
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 130, Number 12, Pages 3579–3583
S 0002-9939(02)06667-4
Article electronically published on June 18, 2002

RELAXATION LIMIT FOR HYPERBOLIC SYSTEMS
IN CHROMATOGRAPHY

YUN-GUANG LU

(Communicated by David S. Tartakoff)

Abstract. This paper is concerned with a 2n × 2n nonlinear system which
arises in chromatography. The global existence of solutions (uτi , v

τ
i ) in L∞

space for a Cauchy problem with initial data is obtained for any fixed τ >
0, and the convergence of (uτi , v

τ
i ) to its equilibrium state (ui, vi), governed

by a limit system is proved for the case n = 2 by using the compensated
compactness coupled with the framework of Tzavaras (1999).

1. Introduction

We are concerned with the Cauchy problem for 2n× 2n nonlinear system{
uit + uix + Fi(u)−vi

τ = 0,
vit + vi−Fi(u)

τ = 0,
(1.1)

with initial data

(ui(x, 0), vi(x, 0)) = (ui0(x), vi0(x))(1.2)

where i = 1, 2, ..., n and τ > 0. (1.1) arises in chromatography [9], where ui
represents the concentration of the solute in the fluid phase and vi its concentration
in the solid phase, both being expressed in moles per unit volume of their own
phase. When τ = 0, the equilibrium relation vi is usually called the adsorption
isotherm, and in general, it is a complicated nonlinear function of ui in which
mutual influences among different solutes are taken into account. In this paper,
our interest is to restrict on the special equilibrium relation

vi = Fi(u) = uiφ(r), r =
n∑
i=1

u2
i .(1.3)

We study the existence of global solutions (uτi , v
τ
i ) for Cauchy problem (1.1), (1.2)

and their convergence, as τ tends to zero, to its equilibrium state (ui, vi), governed
by the limit system

(ui + uiφ(r))t + uix = 0, i = 1, 2, ..., n.(1.4)

System (1.4) itself is of interest since it arises in such areas as elasticity theory,
magnetohydrodynamics, and enhanced oil recovery ([1, 2, 4, 9, 11]). When n = 1,
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the convergence and the error estimates of solutions (uτ , vτ ) to the unique weak
solution (u, v) of the scalar equation

(u+ F (u))t + ux = 0(1.5)

have been well studied by many authors (see [7, 11]). However the case of n ≥ 2 is
open except for some numerical results [9] and the recent works on BV solutions
for small initial data [1].

In this paper we have the following main results.

Theorem 1. Let φ ∈ C1, φ′(r) > 0 for r ∈ [0,∞) and its inverse function be
φ−1(r);φ(r) → ∞ as r → ∞. If the initial data (ui0(x), vi0(x)) are bounded,

φ(r0(x)) ≤ d, s0(x) ≤ d2φ−1(d) for a positive constant d, where s =
n∑
i=1

v2
i , then for

any fixed τ > 0, Cauchy problem (1.1), (1.2) has a unique, global classical solution
(uτi , v

τ
i ), on R× [0, T ], for any given T > 0, which satisfies

|uτi |+ |vτi | ≤M,(1.6)

where M is a positive constant which depends only on the initial data.

Theorem 2. Let the initial data (ui0(x), vi0(x)) have compact support or tend to
zero sufficiently fast as |x| → ∞. If n = 2 and φ(r) ≥ c for a positive constant c,
then there exists a subsequence, still denoted by (uτi , v

τ
i ), of the solutions of (1.1),

(1.2), which converges to bounded functions (ui, vi) as τ → 0, where vi = uiφ(r), a.e.
and ui is a weak solution of equilibrium system (1.4).

The main ideas for the proofs of Theorems 1 and 2 come from the recent in-
vestigations of A. Tzavaras on a 3 × 3 system in Lp space [12]. The convergence
of the relaxation solutions to its equilibrium state is based on the compensated
compactness. This method was well used in the relaxation problems for hyperbolic
conservation laws of two equations in combustion theory, multiphase and phase
transition [4], viscoelasticity [3], and of three equations in chemical reaction flows
[12].

2. Proofs of Theorems 1 and 2

In this section, we give the proofs of Theorems 1 and 2 stated in Section 1.

Proof of Theorem 1. Theorem 1 can be proved via the existence of a local solution
of (1.1), (1.2) (see [10, 12]) and the a-priori L∞ estimates given in (1.6).

To prove (1.6), we multiply the first and second equations in (1.1) by 2ui, 2vi
respectively, and obtain rt + rx +

2rφ(r)−
n∑
i=1

2uivi

τ = 0,

st +
2s−

n∑
i=1

2uiviφ(r)

τ = 0.

(2.1)

From (2.1), we immediately obtain the following inequalities:{
rt + rx + r(2φ(r)−d)−s/d

τ ≤ 0,
st + s−r(φ(r))2

τ ≤ 0,
(2.2)
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for a constant d since
n∑
i=1

2uivi ≤ dr +
s

d
,

n∑
i=1

2uiviφ(r) ≤ s+ r(φ(r))2 .(2.3)

Let (r̄, s̄) satisfy

r(2φ(r) − d)− s/d = 0, s− r(φ(r))2 = 0.(2.4)

Then by simple calculations,

φ(r̄) = d, r̄ = φ−1(d), s̄ = d2φ−1(d).(2.5)

Noticing the conditions on the initial data, we can see that r = r̄, s = s̄ is a
supersolution of (2.1). Thus we have

r ≤ r̄, s ≤ s̄(2.6)

which imply (1.6) and the proof of Theorem 1.

Proof of Theorem 2. The proof of Theorem 2 is based on the following estimates
on the relaxation approximated solutions (uτi , v

τ
i ) of Cauchy problem (1.1), (1.2):

τ |u2
it|L1(R×[0,T ]) ≤M,(2.7)

τ |u2
ix|L1(R×[0,T ]) ≤M,(2.8)

|uiφ(r) − vi|L2(R×[0,T ]) ≤ τM,(2.9)

τ |v2
it|L1(R×[0,T ]) ≤M.(2.10)

To prove (2.7), we add two equations in (1.1) together and then use the first equation
again, and obtain

(ui + uiφ(r))t + uix + τ(uit + uix)t = 0.(2.11)

Multiplying (2.11) by 2ui and 2τuit respectively, we have

(r + 2rφ(r) −
∫ r

0

φ(r)dr)t + rx + τ(rt + rx)t − 2τ
n∑
i=1

(uit + uix)uit = 0(2.12)

and

2τ
n∑
i=1

(uit + uix)uit + 2τ
n∑
i=1

uit(uiφ(r))t + τ2
n∑
i=1

((u2
it)t + (u2

it)x) = 0.(2.13)

Adding up (2.12) and (2.13) gives

(r + τrt + τ2
n∑
i=1

u2
it)t + (2rφ(r) −

∫ r

0

φ(r)dr)t

+ (r + τrt + τ2
n∑
i=1

u2
it)x + 2τ

n∑
i=1

uit(uiφ(r))t = 0.

(2.14)

Since

r + τrt + τ2
n∑
i=1

u2
it =

n∑
i=1

(u2
i + 2τuiuit + τ2u2

it) ≥ 0,(2.15)

2rφ(r) −
∫ r

0

φ(r)dr ≥ 0,(2.16)
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and
n∑
i=1

uit(uiφ(r))t =
n∑
i=1

u2
itφ(r) + 2φ′(r)(

n∑
i=1

uiuit)2 ≥ c
n∑
i=1

u2
it,(2.17)

we integrate (2.14) on R× [0, T ] and then get the proof of (2.7). To prove (2.8), we
multiply (2.11) by τuix and obtain

τ

n∑
i=1

u2
ix + τ

n∑
i=1

uix(ui + uiφ(r))t + τ2
n∑
i=1

(uixuit)t

− 1
2
τ2

n∑
i=1

((u2
it)x − (u2

ix)t) = 0.

(2.18)

Integrating (2.18) onR×[0, T ] and noticing the boundedness ofτu2
it in L1(R×[0, T ]),

we obtain ∫ ∞
−∞

τ2
n∑
i=1

(
1
2
u2
ix + uixuit)dx+

∫ T

0

∫ ∞
−∞

τ

2

n∑
i=1

u2
ixdxdt ≤M.(2.19)

From (2.13), we have∫ ∞
−∞

1
2
τ2

n∑
i=1

u2
itdx ≤M1 +

∫ T

0

∫ ∞
−∞

τ

4

n∑
i=1

u2
ixdxdt.(2.20)

Adding up (2.19) and (2.20), we have∫ ∞
−∞

1
2
τ2

n∑
i=1

(uit + uix)2dx+
τ

4

∫ T

0

∫ ∞
−∞

n∑
i=1

u2
ixdxdt ≤M2,(2.21)

which implies (2.8).
From (2.7), (2.8) and the first equation in (1.1), we can prove (2.9). Using the

second equation in (1.1) and estimates (2.9), we get (2.10).
From estimates (2.7) − (2.10) and the standard method given in [3, 4], we can

prove that

η(uτ1 , u
τ
2)x + q(uτ1 , u

τ
2)t is compact in H−1

loc (R ×R+),(2.22)

where (η, q) is any entropy-entropy flux pair of (1.4) constructed in [2].
Finally, using the convergence framework in [2], we get the compactness of

(uτ1 , u
τ
2)→ (u1, u2) a.e. on Ω,

where Ω is any bounded open subset of R × R+. Noticing estimates (2.9), we get
the equilibrium relation

vi = uiφ(r), a.e. on Ω,

where i = 1, 2. Therefore, Theorem 2 is proved.
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Departamento de Matemáticas y Estad́ıstica, Universidad Nacional de Colombia, Bo-
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