® z)(z* @)

ngl

Since this is true for all z* € Z*, we get Yo, (¢;x*)(y)z = 0.
We can repeat this argument, and then we get

o0

> ((@ix") )"z = 0,

i=1

for all m € N and all z* € X*, y € Y. But then, for every polynomial p and all
*e X*,yeY,

> p((@ia") )z = 0.

Using the Weierstrass theorem, for every continuous function f € C[—1,1] and all
z* € Bx+, y € By, we get

> I (@) W)z =0,

Since the operators ¢; are all different, we can choose x* € Bx« and y € By such
that (¢12*)(y) # (p22)(y). We now choose f € C[—1,1] such that f((d12*)(y)) =

L, f((¢227)(y)) = 0, and sup;e(_y,3y [/(¥)] = 1. Then writing az; = f((¢iz")(y)),
we get |ag;| <1 and

o0
z21 + E ag;z; = 0.
=3

Note that z1 € Zaog,, 02,2 € Zaog,, and ||z1]| + Z;’; |lazizi|| < oo. Therefore, by
the argument above, for all f € C[—1,1] and all 2* € Bx+, y € By, we have

FUra") )z + D azif((¢iz")(y))zi = 0.
1=3
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Consequently, we can find numbers aj; € [—1,1] such that for every m € N

o0
z1 + E azi -+ Amiz; = 0.

1=m-+1

This implies that [[z;] < 372 . lzill — 0 when m — oco. Hence z; = 0, and we
have a contradiction. O

Lemma 1.2. Let X,Y,Z, A, and B be as in Lemma [l If ® € HB(A,B) and
r >0, then

dent Bz(0,7) C Sz(0,7) N U Zog-
SEHB(X,Y)

Proof. Since dent Bz (0,7) = r-dent Bz and Zg, is a subspace, it suffices to consider
dent Bz. Let z € dent Bz. The proof of [9, Lemma 3.1] shows that then, for every
z* € X*, all norm-preserving extensions of z* ® z € F(Z,X)* to L(Z,Y) have
the form y* ® z, where y* € Y* is a norm-preserving extension of z*. Recalling
that ®(2* ® z) € B* is a norm-preserving extension of z* ® z € A* and using the
linearity of ®, we see that the map ¢ : X* — Y™, which assigns to every z* € X*
its norm-preserving extension y* = ¢z* € Y* satisfying

D" @) = (¢o7) @ 2,
is linear. Therefore ¢ € HB(X,Y) and z € Zgy. O

Let I be an arbitrary index set. Let Z be a Banach space and let (Z;);cr be a
family of closed subspaces of Z. We shall call Z an ¢;-direct sum of subspaces Z;,

i € I, and write

Z= Z ©17Z;

iel

if every z € Z admits a decomposition z = Zie ; % with z; € Z; (meaning that the
directed system of finite partial sums converges to z) such that |z[| = >, ||zl
and 0 = Ziel z; implies z; = 0 for all ¢ € I. Let us recall that the absolute
summability of (2;)ier (ie. > ;c;llzil| < 0o) guarantees that the family (z;)ier
cannot contain more than countably many non-zero elements. This easily implies
that every z € ) ,.; ©17Z; has, in fact, a unique representation z = ), ; z;, where
z; € Z;. It is clear that if the index set is finite, then Z is the ¢;-direct sum in the
usual sense: Z = Z1 @ ... D Z, and |z|| =Y, ||z for all z = >"1" | 2 in Z.
Theorem 1.3. Let X,Y,Z, A, and B be as in Lemma [[1l If Z has the Radon-
Nikodym property and ® € HB(A, B), then there exists {¢; : i € I} C HB(X,Y)
such that

7 = Z @1Zq>¢i.
el

If, moreover, Z does not contain any isometrically isomorphic copy of €1, then there
exists a finite set {¢1,...,¢n} C HB(X,Y) such that

7 =Zsp, D1 D1 Lag, -
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Proof. Let {¢p € HB(X,Y) : Zsy # {0}} = {¢; : i € I} and let W be the
Cartesian ¢;-product of the spaces Zog,, @ € I. Define an operator U : W — Z
by U((zi)icr) = > ;cs #i- Clearly U is a continuous linear operator with [|U]| < 1.
That U is one-to-one follows from Lemma [[T1]

Recall that Bz (0, r) = conv dent Bz (0, r) for all r > 0, because Z has the Radon-
Nikodym property.

Let z € Z, z # 0, and let € > 0. We can choose u; € conv dent Bz(0, ||z||) with
|z — ui|| < €/2. Using Lemma [I2] we can write

J(1) J(1)
ul:ZAjzj’)\j >O,Z)\j:1,ZjESZ(O, IIz]) N ( U Zq>¢).

j=1 j=1 peHB(X,Y)

Next we choose uy € conv dent Bz(0,¢/2) with ||z — u; — ua|| < €/22. Thus an
induction procedure yields a sequence u,, € conv dent Bz(0,¢/2" 1) such that z =
>0 | un. Let forn > 2

i(n) j(n)
Jj=j(n—1)+1 j=j(n—1)+1
5 €8200,6/27)N (| Zao).
$pcHB(X,Y)

Notice that 3777, [|A;z;]| < ||z + € and 2 = 3272, Ajz;. Therefore, by a re-
arrangement, we can write z = Z(;; w; with w; € Zgy, so that all ¢; are differ-
ent. But then U((w;)32;) = 2z and |(w;)52,]| = Z;’il lw;ll < ||z|| + €. Since U

is one-to-one and ||U]| < 1, this implies that [|(w;)32,]| = [|z||. Thus U is a linear
isometry from W onto Z and therefore
Z = Z P12,
il
as desired.
For the “moreover” part, let us just note that if I were infinite, then Z should
contain an isometrically isomorphic copy of /7. O

The Radon-Nikodym property is studied in detail e.g. in [6]. The Radon-
Nikodym property for a dual space W* is equivalent to the requirement that sep-
arable subspaces of W have separable duals. Thus all reflexive and all separable
dual spaces have the Radon-Nikodym property .

By a well-known distortion result of James [§] (see e.g [10) p. 97]), if Z contains
a subspace isomorphic to #1, then Z contains “nearly isometric” copies of ¢1. If Z
happens to be separable (e.g. Z = ¢1), then, by a well-known result of Clarkson
[4] (see e.g. [0, pp. 101 and 144]), Z admits an equivalent strictly convex norm.
The renormed version of Z contains “nearly isometric” copies of ¢1, but it does not
contain any isometric copy of /1.

Theorem shows, in particular, that Z = Zgg, ©1--- ®1 Zag, whenever 7 is
a reflexive Banach space and HB(A, B) # ), where A and B are arbitrary operator
spaces (satisfying some natural requirements like 7(Z, X) C A). This is to compare
with one of the main results in [0 Theorem 4.6] showing that under the hypothesis
that X* has the compact approximation property with conjugate operators, for any
reflexive Banach space Z, one has HB(K(Z, X),W(Z,Y)) # 0 and Z = Zgg.
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2. HAHN-BANACH EXTENSION OPERATORS AND SPACES OF OPERATORS
GENERATED BY OPERATOR IDEALS

Concerning the notation A and B from the previous section, it is convenient to
change our notation as follows. In this section A and B will denote closed operator
ideals in the sense of Pietsch [11]. This guarantees, in particular, that F(Z, X) C
A(Z,X) and A(Z, X) is a closed subspace of £(Z, X). This also guarantees that if
TeA(Z,X)and U € L(Zy,Z), V € L(X,Xy), then VoT oU € A(Zy, Xo). Let
us recall that, for instance, the classes of all approximable operators, all compact
operators, and all weakly compact operators are closed operator ideals.

Let us begin with an easy result which applies to arbitrary Z and A.

Proposition 2.1. Let X be a closed subspace of a Banach space Y, let Z be a
Banach space and let A be a closed operator ideal. If X is the range of a norm one
projection in X** and if X is an ideal in Y (that is HB(X,Y) # 0), then there
exist p € HB(X,Y) and ® € HB(A(Z,X), A(Z,Y)) such that Z = Zg.

Proof. Let ¢p € HB(X,Y) and let P : X** — X be a norm one projection onto X.
Define @ : A(Z, X)* — A(Z,Y)* by

(@F)(T) = F(Pody oT), FeAZX)", TeAZY)

Then @ is linear and [|®F|| < [[F[|. Since ¢z = z for all z, that is ¢y = Ix, we
have, for all S € A(Z, X),
(BPF)(S)=F(PolxoS)=F(S5),

meaning that ®F is an extension of F. Hence ® is a Hahn-Banach extension
operator.
Moreover, if z* € X* T € A(Z,Y), and z € Z, then

(@(z" @ 2))(T) = (" @2)(Poy*ly oT) = a*(PY"|yTz)
= ((y) Pa”)(Tz2) = (p27)(T'2),
where ¢ = (wl*y)* o P*. Noting that ¢ € HB(X,Y), we have Z = Zy4 as desired.
O

Let us recall that X is always an ideal in X™** because the canonical embedding
Jx+ : X* — X*** is a Hahn-Banach extension operator. But if we have a norm one
projection P from X** onto X as in Proposition[ZT] then clearly P* € HB(X, X**).

Corollary 2.2. Let X and Z be Banach spaces and let A be a closed operator ideal.
If X is the range of a norm one projection P in X**, then P* € HB(X, X**) and
there exist ® € HB(A(Z,X), A(Z, X**)) such that Z = Zgp-.

Proof. It suffices to note that if we put ¢ = P*, then wI*X** = P and the proof of
Proposition ZT will yield ® € HB(A(Z, X), A(Z, X**)) defined by

(OF)(T)=F(PoT), FeAZ X)), TeAZ X™),
and also the equality Z = Zgp«. O

The following theorem is the main result of this paper. Its proof relies on The-
orem [[3]
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Theorem 2.3. Let X be a closed subspace of a Banach space Y and let Z be a
Banach space having the Radon-Nikodym property. Let A and B be closed operator
ideals satisfying A C B. If A(Z,X) is an ideal in B(Z,Y) for all equivalently
renormed versions Z of Z, then there exist

€ HB(X,Y) and &€ HB(A(Z X),B(Z,Y))
such that Z = Zgy. Moreover, the (non-empty) subset
Fz={p€ HB(X,Y) :3® € HB(A(Z,X),B(Z,Y)) such that Z = Zs4}
of LIX*,Y*) = (Y@, X*)* is weak* compact.

Proof. Let ® € HB(A(Z,X),B(Z,Y)). By Theorem [I.3] there exists {¢; : i €
I} C HB(X,Y) such that

Z:ZEB12<1>¢“ Zq’dh‘ #{O}a i€l
icl
If I consists of only one element, then we have nothing to prove. If I contains more
than just one element, then denoting W = Zgg, and V = Zjel\{i} ®1Z¢,; for
some fixed i € I, we can write Z =W @1 V.

For every ¢ € (0,1], let Zc = (Z,]| - |lc) be the equivalently renormed ver-
sion of Z with |z|lc = (|lw|**¢ + [Jv]*t)Y*e, w € W, v € V, and let &, €
HB(A(Z:,X),B(Z.,Y)). By a theorem due to Behrends (see [I], [2l p. 8], or
[3]), a Banach space (except (R?, || - ||) which does not contain any nontrivial LP-
summand for 1 < p < 00) cannot contain nontrivial LP-summands and nontrivial
L"-summands simultanously if p # r. Since Z. contains nontrivial L!*¢-summands
(W and V), it does not contain any nontrivial L'-summand. Therefore, by Theo-
rem [[3, there exists ¢ € HB(X,Y) such that Z. = (Z¢)s. . -

Let us denote by I. : Z. — Z the identity mapping. Then ||I7!| = 1 and
el — 1 as € — 0. Define U, € L(A(Z,X)*,B(Z,Y)*) by

(O F)T) = (P F)(Tol), FeAZ X)), TeB(ZY),
where F, € A(Z., X)* is defined by
F.(S)=F(SoI "), SecAZ,X).
Then ||F|| < [|F| and [|¥ || < [[I]| < V2 for € € (0,1]. Since (V¢)ee(o,1] is a
bounded net in £(A(Z, X)*,B(Z,Y)*) = (B(Z,Y)®:A(Z,X)*)*, it has a subnet
(V) that converges weak™ to some ¥V € L(A(Z,X)*,B(Z,Y)"). Noting that
be(v) € Brix=y+) = B(Y®ﬂx*)* and by passing to a subnet, we may assume that

(¢e(r)) converges weak™ to some ¢ € Bp(x«y«). It is clear that ¢ € HB(X,Y)
because ¢,y € HB(X,Y) and

(62°)(0) = 3y ® 2°) = I By() (y © *) = (B2 (v)

for all z* € X* and y € Y. It remains to show that ¥ € HB(A(Z, X),B(Z,Y))
and Z = Zq;¢.
Consider any F' € A(Z, X)*. Since, for all T € B(Z,Y),

we get that
NE|| < limsup [[Wee) ||| F]] < Tim | L, [ E] = [1£]].
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Since for all S € A(Z, X) we also have
= lim F.(,)(S © L)) = im F(S o Iy 0 I3,,) = F(S),

we conclude that ¥ € HB(A(Z, X),B(Z,Y)).
Finally, for arbitrary «* € X*, T € B(Z,Y), and z € Z, we have

€

= liin(qbg(y)a?*)(Tle(l')[;(;)z)
_ liin(@(u)x*)(Tz) = (¢x™)(T2),

meaning that Z = Zygg4.

For the “moreover” part, let us note that the above proof shows, in particular,
that HB(X,Y) is a weak® compact subset of £(X*,Y*) = (Y&, X*)*. Therefore
if we consider a net (¢, ) in Fz together with a net (®,) in HB(A(Z,X),B(Z,Y))
satisfying Z = Zg ¢4, for all o, then by passing to a subnet, we may assume that
¢ — ¢ € HB(X,Y) and ¢, — ® € HB(A(Z,X),B(Z,Y)) with respect to the
corresponding weak™ topologies. We also have that Z = Z34 because

(®(a* ©2))(T) = lim(®@, (@ © 2))(T)
= lim(¢aa")(T2) = (¢°)(T>)
forall 2* € X*, T € B(Z,Y), and z € Z. O

Theorem 2.4. Let X be a closed subspace of a Banach space Y. Let A and B
be closed operator ideals satisfying A C B. If AW,X) is an ideal in B(W,Y)
for all Banach spaces W having the Radon-Nikodijm property, then there exists
¢ € HB(X,Y) such that, for every Banach space Z having the Radon-Nikodgm
property, there exists ® € HB(A(Z,X),B(Z,Y)) such that Z = Zg.

Proof. Let Z be the collection of all Banach spaces Z having the Radon-Nikodym
property. We need to show that ﬂZeZ Fz is non-empty. Since Bp(x«y-) =
B(Y®7r X% is compact with respect to the weak* topology and, by Theorem 23]
its subsets Fz, Z € Z, are closed, the claim follows whenever each finite subfamily
of {Fz : Z € Z} has non-empty intersection.

Consider Z1,...,7Z, € Z and denote Z = E?zl ®17;. Let I, : Z; — Z and P; :
Z — Z; be the natural embedding and projection. Since Z € Z, by Theorem 23]
there exist ¢ € HB(X,Y) and ® € HB(A(Z,X),B(Z,Y)) such that Z = Zg,. We
shall prove that

¢ () Fz.
i=1
For this, let us fix i € {1,... ,n} and define ¥ € L(A(Z;, X)*,B(Z;,Y)*) by
(VE)(T) = (®G)(To P), FeAlZ,X), TeB(Z,Y),
where G € A(Z, X)* is defined by
G(S)=F(Sol;), SeAlZX).
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Then
[WF|| < [l oG] =[Gl < [F]l
and
(VF)T)=(PG)(T o P)=G(T oR)=F(ToP,ol)=F(T)
for all F' € A(Z;,X)* and T € A(Z;,X). Hence ¥ € HB(A(Z;,X),B(Z;,Y)).
Moreover, for all z* € X*, T € B(Z;,Y), and w € Z;, we have (since Z = Zgg)
(" @ w))(T) = (Ba" © Lw))(T o P,)

= (¢2")(T'PiLiw)

= (¢2)(Tw),
meaning that Z; = (Z;)we. Consequently, ¢ € Fz,. O

We conclude with some applications of Theorem 2.4 They also use results from
the recent paper [9] by the authors.

Corollary 2.5. Let X be an ideal in a Banach space Y. Then there exists ¢ €
HB(X,Y) such that, for every Banach space Z having the Radon-Nikodym prop-
erty, there exists ® € HB(F(Z,X),F(Z,Y)) such that Z = Zpg.

Proof. This is an immediate consequence of Theorem [2:4] because F (W, X) is an

ideal in F(W,Y") for all Banach spaces W whenever X is an ideal in Y (see [9]
Corollary 2.3]). O

Corollary 2.6. Let X be a closed subspace of a Banach space Y. If K(W,X) is
an ideal in KK(W,Y') for all separable reflexive Banach spaces W, then there exists
¢ € HB(X,Y) such that, for every Banach space Z having the Radon-Nikodgm
property, there exists ® € HB(K(Z,X),K(Z,Y)) such that Z = Zg.

Proof. By [9, Theorem 4.2}, if (W, X) is an ideal in K(W,Y) for all separable
reflexive W, then it is also an ideal for all Banach spaces W. And Theorem 2.4
applies. O

Corollary 2.7. Let X be a closed subspace of a Banach space Y. If K(W, X) is an
ideal in W(W,Y") for all reflexive Banach spaces W, then there exists ¢ € HB(X,Y)
such that, for every Banach space Z having the Radon-Nikodym property, there
exists & € HB(K(Z,X),W(Z,Y)) such that Z = Zs4.

Proof. In this case, by [, Theorem 4.4], (W, X) is an ideal in W(W,Y) for all
Banach spaces W, and Theorem 4] applies. O

Corollary 2.8. Let X be an ideal in a Banach space Y. If X* has the compact
approximation property with conjugate operators, then there exists ¢ € HB(X,Y)
such that, for every Banach space Z having the Radon-Nikodym property, there
exists © € HB(K(Z,X),W(Z,Y)) such that Z = Zg4.

Proof. In this case, again, Theorem [2:4] applies because IC(W, X) is an ideal in
W(W,Y) for all Banach spaces W (see [9, Corollary 4.7]). O

In fact (through [9) Corollary 4.7]), Corollary [Z8lis also an application of The-
orem 4.6 of [9]. Let us compare these two results. Their assumptions concerning
X and Y are the same. Corollary [Z§ applies to Z having the Radon-Nikodym
property, whereas in Theorem 4.6 of [0], Z is supposed to be reflexive. On the
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other hand, Theorem 4.6 of [9] claims more: for any ¢ € HB(X,Y), there exists
® € HB(K(Z,X),W(Z,Y)) such that Z = Zg,.
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