PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 130, Number 12, Pages 3525-3535

S 0002-9939(02)06617-0

Article electronically published on May 15, 2002

ALGEBRAIC OBSTRUCTIONS AND A COMPLETE SOLUTION
OF A RATIONAL RETRACTION PROBLEM

RICCARDO GHILONI

(Communicated by Paul Goerss)

ABSTRACT. For each compact smooth manifold W containing at least two
points we prove the existence of a compact nonsingular algebraic set Z and
a smooth map g : Z — W such that, for every rational diffeomorphism
r : Z' — Z and for every diffeomorphism s : W/ — W where Z’ and
W' are compact nonsingular algebraic sets, we may fix a neighborhood U of
s7logorin C®(Z',W') which does not contain any regular rational map.
Furthermore s~! o gor is not homotopic to any regular rational map. Bearing
in mind the case in which W is a compact nonsingular algebraic set with
totally algebraic homology, the previous result establishes a clear distinction
between the property of a smooth map f to represent an algebraic unoriented
bordism class and the property of f to be homotopic to a regular rational map.
Furthermore we have: every compact Nash submanifold of R™ containing at
least two points has not any tubular neighborhood with rational retraction.

1. INTRODUCTION

This paper deals with algebraic obstructions. First, it is necessary to recall part
of the classical problem of making smooth objects algebraic.

Let M be a smooth manifold. A nonsingular real algebraic set V' diffeomorphic
to M is called an algebraic model of M. In [28] Tognoli proved that any compact
smooth manifold has an algebraic model. By virtue of this result it is natural to
wonder if a geometric object of M as a homology class « € H,(M,Z/27Z) can be
realized algebraically in some algebraic model of M. Such a question may be sub-
divided in two complementary problems: 1-total obstruction problem) find smooth
compact manifolds M and homology classes o € H,(M,7Z/27) such that, in every
algebraic model M’ of M, « is not represented by any real algebraic subset of M’;
2-constructive problem) given a subgroup G of Hy, (M, Z/2Z) for some integer k, find
an algebraic model M’ such that G corresponds to the subgroup H,?lg(M’, 7)27) of
Hi.(M',Z/27) generated by the homology classes represented by all k-dimensional
real algebraic subsets of M’. The latter problem has been investigated by Bochnak
and Kucharz in [11] and [12] (see also section 11.3 of [§]). With regard to the first
problem Benedetti and Dedo [] proved the following theorem which, in the final
analysis, even today remains the unique result regarding algebraic obstructions up
to homeomorphism.
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Benedetti-Dedo theorem. For each d > 11 there exists a d-dimensional compact
connected smooth manifold M and a homology class o € Hy_o(M,Z/27) such that,
for every homeomorphism h : M — M’ where M’ is an algebraic manifold, the
homology class h.(a) of M’ is not contained in H(‘;E’Q(M’, 7]27).

Later, Teichner [26] showed that such a result is true for each d > 6 which is the
best possible (see Theorem 11.3.12 of [§]). The Benedetti-Dedo-Teichner theorem
has the following corollary (see page 144 of [5]).

Corollary. For each d > 6 there exist a d-dimensional compact connected smooth
manifold M, a (d — 2)-dimensional compact connected smooth manifold N and a
smooth map f : N — M such that, for every algebraic model N’ of N and M’
of M, the map f viewed as a smooth map from N’ to M’ is not approximable by
regqular rational maps.

In this note, we make progress in the direction of the above obstruction corol-
lary. Before stating our main theorem (Theorem [1) and one of its consequences
(Theorem [2]), we shall specify the meaning of some notions mentioned above and
shall give other definitions.

Let V be a subset of R™, let W be a subset of R™ and let f : V — W be a map.
f is a regular rational map if, for each x € V', there are a Zariski neighborhood U
of x in R", a polynomial p : R® — R" and a polynomial ¢ : R — R such that
¢ 0)NU =0 and f =p/qon VNU. A (real) algebraic set V is a real algebraic
subset of some R™. V shall always be considered equipped with the FEuclidean
topology inherited from R™. Now let V and W be two nonsingular algebraic sets
and let f : V — W be a regular rational map. If f is a diffeomorphism when
V and W are considered as smooth manifolds, then f is said to be a rational
diffeomorphism. Let M C R™ and let M be the Zariski closure of M in R™. We say
that M is a compact strictly Nash submanifold of R™ if M is compact and M is
a union of certain nonsingular connected components of M. Obviously a compact
nonsingular algebraic subset of R™ is a compact strictly Nash submanifold of R™.

Let N and M be two smooth manifolds. We denote by C*°(N, M) the set of all
smooth maps from N to M equipped with the C*°-topology.

Let g: N — M and h : N — M be two smooth maps. We say that g is
homotopic to h if there exists a smooth map H : N x [0,1] — M such that
H(z,0) = g(x) and H(x,1) = h(x) for each z € N.

Theorem 1. For each compact smooth manifold W (respectively compact real
analytic or Nash submanifold W of R™) containing at least two points there ex-
ist a compact nonsingular algebraic set Z and a smooth map (resp. real ana-
lytic or Nash map) g : Z — W such that, for every rational diffeomorphism
r: 7' — Z where Z' is a compact nonsingular algebraic set and for every diffeo-
morphism s : W' — W where W' is a compact Nash submanifold of some R*, we
may fiz a neighborhood U of s~ o gor in C>(Z',W') which does not contain any
reqular rational map. Furthermore if W' is a compact strictly Nash submanifold of
some R¥, then s~ o g or is not homotopic to any reqular rational map.

Let V be a nonsingular algebraic set, let W be a subset of V' and let U be
an open neighborhood of W in V. A regular rational map o : U — W is a
rational retraction of U on W if p(z) = x for each x € W. We say that W has an
algebraic tubular neighborhood in V if there is a rational retraction of some open
neighborhood of Win V on W.
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Piecing together the Weierstrass approximation theorem with Theorem [ we
obtain, at once, the following result.

Theorem 2. Let W be a compact Nash submanifold of R™ containing at least
two points. Then W does not have any algebraic tubular neighborhood in R™. In
particular if U is a tubular neighborhood of W with submersive smooth retraction
0: U — W (for example the closest point map), then g is never a regular rational
map.

This result was expected. Let us explain the reasons.

Let W be a compact nonsingular algebraic set of R™ containing at least two
points. Thanks to Theorem [I] there exists a compact nonsingular algebraic set Z
such that the set R(Z, W) of all regular rational maps from Z to W is not dense in
C>(Z,W), in other words a Weierstrass-type approximation theorem for smooth
maps from Z to W is false. Notwithstanding the many existing generalizations
of the Weierstrass approximation theorem (see [9], [10], [IT], 3], [15], [16], [I8],
[20] and section 13.3 in [8]), in general, there are well-known obstructions to the
possibility of approximating a smooth map from a compact nonsingular algebraic set
to W by regular rational maps. In view of the classical Weierstrass approximation
theorem, these algebraic obstructions prevent the existence of algebraic tubular
neighborhoods of W in R™.

Let us recall the main above-mentioned obstructions. We suppose that there ex-
ists an algebraic tubular neighborhood of W in R™. Using the Steenrod representa-
bility theorem [27], Tognoli’s theorem (see Teorema 3 of [28] or Theorem 14.1.10 of
[8]) and the existence of an algebraic tubular neighborhood of W in R™, it is easy to
see that W has totally algebraic homology, namely Hy(W,Z/27) = H,Zlg(VV, 7.]27)
for every integer k. However in literature there exists a large quantity of examples
of compact nonsingular algebraic subsets W of some R™ without totally algebraic
homology and hence without algebraic tubular neighborhoods in R™ (see [4], [5l,
[, [11], @4, [17], [19], [22], [23], [24], [26] and section 11.3 in [§]). When W is not
connected, the obstruction to the existence of algebraic tubular neighborhoods of
W in R™ is obtained in Théoréme 2 of [29] making use of a property of the degree
of certain regular rational maps (see Lemma 1.2 of [6], see also section 5 of [4]).
Finally, Theorem[2 says that the unique compact Nash submanifold W of some R™,
which has an algebraic tubular neighborhood in R™ is the single point.

In Section 4 we will present two applications of our results and in Section 5 we
will briefly investigate the problem of when there exists a “local algebraic tubular
neighborhood”.

2. VARIANTS OF SOME REMARKABLE RESULTS

Let P be a compact smooth manifold, let M be a compact nonsingular algebraic
set and let ¢ : P — M be a smooth map. The unoriented bordism class § of ¢ is
algebraic if B is also represented by a regular rational map ¢’ : P’ — M where P’
is a compact nonsingular algebraic set.

We are interested in the following version of the Benedetti-Dedo-Teichner theo-
rem.

Theorem 3. For each d > 6 there exist a d-dimensional compact connected non-
singular algebraic set M, a (d — 2)-dimensional compact connected nonsingular al-
gebraic set N and a smooth map f: N — M such that, for every diffeomorphism
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a: M — M where M’ is a nonsingular algebraic set, the unoriented bordism class
of a=lo f is not algebraic. In particular the following assertion is false: there exist
diffeomorphisms b: N' — N and ¢ : M’ — M where N’ and M' are nonsingular

algebraic sets and a reqular rational map f': N' — M’ such that [’ is arbitrarily
close to c™t o fob in C®(N', M’).

Proof. Tt suffices to repeat the proof of Theorem 2 in [5] (page 150) also using
Tognoli’s theorem mentioned above. O

In the paper [2], Akbulut and King give a complete topological classification
of all real algebraic sets with isolated singularities. One of the basic tools used to
obtain this classification is a result which allows us to approximate a smooth map f
between compact nonsingular algebraic sets by regular rational maps after slightly
modifying the source of f. More precisely we are referring to Lemma 2.4 of [2] (see
also Proposition 2 of [3]). We need such a lemma in the following form.

Lemma 4. Let N be a compact Nash submanifold of R™, let M be a compact Nash
submanifold of R™ and let f : N — M be a smooth map. Then there are a
compact Nash submanifold Z of N x R™, an open subset Zy of Z and a regular
rational map P : Z — M such that: if 1 : N X R™ — N 1is the natural projection,
then |z, : Zo — N is a Nash isomorphism and P|z, is arbitrarily close to fom|z,
in C*(Zy, M). Moreover if both N and M are compact nonsingular algebraic sets,
then Z is a compact nonsingular algebraic set also.

Proof. We give a proof. By the Weierstrass approximation theorem, we may fix a
polynomial map g : R — R™ such that g|y is arbitrarily close to f in C°°(N,R™).
Let U be a tubular neighborhood of M in R™ and let 9o : U — M be the closest
point map. We may suppose g so close to f on N that g(N) C U and the distance
from each point of g(NN) to M is less than p for some p > 0.

Let M := {(y,v) € M xR™ | v is orthogonal to T,,(M)} be the embedded normal
bundle of M in R™, let v : N x R™ — R™ x R™ be the regular rational map
defined by v(z,v) := (g9(x) + v,v) and let Z := y~1(M). Let us briefly study
the set Z. Obviously Z is a Nash subset of N x R™. Z is also compact, in fact
it is bounded in N x R™: N and M are compact so g(N) and M are contained
in a ball of R™ centered in the origin with a certain radious R, in particular if
(x,v) € Z, then |v] < |g(x) + v| + |g(z)] < 2R where |v| is the usual norm of
v in R™. Now we show that v is transverse to M so Z will be a compact Nash
submanifold of N x R™ having dimension equal to (dim N 4+m)+m —2m = dim N.
Let (z,v) € Z and let y := g(z) + v € M. By definition of M we have that
T(y,0) (M) = Ty(M) x T,- (M) C R™ x R™ where T;-(M) is the vectorial subspace
of R™ orthogonal to Ty(M). It is easy to verify that dvy( ) (T(z,.)(N x R™))
contains the diagonal A, of R™ x R™ and A, N (T,,(M) x T;-(M)) = {(0,0)} so
V(@) (T(z,0) (N X R™)) + Ty ) (M) = R™ x R™ as desired. Now let w: N — M
be the smooth map defined by po g and let P : Z — M be the regular rational
map defined by P(z,v) := g(x) + v. The open subset Zy := {(z,v) € Z||v]| < p}
of Z is the graph of the smooth map (w—g) : N — R™, hence 7|z, : Zp — N is
a Nash isomorphism. We observe that Po (7|z,)"!(z) = P(z,w(z) — g(z)) = w(z)
for each © € N so P|z, = wo|z,. If g is close to f, then w is close to g and so w
is close to f. In particular P|z, = wo 7|z, is close to f om|z, in C*(Zy, M) as we
want. O
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We shall also need a Nash version of Theorem 4 of [3].

Theorem 5. Let N be a compact nonsingular algebraic set, let M be a compact
strictly Nash submanifold of R™ and let f : N — M be a smooth map which is
homotopic to a regular rational map. Then there are a compact nonsingular alge-
braic set N', a regular rational map R : N' — M and a rational diffeomorphism
¢ : N' — N such that R is arbitrarily close to f oy in C°(N', M).

Proof. Let M be the Zariski closure of M in R™. By definition, M is compact and
M is a union of some nonsingular components of M. Using Hironaka’s resolution
theorem, we may suppose M to be nonsingular and hence we may apply Theorem 4
of 3] to f : N — M, completing the proof. O

3. PROOF OF THE THEOREMS

Proof of Theorem [1

First step. Let W be a compact smooth manifold containing at least two distinct
points w and y. Let f: N — M be as in Theorem [3l Suppose N C R™ and M C
R™. By Tognoli’s theorem there exist a compact nonsingular algebraic set W and
adiffeomorphism1/):W—>W. Leth:NxW—>Nand7rW:N><W—>W
be the natural projections and let F : N x W — M be the smooth map defined
by fomy. Applying Lemma [] to F we obtain a compact nonsingular algebraic
subset Z of (N x W) x R™, an open subset Zy of Z and a regular rational map
P:Z — M such that if 7 : (N x W) x R™ — N x W is the natural projection,
then 7|z, : Zo — N x W is a Nash isomorphism and P|z, is arbitrarily close to
F oz, in C*(Zy, M). In particular Z is the disjoint union of Z, and a compact
subset @ of (N x W) x R™. Let us define the map g : Z — W as follows:
g:=vYomyom|z on Zyand g(z) =y if z € Q. The map ¢ is a smooth map and,
since 7y is transverse to the point {1)~!(w)}, ¢ is transverse to {w} also.

Second step. Let r : Z/ — Z and s : W' — W be as in the statement of the
theorem. Let w’ := s~!(w) and define ¢’ : Z' — W' by s logor. By [ZI] we may
choose w € W in such a way that w’ is a nonsingular point of the Zariski closure
of W'. The map ¢’ is transverse to {w'} so

N' = () M) = 7 rlz) OV x )

is a smooth compact submanifold of Z’. Suppose ¢’ is approximable by regular
rational maps in C*°(Z’,W') and pick a regular rational map ¢"” : 2/ — W’
close to ¢’. If g” is sufficiently close to ¢’, then ¢’ is again transverse to w’,
N" = (¢")~1(w') is a compact nonsingular algebraic subset of Z’ and there exists
a diffeomorphism H : Z' — Z' arbitrarily close to the identity such that H(N") =
N’ (see Theorem 20.2 of [1]). Let h : N — N’ be the diffeomorphism defined by
h:= H|n,let b: N” — N be the diffeomorphism defined by b := my om|z,oroh
and let f/ : N — M be the regular rational map Por|y~. Since P can be chosen
arbitrarily close to F o7 on Zy, it follows that f” is as close to Fomroroh =
foryomoroh= fobas we want. This is impossible thanks to the last part of
Theorem Bl It follows that ¢’ cannot be approximated by regular rational maps.

Third step. Let us prove that if W' is strictly Nash, then ¢’ is not homotopic to
any regular rational map. Suppose on the contrary that ¢’ is homotopic to a regular
rational map. By Theorem Blapplied to ¢’ we have a compact nonsingular algebraic
set Z", a regular rational map R : Z” — W' and a rational diffeomorphism ¢ :
7" — Z' such that R is arbitrarily close to g’op in C°(Z"”, W'). If R is sufficiently
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close to ¢’ o p, then R is transverse to w’ (because ¢’ o ¢ is), N := R~ (w')
is a compact nonsingular algebraic subset of Z” and there is a diffeomorphism
H' : 7" — Z" arbitrarily close to the identity such that H'(N") = ¢~ 1(N’)
(again use Theorem 20.2 of [1]). Let b’ : N — o~ 1(N’) be the diffeomorphism
defined by b’ := H'|yw, let b : N — N be the diffeomorphism defined by
b :=nmyom|z,oropoh’ and let f” : N — M be the regular rational map
defined as the composition P o r o ¢|n~. We have that f is arbitrarily close to
Fomorogpoh' = folb and so the last part of Theorem Blis again contradicted.
Final remark. We conclude the proof by making an observation about the first
step. If W is a compact real analytic (Nash) submanifold of some R™, then g may
be replaced by a real analytic (Nash) map sufficiently close to ¢ (this is always
possible because the set of all real analytic (Nash) maps from Z to W is dense in
C>(Z,W)). With few changes the rest of the proof still works. O

Remark 6. Theorem [I] cannot be improved. Let us explain in which sense. First,
we state Proposition 2.8 of [2] in a particular case.

Proposition 2.8 ([2]). Let N and M be two compact nonsingular algebraic sets
and let f: N — M be a smooth map. Suppose M has totally algebraic homology,
namely H,?lg(M, 7/27) = Hi,(M,Z/2Z) for each integer k. Then there are a com-
pact nonsingular algebraic set N', a diffeomorphism ¢ : N' — N and a reqular
rational map P : N' — M such that P is arbitrarily close to fot in C°(N', M).

Let W be a compact nonsingular algebraic set with totally algebraic homology
containing at least two points and let g : Z — W be as in Theorem [l Applying
the previous version of Proposition 2.8 of [2] to g we obtain a compact nonsingu-
lar algebraic set Z’, a diffeomorphism r : Z’ — Z and a regular rational map
f"+ Z" — W such that f’ is arbitrarily close to g o r in C*°(Z’,W). This fact
tells us that in the statement of Theorem [1] we cannot replace “for every rational
diffeomorphism r : Z' — Z” with “for every diffeomorphism r : Z' — Z”. Fur-
thermore, it is well-known that with such choice of W the unoriented bordism group
of W is algebraic. In this way, Theorem [I] establishes a clear distinction between
the property of a smooth map f to represent an algebraic unoriented bordism class
and the property of the map f to be homotopic to a regular rational map.

This remark may also be seen from the point of view of Proposition 2.8 of [2]
saying that in such a proposition the diffeomorphism 1) : N’ — N in general is
not a regular rational map.

Proof of Theorem [A Let W be a compact Nash submanifold of R™ containing at
least two points and let g : Z — W be as in the statement of Theorem [l Con-
sider g as a Nash map from Z to R™. Let us suppose that there exist an open
neighborhood U of W in R™ and a rational retraction o : U — W on W. By the
Weierstrass approximation theorem we may fix a polynomial map P : Z — R™
arbitrarily close to g in C°°(Z,R™). If P is sufficiently close to g, then P(Z) C U
and the regular rational map po P : Z — W is close to g in C°(Z,W) as we
want. This contradicts Theorem [ O

4. SOME APPLICATIONS

In this section we will present two applications of our results. The first concerns
an obstruction to improve the Artin-Mazur Theorem and the second regards an
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obstruction to embed birationally in R¢ certain open subsets of an ample class of
e-dimensional algebraic fiber bundles.
Let us recall the Artin-Mazur Theorem (see Theorem 8.4.4 of [§]).

Artin-Mazur Theorem. Let Y be a d-dimensional connected Nash submanifold
of RP and let f :' Y — R™ be a Nash map. There exists a d-dimensional non-
singular irreducible algebraic subset V. of RP x RF for some integer k, an open
semialgebraic subset Y' of V and a polynomial map P : V — R™ such that if
7w : RP x RE — RP s the natural projection, then w|y: : Y' — Y is a Nash
1somorphism and P = fom on Y'.

A question arises: Can we take Y/ = V?

The next proposition gives a negative answer. In particular for each m there are
Nash maps f from compact connected Nash submanifolds Y to R™ such that if Y’
and V satisfy the Artin-Mazur Theorem applied to f, then Y’ is different from V.

Proposition 7. For each non-void compact connected Nash submanifold W of R™
there are a compact connected Nash submanifold Y of some RP and a Nash map
n:Y — W such that the following assertion is not true: there exist a compact
nonsingular algebraic set Y', a rational diffeomorphism ¢ : Y' — 'Y and a regular
rational map R :'Y' — W such that R = no . In particular if V, Y’ and P
satisfy the conclusion of the Artin-Mazur Theorem applied to n, then Y £ V.

Proof. The proof is similar to the one of Theorem [l Let f : N — M be as in
Theorem [3. Repeat the first step of the proof of Theorem [ with W := W. We
obtain a compact Nash submanifold Z;, a Nash isomorphism 7 : Zy — N x W and
a regular rational map P : Zy — M such that P is arbitrarily close to fonyom
in C*(Zy,M). DefineY := Zy and n : Y — W by mw ox. Since N and W
are connected, it follows that Y is also connected. Suppose that there exist a
compact nonsingular algebraic set Y, a rational diffeomorphism ¢ : Y/ — Y and
a regular rational map R : Y’ — W such that R = no . Fix w € W as in the
second step of the proof of Theorem [[l with s equal to the identity on W. Observe
that 7 is transverse to {w} so R is transverse to {w} also. Let N’ := R~1(w).
N’ is a compact nonsingular algebraic subset of Y’. Let b : N’ — N be the
diffeomorphism 7 o o ¢|ns and let ' : N’ — M be the regular rational map
Poy|n/. Since P may be chosen arbitrarily close to fomryomin C*(Zy, M), we have
that f’ is close to fobin C°°(N’, M) as we want. This contradicts Theorem 3l [

If W consists of a single point, then the above proof gives the following result:
for each d > 4, there is a d-dimensional compact connected Nash submanifold Y
of some RP such that if Y' is an algebraic model of Y and ¢ : Y — Y is a
diffeomorphism, then v is never a regular rational map.

Let us proceed with another application.

Let E be an e-dimensional abstract algebraic manifold and let U be an open
subset of E. We say that U can be birationally embedded in R if there exist an
open subset U’ of R® and a regular birational isomorphism from U to U’, namely a
regular rational map ¢ : U — U’ having a regular rational inverse ¢~ : U’ — U.

Let W be a nonsingular algebraic set. A topological fiber bundle 7 : F — W
over W is algebraic if E is an algebraic abstract manifold and 7 is a submersive
regular rational map.
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Proposition 8. Let W be a compact nonsingular algebraic subset of R™ containing
at least two points, let w1 : E — W be an algebraic fiber bundle over W, let
o: W — E be a reqular rational section of m and let U be an open neighborhood
of c(W) in E. If dim(E) = e, then U cannot be birationally embedded in R®.

In particular the following is true.

Let E := {(z,v) € W x R™ | v is orthogonal to T,(W)}, let m: E — W be the
normal bundle of W in R™ and let 0 : E — R™ be the polynomial map defined
by O(x,v) := x + v. By the Tubular Neighborhood Theorem there are an open
neighborhood Uy of the zero section of m in E and an open neighborhood U of W
in R™ such that 0|y, : Uy — U is a rational diffeomorphism. Then (0]y,)™" is
never a reqular rational map.

Proof. If there would exist a birational map ¢ : U — U’ where U’ is an open
subset of R¢, then the map o : U’ — po o (W) defined by oo omop~t would be
a rational retraction from U’ on the compact nonsingular algebraic subset oo (W)
of R°. Now poo (W) contains at least two points, so Theorem 2lis contradicted. [

For other algebraic obstructions of the same kind we refer to [6] and [7].

5. FINAL REMARKS ABOUT RATIONAL RETRACTIONS

In Theorem [2] we proved that the problem regarding the existence of algebraic
tubular neighborhoods of a compact nonsingular algebraic subset W of R™ is solva-
ble only when W is a single point. In this section we will study briefly the existence
of local rational retractions on W.

First, let us give a definition. Let V' be a nonsingular algebraic set, let W be a
subset of V' and let p be a point of W. We say that W has a rational retraction
locally at p in V if there exist an open neighborhood U of p in V and a rational
retraction of U on U N W. The following is a simple result.

Proposition 9. Let R be a polynomial of Rlx1, ... ,x,] of degree less than or equal
to 2, let V:= R7Y(0) and let p € V such that the differential dR, of R at p is not
null. Then V' has a rational retraction locally at p in R™.

Furthermore the following is true. Let q be a point of V. Suppose the degree
of R to be exactly 2 and write R(x) = Ry(x — q) + Ra(xz — q) where each Ry, is
a homogeneous polynomial of R[z1,... ,xy,] of degree k. Let Cy be the cone of R"
with vertex q defined by Cy := {x € R"|Ri(x — q) - Ra(x — q) = 0}. If V is not
contained in Cy, then the map g, : R* \ Cy — V' \ Cy defined by

Rz —q)
Ro(z —q)
is a rational retraction of R\ Cy on V' \ Cy.

op(w) =g~ (z—q)

Proof. Using an affinity if needed we may suppose that p is equal to the origin 0 of
R™ and the Zariski tangent space of V" at 0 is {z € R™ |z, = 0} which we identify
with R?~!. If V coincides with R"~! locally at 0, then the natural projection
7 : R — R™~! suitably restricted locally at 0, is a desired rational retraction.
Now suppose V to be different from R™~! locally at 0. By this hypothesis we
may pick a point ¢ € V' \ {0} arbitrarily close to 0 such that the straight line r
containing ¢ and 0 does not lie completely in V' (otherwise V = R"~! locally at 0).
We write R(z) = Ri(z — q) + Ra(z — ¢) and define C; and g, as in the second
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part of the statement. The map g, is a rational retraction of R” \ Cy on V' \ Cj.
In fact, R(oq(x)) = 0 and gq(x) € C, for each x € R™ \ Cy; moreover gq(x) =
for each x € V '\ Cy. It remains to be proved that 0 ¢ Cy so g, will turn out to
be a desired rational retraction. The straight line r is the image of v : R — R”
defined by ~(t) := ¢ — tq. By assumption » ¢ V so the polynomial equation
0 = R(y(t)) = t>Ra(—q) +tR1(—q) must have a finite number of solutions in ¢ which
are t =0 and ¢t = 1. It follows that Re(—q) = —R1(—q) # 0 and so 0 ¢ C,. O

In the previous proposition if V' is a (n—1)-sphere S of R™ and R is the standard
quadratic polynomial equation of S in R"™, then it is easy to verify that, for each
q € S, the cone Cj is exactly the tangent space of S at ¢. In particular SNCy, = {¢}
and so S\ {¢} has an algebraic tubular neighborhood in R™.

Let us make another observation about Proposition @l Let V' be the vanishing

set of a polynomial R € R[zy,...,z,] of degree d > 2 and let ¢ € V such that
R can be written as follows: R(z) = Rq—1(z — q) + Ra(x — q) where each Ry, is a
homogeneous polynomial of R[x1, ... ,z,] of degree k. Under these hypotheses the

second part of Proposition[d remains true with C;, and g, defined as above replacing
R; with R4_1 and Ry with Ry.

Let us conclude with an obstruction result.

A 1-dimensional nonsingular real algebraic subset of R™ (respectively RP") is
called an affine (projective) real algebraic curve of R™ (resp. RP™). Let C be an
affine (projective) real irreducible algebraic curve of R™ (resp. RP™). By Hironaka’s
resolution of singularities theorem there exists a projective complex irreducible
curve C¢ defined over R such that C is regular birational isomorphic to a Zariski
open subset of the set of all real points Cc(R) of Cc where Cc(R) is viewed as a
projective real algebraic curve. Since Cg¢ is unique up to birational isomorphism
over R, we may define the genus g(C) of C as the genus of C¢. Moreover we
recall that every regular rational map r : C — D between affine (projective) real
irreducible algebraic curves of R™ (resp. RP") admits a unique complex regular
rational extension r¢ from Cg¢ to Dc.

Proposition 10. Let C' be an affine (projective) real irreducible algebraic curve
of R™ (resp. RP™) such that g(C) > 0. Fiz a point p of C. Then C does not have
any rational retraction locally at p in R™ (resp. RP™).

Proof. Since the problem is local, it suffices to consider the affine case. Assume that
there is a rational retraction ¢ from an open neighborhood U of p on C. Observe
that, by hypotheses, it follows that n > 2. After an affinity of R™, we may suppose
that p is equal to the origin 0 of R™ and the Zariski tangent space of C' at 0 is
Ry, ={zeR" |z =... =2, =0}. Let Ry, ={x €eR" |23 =... =2, =0}
and let m : Ry 4, — Ry, be the natural projection. Since p(x) = x for each
x € UNC and R, is the Zariski tangent space of C' at 0, it is easy to establish
that Q|UQR$1 :UNR,, — Cis a local diffeomorphism at 0. Let € > 0 such that
the image under 7 of the circle S! := {(z1,72) € Ry, | #7 + 23 = €2} is contained
in UNR,,. The regular rational map r : S — C defined by r := go 7|51 turns
out to be well-defined and nonconstant. Let rc : (S!)c — Cc be the complex
extension of r. Since r¢ is not constant, by the Riemann-Hurwitz formula we have
that g(C) < g(S!) = 0, which contradicts our hypotheses. O
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We refer to [15] and [16] for other results derived from techniques similar to the

one used in the previous proof. For the problem of the existence of “local Nash
tubular neighborhoods” in the complex case we refer to [25].
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