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ABSTRACT. The initial-boundary value problems are considered for the
strongly coupled degenerate parabolic system
us = vP(Au + au),
v = ud(Av + bv)

in the cylinder Q x (0, c0), where @ C RY is bounded and p, q, a, b are positive
constants. We are concerned with the global existence and nonexistence of the
positive solutions. Denote by A1 the first Dirichlet eigenvalue for the Laplacian
on . We prove that there exists a global solution iff A1 > min{a, b}.

1. INTRODUCTION
This paper investigates the global existence and nonexistence of the positive
solutions of the strongly coupled degenerate parabolic system
1 uy = P (Au + au),
(L.1) vy =ul(Av+bv), in Qr=0Q2x(0,7T)
with the first initial-boundary condition
U|8Q = 07 U|8§2 = 0)
(1.2) )
u(z,0) = uo(x), v(z,0) =wve(x), in ,
where Q € RY is bounded and p, ¢, a, b are positive constants.
In the past twenty years, the degenerate parabolic equation
up = uP(Au+u), in Qp,
(1.3) ulpg =0,
u(z,0) = up(z), in Q
has been studied intensively by many authors. Friedman and McLeod [7] inves-

tigated the blow-up property of the positive solutions of (I.3)) with p = 2. They
showed that:

(1) If Ay > 1, there exist global nontrivial solutions;

(2) If A1 < 1, no solution is global (if ug # 0);

(3) In case (2), the blowup set S has positive measure.
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Recently, (1) and (2) have been extended to the problem (I3) with p > 1 (see [20]).
Moreover, it is shown that

(4) A1 =1 belongs to the global existence case.
If p < 1, (E3) corresponds to the porous media equation. Galaktionov [9] pointed
out that this problem has a critical property. Later Pucci and Serrin [17] proved
that (1) and (2) hold for its positive solutions. Furthermore, Sacks [18] showed
that (4) also holds. Passo and Luckhaus [I5] studied (1.3) with p = 1. They
showed that there is no uniqueness of its weak solutions. All these results reflect
the statement, emphasized in [12], that large domains (A\; < 1) are more unstable
than small domains (A1 > 1).

Early in the 1980s, Galaktionov et al. [10], [I1] studied the porous media system

u = AultV + 0,

(1.4) - 5.
v =AvF+uP in Qp
with the condition (.2). They proved that o5 = (1+v)(1+p) is a critical exponent
(see also [12]). But this situation is not as clear as it is for (L3). However, if
a=1+pand 6=1+v, (1) and (2) hold. Duan and Zhou [5] studied (), (C2)
of one dimension. It is proved that if A; > max{a, b}, then there exists a global
positive solution, and if A\; < min{a,b}, then no positive solution is global and in
this case (3) holds.

In this paper we will also go along the thread to investigate the critical exponents
of (L)), (C2Z). It might be expected that the critical exponents are combinations
of a and b. We are particularly concerned with the dependence of the critical
exponents upon these parameters.

Throughout this paper, Q2 € C?T® is assumed to satisfy the outside strong
sphere property (see [8, p. 69]) and

uo(x), vo(z) € CHQ), wo(z), vo(xr) >0, in Q
uo(z) = vo(x) =0, JAug/On,Ovy/On <0, on IN.

Definition 1.1. A positive solution of (L)), (L2) is a vector function (u,v) €
C(Q7) N C*1(Q7), positive in Q7 and satisfying (1), (T2).

(H1)

A crucial role is played here by the first eigenvalue of the Dirichlet problem
—A¢(x) = Ap(xz), in Q,
(15) (x) ()
¢(x) =0, on ON.

Denote by A1 the first eigenvalue and by ¢(z) the corresponding eigenfunction with
the normalization ¢(z) > 0 in Q and maxqg ¢(z) = 1. A simple argument with the
Rayleigh quotient shows that A1 increases as the size of the domain decreases (see
[2, Chap. 6]).

Our main result is:

Theorem 1.2. Assume that (H1) holds. Then there exists a global positive solution
of ), (CZ) iff A1 > min{a,b}.

To our knowledge, the local existence theory of such a strongly coupled degener-
ate parabolic system is not established. Since the comparison principle (see [I6]) no
longer holds generally for the strongly coupled system, we have no monotonicity as
to n of the positive solutions (u,, vy) of the regularized systems (ZZ)) in Section 2,
which is the main difficulty. For the proof of the local existence with monotonicity,
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see [I], [7] and [20]. The outline of proving the local existence is the following. By
a modified comparison principle, the positive solutions of the regularized problems
can be shown to have uniform upper and lower bounds. Such uniform bounds en-
able us to have an interior uniform C“-estimate (see [I3] Theorem 3.1, p. 582]),
which can be used to obtain an interior uniform C?*“-estimate (see [8, Theorem
5, p. 64]). Now, appealing to the Ascoli-Arzeld theorem, we have a vector function
(u,v) € C*HQ'), Q" CC Qr, which satisfies (IT)) in Q’. Next, we extend such
obtained (u,v) from Q' to Q7 step by step and (u,v) € C?1(Qr) satisfies (LI) in
Qr. A diagonal procedure implies that there exists a subsequence, also denoted by
{n}, such that lim, o (tn, vs) = (u,v) in C*1(Q7). Independently we prove that
(u,v) also satisfies the initial-boundary condition (IZ). Thus, (u,v) is a positive
solution of (L)), (L2).

This paper is organized as follows. Section 2 establishes the local existence
theory, Section 3 investigates the global nonexistence and in Section 4 we prove the
global existence.

2. LOCAL EXISTENCE

In proving the local existence for degenerate parabolic equations, there are three
different approaches (see [I, p. 113]). We will modify the boundary conditions
rather than the differential equations. Introduce, for n = 1,2,---, the following
regularized system:

Unt = fn(0n)(Au, + auy),
Unt = gn(un)(Avy, +bvy,), in Qr,

2.1
( ) un|aQ:1/n, vn|aQ:1/TL,
Un(2,0) = up(x) + 1/n, wvy(x,0) =vo(z) +1/n, in Q,
where
o ’Uﬁ, Uy 2> 1/”7 o ’U,%, Uy = 1/%,
Fnlvn) = { (I/n)P, vp < 1jm, In(tn) = { (1/n)1, up < 1/n.

By the classical parabolic theory (see [13] or [21]), under (H1), (21l) has a unique
positive solution (uy, v,) € C(Qr)NC?1(Qr) for 0 < T < T}, where T is the max-
imal existence time. By a direct computation and the classical maximal principle
(see [16, Theorem 13, p. 190]), up, v, > 1/n. Hence, (un,vy,) satisfies

0o Unt = VE (Auy, + auy),

(2.2) Unt = uld (Av, +bvy,), in Qp

with the corresponding initial and boundary condition.
We give two comparison principles frequently used in the following.

Lemma 2.1. Assume that a;(z,t),b;(z,t),c;(x,t) and d;(z,t) are bounded contin-
uous functions and a;(z,t),b;(x,t) > 0,i = 1,2. If a bounded vector function
(w,s) € C(Qr) NC?L(Q7) satisfies

wr > a1 Aw + bis + crw + dyws,

st > agAs + bow + cos + dows, in Qrp,
2.
(2:3) wlan > 0, slan > 0,
w(x,0) >0, s(x,0) >0, in .

Then w,s > 0 in Q.



3664 YUXIANG LI, WEIBING DENG, AND CHUNHONG XIE

Proof. Since (w, s) is bounded, a careful examination of the proof of the classical
maximum principle (see [16, Theorem 13, p. 190]) shows that this lemma is true in
spite of the degeneracy of (Z3). O

Proposition 2.2. Assume that (u,v) and (u,v) € C(Qr) N C%1(Q7) satisfy ()
and

Ulpa > ulsq, Tlaa = vlaq,
u(z,0) > u(z,0), v(x,0) > v(x,0), in .

If either of them is nondecreasing in t, then
(ﬂa E) > (Ha Q)v in QT'
Proof. This proposition is a direct consequence of Lemma 1] O

Now we construct a uniform upper bound for (uy,,v,). Consider the system
uy = 0P (A + au),

vy = w1(Av 4+ bv), in Qp,

uloo = f(t), vlaa = g(t),

u(z,0) =0, v(x,0) =0, in Q.

(2.4)

We choose § = maxg up + maxgvg + 1 and assume

f(t),9(t) € C>([0,00)), f'(t),4'(t) >0,
(H2) f(0) = g(0) =0,

F'(0) = af?*t, g'(0) = b7
By the classical parabolic theory, under (H2), ([24)) has a unique classical solution
(w,7) € C*HPIHB/2(Qr), where 0 < f < 1 and 0 < T < T*, T* is its maximal
existence time. We also have 4,7 > 6. From [8 Theorem 12, p. 75], (tUtt,Vst)
exists in Q. Differentiating (2:4) with respect to ¢ and combining with (H2), we

obtain a system like (2:3)). Lemma 2] implies that u; > 0,7; > 0 in Q7. Hence by
Proposition [2:2] and the choice of 6, we have

(2.5) (Un,vn) < (@,0v), in Qp

foralln>1and 0< T < T+ Clearly Ty > T* for all n.

Next we give a uniform lower bound. As in [5], let @ = 0 = k¢(z)e™ P, where
¢(x) is the first eigenfunction of (), £ > 0 is small such that ug,vg > ko(x).
Fix T' € (0,T*). Choose p > Aj supg—-(u? + o). A direct computation yields that
w=u, —U,s = v, — 0 satisfy

wy = vE (Aw + aw) + koe " (p — (A1 — a)vP)
> v (Aw + aw),
st > ul(As+bs), in Qrp.
Lemma 2T implies that
(2.6) Up, Vp > ko(x)e™ P, in Qr.
Combining (ZH) and (Z6), we have for fixed T € (0,T%),
(ke " kpe ") < (un,vn) < (W,0), in Q.
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In the following, we employ the so-called extension method outlined in Introduc-
tion to prove that there exists a vector function (u,v) € C21(Qyp), 0 < T < T*,
satisfying (IJ)) in Q7. In proving this we need the following regularity. Denote by c;
different constants depending on 7" and M, but not on n, where M = maxg_(u+7).
Denote by «; different constants in (0, 1).

Lemma 2.3. u,,v, € V;"°(Qr) (see [I3] p. 6]).

Proof. We only give the details for u,. Multiplying the first differential equation
of (Z2) by unt/vE and integrating over O, 0 < t < T, we get

2
/ U—thxdT = / Unt (Auy, + auy)dzdr
Q4 Q

Un,
1 2 2 a 2
< (IVuo|® — |Vuy|*)dx + usdx.

2 Ja 2 Jo

Hence,
/ |V, |2 de < c;.
Q

Integrating over [0,T] again, we have

/ |Vun|2da:d7 < co.
Qr

By the definition of V;*°(Q7r), we have

lan oy = X [ (D)l + [Vt ll2.0r < cs.

0<t<T

This lemma is proved. O

Let
Q= {x € Q: dist(z,00) > 1/1},
Q=N x (1/1,T —1/1).
Without loss of generality, we choose [ = 1,2,---. Hence, we have
O CC g1, =05 Q1 CC Quy1, Qoo = Q7.
Due to (2.6)), we have
Un, U > ko(x)e P >0, in Q.

Clearly, o depends on T" and [, but not on n. From Lemma, [2.3] and applying the
interior C*-estimate on the compact subset Q;,; of Q42 (see [13} Theorem 3.1, p.
582]) we obtain
(o1) (1)
|u"|§l+1’ |Un|§l+1 = Cg.
Also applying the interior C?*“-estimate on the compact subset Q; of Q41 (see [8]
Theorem 5, p. 64]), we have

24 24
|un|(§l oz2), |Un|(§l o) < cs.
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In the above procedure let [ = 1, then we have
(2+as) (2+as)
|Un|§1 ’ |’Un|§1 = -

Then the Ascoli-Arzela theorem implies that there exist a subsequence {n } and
a vector function (u!,v!') € C?1(Q,), such that

(2'7) klingo(um,kvank) = (ulvvl)v in 0271(61)

and (u!,v!) satisfies (CI)) in Q.
Similarly for the case | = 2, there also exist a subsequence {nz 1} C {ni %} and
a vector function (u?,v?) € C?1(Q,), such that

B (g 1 0y,) = (@207), in CH(@y)

and (u2,v?) satisfies (CI)) in Q. B
Since {ngk} C {n1x}, the uniqueness of the limit ([27) in ), implies
(ulavl) = (u2,v2)|§1, in C2’1(@1)'

Thus, we extend the vector function (u',v') € E’Q’l(@l) to a vector function
(u?,v?) € C?1(Q,) and (u?,v?) satisfies (I in Q,. For convenience, we still
denote (u’,v?) by (u,v) .

Step by step, we obtain a vector function (u,v) € C*(Qr) satisfying (L)) in
Q7 and a series of subsequences

{niky D {new}t > D {mgy Do,
such that

lim (un, ,,Vn, ;) = (u,v), in 02’1(61).

k—oo

By a diagonal procedure, we clearly have a subsequence {ny ,} and

(2.8) kliﬂngo(unk,k,vnk’k) = (u,v), in C*Y(Qr).

From (2.6), 28), we also have

(2.9) u,v > ké(z)e P, in Q.
Define

ulan =0, v|aq =0,
U({E, O) = UO(x)a ’u(:c, O) = UO(x)a in Q.

If we can prove (u,v) € C(Qr), combining with (Z8) and Z3), then (u,v) is a
positive solution of (1), (T2).

First we establish the continuity of (u,v) up to © x {0}. Note a result of
DiBenedetto (see [3, Theorem 1.2, p. 42] or [E]) that if the initial values are only
Holder continuous in an open domain £’ CC €, then the solution of the Dirichlet
problem would be Hélder continuous up to € x {0}. Since ug,vg € C*(Q), (u,v)
is continuous up to t = 0.

As for the continuity of (u,v) up to S, the proof is standard. We refer to [7] or
[19).

Thus far it has been proved that a positive solution of (1), (IZ) exists in some
interval (0,7). To complete the local existence theory we state a continuation
theorem for the positive solution (u,v) defined by (ZI), (ZI0).

(2.10)
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Theorem 2.4. Assume (H1) holds and let T* be the supremum over T for which
(u,v) exists on (0,T). Then there exists a positive solution of (LI)), (L2) on
(0, T*). If T* < o0, then (u,v) is unbounded in Qr«.

Proof. The proof is similar to [0, Theorem 2.5]. O

3. THE GLOBAL NONEXISTENCE

In this section we assume
(3.1) A1 < min{a, b}.
Let (u,v) be any positive solution of (L), (L2). We will prove that, under as-
sumption (B]), (u,v) does not exist globally (but not means blowup in C-norm).
First we give a lower bound of the positive solution. The lower bound is of the

form (k¢(z), ké(x)), where ¢(z) is the first eigenfunction of (L), k£ > 0 is small
such that

(3.2) uo(2) > k(x), volx) > ko(a).
Denote by T* the maximal existence time of (u,v).
Lemma 3.1. If
A1 < min{a, b},
then for all 0 <T < T,
(3.3) (u,v) > (ko(z), ko(x)), in Q.
Proof. Let w =u — k¢, s = v — k¢, then
w = VP (Aw + aw) + kvP(a — A1)
> vP(Aw + aw),
st = ul(As + bs) + ku?(b— A1)
> ul(As + bs).

Since (u, v) is bounded before its maximal existence time T, we have (3.3) accord-
ing to (32)) and Lemma [ZT] O
Theorem 3.2. If \y < min{a, b}, then there are no nontrivial global positive solu-

tions of (L), (T2).

Proof. From (3:I) there exists an open domain € CC Q such that A\ < A} <
min{a, b}, where \] is the first eigenvalue on ' of (I.5)). Lemma B:I]implies that

u>ko(x) > 20, v>ko(x)>20, in QU

for some small & > 0. Then u; = ulg,v1 = v|g satisfy () in QF with the
initial-boundary condition

u1|oqr = ulagy > 20, vilaar = vlsar > 20,
u1(z,0) = ug(x) > 20, v1(z,0) = vo(x) > 20, in Q.
Step 1. Consider the following system:
u, = v (Au + au),
v, = u?(Au+by), in Qf,
ulog = f(t), vlaa = g(t),
u(z,0) =v(z,0) =0, in

(3.4)
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where f(t), g(t) satisfy

f(t),9(t) € C([0,00)), f'(t),4'(t) >0,
(H3) f(0)=9(0) =0, [(t),9(t) <20,

F(0) = ao?™, (0) = bo .

By the classical parabolic theory, under (H3), there exists a unique classical
solution (u,v) € C?*T81H8/2(Q1) to (B4) in Qf and

(3.5) u,v >0, in Q.
Similarly, by Lemma 2], we also have u;,v, > 0 in Q7. and
(3.6) Au+au >0, Av+bv>0, in Q.
Thus from Proposition Z2] we have

(u,v) < (ug,01), in Q.

Therefore, it suffices to show that (u,v) blows up in finite time, because if so, its
upper bound (u1,v1) does exist up to a finite time 7*.

By (B3) and (3:6]), we have
uy > 0P (Au + aw),

(37) q—a, o H !
v, > o u*(Av + bu), in Qf

with the corresponding initial and boundary condition and 0 < v < 1.
Step 2. Consider the problem
= Az*(Az + Bz), in QF,

(3.8) zloqr = o,

2(z,0) =0, in Q
with A} < B < min{a,b}. According to |20, Lemma 3.1], z(z,t) blows up in finite
time. Since o is a subsolution of (B8], the usual subsolution argument (see [14]
Lemma 4.1, p. 199]) yields that z; > 0 and hence Az 4+ Bz > 0. In the following
we construct a lower bound for (u,v) of the form (z,2). Let w=u—2, s=v —z
and choose A < min{o?~%, g7~ *}. Then
(Aw + aw) + 0?7 *v*(Az + az) — Az%(Az + Bz)
(Aw + aw) + ac? *n* 1 (Az + Bz)s,
*(As +bs) + 077 ¢ Q(Az +bz) — Az%(Az + Bz)
(As + bs) + ac? > (Az + B2)w,

where 7 lies between v and z, and £ lies between w and 2. From (B.3]), B.8) and
Lemma [2.1] we have

(w,v) > (2,2), in Q.

Hence (u,v) blows up in finite time. O

According to continuation Theorem[24] it follows that the positive solution (u,v)
defined by (ZJ), (ZI0) blows up in finite time.
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4. THE GLOBAL EXISTENCE

In this section, we assume
(4.1) A1 > min{a, b}.

We will prove that, under assumption (Z1J), the positive solution (u,v) defined by
[28), (Z10) exists globally. Without loss of generality, assume a < b. Let K > 0
be large such that

(4.2) uo(), wo(z) < K¢(x),

where ¢(z) is the first eigenfunction of (I.H)). Denote by 7™ its maximal existence
time.

Theorem 4.1. If Ay > min{a,b}, then there exists a global positive solution of
(CI), (C2).
Proof. Suppose T* < +o00. Let w = K¢ — u, then from (@1]), we have

wy = VP (Aw + aw) — K(a — A\ )vPo
> P (Aw + aw).

Hence ([@2)) and Lemma 2J]imply that u(x,t) < K¢(x) for all 0 < t < T*. There-
fore, K exp(bK9t) is an upper solution of the equation

vy = uP(Av+bv), in Qp,
vlga =0,
v(x,0) = vo(z), in Q.

It follows that v(z,t) < Kexp(bK9t) for all 0 < t < T* by Lemma [ZIl This
contradicts to continuation Theorem [Z4] O
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