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ABSTRACT. We show that for any locally compact group G, the Fourier algebra
A(G) is operator weakly amenable.

Let G be a locally compact group. It is shown by Johnson in [16] (and by Despié
and Ghahramani in [6]) that the group algebra L!(G) is always weakly amenable.
It is natural to ask whether the same holds for the Fourier algebra A(G). In [I7]
it is shown for G = SO(3) that A(G) is not weakly amenable. We note that
A(G) is weakly amenable (and, in fact amenable) whenever G is Abelian, since
A(G) = Ll(@) where G is the dual group. Also, A(G) is weakly amenable whenever
the connected component of the identity in G is Abelian [I1]]. It is conjectured that
this characterizes the weak amenability of A(G).

Since A(G) is the predual of the von Neumann algebra VN(G), it admits a
natural structure as an operator space. Using this structure, Ruan [23] developed a
completely bounded cohomology theory and proved that A(G) is operator amenable
exactly when G is an amenable group. This is analogous to Johnson’s result [15] that
L!(G) is amenable exactly when G is amenable. We note that the natural operator
space structure on L (G) as the predual of L>°(G) is such that all bounded maps
from L!(G) into any operator space are automatically completely bounded. Thus
the notions of amenability and operator amenability coincide on L!(G), making
Ruan’s result truly a dual result of Johnson’s, in the sense that A(G) is the dual of
LY(G) in a way which generalizes Pontryagin’s Duality Theorem (see [9]).

The purpose of this note is to show that the natural operator space structure on
A(G) allows us to obtain another analogous result to one for L!(G): we show that
A(QG) is always operator weakly amenable. We note that this result was obtained
in [12], for the case that the connected component of the identity in G is amenable.

The author would like to thank his doctoral advisor, Brian Forrest, for suggesting
this problem.

1. PRELIMINARIES

If X is a Banach space we always let X* denote its dual and B(X) denote
the Banach algebra of bounded operators on X. The symbol H (possibly with a
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subscript) will always denote a Hilbert space and U(H) will denote the group of
unitary operators on H with the relativized weak operator topology.

Let G be a locally compact group. The Fourier and Fourier-Stieltjes algebras,
A(G) and B(G), are defined in [I0]. We recall that B(G) is the space of matrix
coefficients of all continuous unitary representations of G; i.e. the space of functions
of the form s — (m(s)¢|n) where 7 : G — U(H,) is a continuous homomorphism
and £,n € H,. B(G) is the dual of the enveloping group C*-algebra C*(G) via
(a, (m(-)¢|m)) = (m«(a)é|n), where m, : C*(G) — B(H,) is the representation in-
duced by 7. It can be shown that B(G) is a commutative Banach algebra (under
pointwise operations) and A(G) is the closed ideal in B(G) generated by compactly
supported matrix coefficients.

If 7 is a continuous unitary representation of G, let A, be the norm closure of
span{(mw(-)¢|n) : &,m € Hy} in B(G). Then, by [1I 2.2], A% = VN, where VN, is
the von Neumann algebra generated by 7(G). If A is the left regular representation
of G on L%(G), then A(G) = A, and we write VN(G) = VN,. Given two unitary
representations 7 and o of G, we let 1 @ 0 : G — U(Hr ® H,) denote their direct
sum. If 7w and o are disjoint (i.e. there are no subrepresentations 7’ of m and o’ of
o such that 7’ is spatially equivalent to ¢’), then

(1.1) VN = VNg @oo VN, and  Arge = Ay @1 A,

by [22 3.8.10] and [I}, 3.13], respectively, where @, denotes the ¢P-direct sum for
p=1,00.

Our standard reference for operator spaces will be [8]. Given two operator spaces
X and Y, we denote by CB(X,)) the space of completely bounded linear maps
between X' and ) and denote the norm on it by ||-|| . If X = Y, we will denote
the Banach algebra CB(X,X) by CB(X). Dual spaces will always be given the
standard operator dual structure ([8] Sec. 3.2], [3]). Given two operator spaces X
and ), their direct product with the canonical product operator space structure
will be denoted X @ V. The direct sum X @1 Y will be given the operator space
structure it obtains from being imbedded into (X* @, Y*)*. The product and sum
are denoted by X ®cpr Y and X @, Y, respectively, in [7]. If M is a von Neumann
algebra, its predual M, will always be given the operator space structure it inherits
from being imbedded in the dual M*. Moreover, M is then the standard dual of
M, (8 4.2.2], [3]). In particular, each space A, = (VN ), will be endowed with
this predual operator space structure.

The projective tensor product of Banach space theory admits an operator space
analogue. Given two operator spaces X and ), we denote their operator space
projective tensor product by X®Y. We will not need the explicit formula for the
norm of this tensor product, but note that it is a completion of the algebraic tensor
product X ® ). We will use two important properties of this operator tensor
product. First,

(1.2) (X®Y)" =CcBX,Y*) via (z®y,T)=(y,Tx).

See [8, 7.1.5] or [4]. This is analogous to the usual dual formula for the Banach
space projective tensor product. Second, if M and N are von Neumann algebras,
then
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where M®N is the von Neumann tensor product of M and N. See [8, 7.2.4].
In particular, since VN(GxG) = VN(G)®VN(G) spatially, via the unitary which
implements L?(G)®L?(G) = L?(G'xG), we thus have that A(G)®RA(G) = A(GxG)
completely isometrically. This identity holds isometrically for the Banach space
projective tensor product only when G is Abelian. See [20].

If A is an operator space which is also an algebra, it is called a completely
contractive Banach algebra if the multiplication map mg : A ® A — A extends to
a complete contraction m : A®A — A. The Fourier algebra A(G) is a completely
contractive Banach algebra since the multiplication map m : A(G)®A(G) — A(G)
corresponds to restriction to the diagonal subgroup, that is, the map R : A(Gx
G) — A(G) given by Ru(s) = u(s,s) (s € G). Since the adjoint R* : VN(G) —
VN(GxG) is a *-homomorphism, it is a complete contraction and hence R = m is
a complete contraction.

If A is a completely contractive Banach algebra and X is an operator space which
is also an A-module for which the module multiplication maps m;o: AQ X — X
and myo : X ® A — X extend to complete contractions m; : ARX — X and
my : XQA — X, then X is called a completely contractive A-module. A linear map
D : A — X is called a derivation if D(ab) = a-D(b) + D(a)-b for a,bin A. If X is
a completely contractive A-module, then X* is, too. A is called operator amenable
if every completely bounded derivation D : A — X*, where X’ is a completely
contractive A-module, is inner (i.e. D(a) = a-f — f-a for some f in X*). Ais called
operator weakly amenable if every completely bounded derivation D : A — A* is
inner. If A is commutative, this is equivalent to saying that the only completely
bounded derivation D : A — X, where X' is any symmetric completely contractive
A-module (i.e. a-z = z-a for ain A, z in X)), is 0. See [2] for this result in the
Banach algebra case and [12] for the adaptation to the operator theoretic setting.

2. A THEOREM OF GROENBAEK

In this section we adapt a theorem of Groenbaek [13] to the completely con-
tractive Banach algebra setting. Let A be a completely contractive Banach alge-
bra and X an operator space which is a completely contractive A-module. Let
A1 = A @1 C be the unitization of A. Then X is a completely contractive A;-
module by setting 1-x = z and -1 = x for zin X, where 1 = 0® 1 in A;.
Indeed, A;RX = (.A@X) @1 X and the left multiplication map m; : 4;@X — X
corresponds to the complete contraction m Hidy : (A@X) ®1 X — & given by
mBidy((a ® ) ®y) = a-x +y. Similarly the right multiplication map can be
extended. See [7].

The projection 7 : A; — A is a complete quotient map. Then if weleti: A — Ay
be the natural injection, we get that the identity map id 4g  factors as

ABX B8 A Bx T ABX.
Hence we have for u in M,,(A®X) (nxn-matrices over ARX) that
[ull < llw@id]l, [[(i @ id)null < ],

from which it follows that ||(i ® id),u| = ||u/|, so AR®X is completely isometrically
imbedded in A;®X.
Consider the sequence
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where m denotes the left module multiplication map (denoted m; above), I = kerm
and i : K — A;®@X is the injection. Note that A;@X is a completely contractive
A-module via a-(b ® ) = (ab) @ x and (b® x)-a = b (z-a). Let

(2.1) [K; Al =span{a-u—wa:u €K and a € A}

and note that [KC; A] C K. The following proposition is [I3, Prop. 3.1]. We rework
it here to ensure that it holds in our context.

Proposition 2.1. If an operator S in CB(A1,X*) = (A1®X)* is a derivation,
then it annihilates [IC; A]. In particular, 0 is the only derivation in CB(A1, X*) if
[IC; Al =K.

Proof. First note that
K={u—1@m(u):uec A®X} =span{b@z —1@bx:bc A and z € X}.
Then for any a and b in A; and z in X', we have
br-1®bw,Sa—aS)=(x,S(ab) —aSb)) — (b-x,S(a) —a-S(1))
= (z,S(ab) — a-S(b)) — (x, S(a)-b)
= (z, S(ab) — (a-S(b) + S(a)-b))

from which it follows that S-a — a-S € K+ for all a. However, S-a — a-S € Kt for
all a, if and only if for all w in I,

0= (u,Sa-—aS)={au—ua,bS).

Hence we obtain the first statement of the proposition.

Suppose that S in CB(A;, X*) is a derivation. For any u in A;®X, we can write
u=(u—1®mu))+1mu),so A;QX = K& (12 X). (Note that u — u—1®m(u)
is a completely bounded projection from A;@X onto K, so the direct sum is one
of operator spaces.) Observe that (1 ® z,S) = (z,51) = 0 for any z in X, so if
S # 0, then there must be w in K such that (u,S) # 0. This is possible only if
[KC; Al # K. O

Now we will let X = A, and m : 41®A4; — A; be the multiplication map. Put
(2.2) Ki=kerm, K=K N(A®A) and K=K N(ADA).

Since A®A imbeds into A;®.A, it is easily seen that K is the same as in the
notation above. If A is commutative, then 1 and hence K and Ky are closed
ideals in A;®A;.

With only trivial modifications to his proof, we get the following theorem of
Groenbaek [13].

Theorem 2.2. If A is a commutative completely contractive Banach algebra, then
the following are equivalent:

(1) A is operator weakly amenable.

(i) KAl = K.
(iii) K2 = K;.
(iv) K2 = K.

(v) AZ= A and K2 = (ARA)-K1.
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Furthermore, if A has a bounded approximate identity, the above conditions are
equivalent to

(iv) K2 =K.

3. THE FOURIER ALGEBRA

We would now like to apply the above result to the Fourier algebra A(G) of a
locally compact group G. Unless it is specified otherwise, let G be a non-compact
locally compact group.

Ifn:G—U(Hy)and 0 : G — U(H,) are continuous unitary representations of
G, let mx0 : GXG — U(H, ® H,) be the Kronecker product of w and o, given by
mxo(s,t) = 7(s) ® o(t). We note, for future reference, that VN, @VN, = VN, .
Let A : G — U(L?(G)) be the left regular representation of G and 1 : G — T =2 U(C)
be the trivial representation.

Proposition 3.1. The representations 1x1,1x\, Ax1 and Ax\ of GXG are all
disjoint (i.e. mo two of these representations have subrepresentations which are
unitary equivalent).

Proof. Since G is non-compact, A has no fixed points, for a fixed point would give a
constant function in A(G). Hence none of 1xA, Ax1 or Ax X have any fixed points
for all of Gx @, so they are all disjoint from 1x1. 1xA\ fixes the entire subgroup
G x{e} while neither Ax1 nor Ax A have any fixed points for that subgroup, so 1xA
is disjoint from Ax1 and AxA. Similarly, Ax1 and Ax\ are disjoint. |

Since A and 1 are disjoint representations of G, we find that VN g1 = VN) @
VN; = VN(G) @ C, by ([I)), and hence obtain the completely isometric iden-
tification A(G); = A(G) @1 C = Ayg1. The implied map is clearly an algebra
isomorphism.

If v and v are complex functions on G, let uxv denote the complex valued func-
tion on GXG given by uxw(s,t) = u(s)v(t). Also, let 1 denote the constant function
on G (as well as the trivial representation).

Proposition 3.2. We have the following completely isometric identifications:
(1) A(G)1RA(G) = Aoxneaxy = spanf{u,1xv @ u € A(GXG) andv €
A(G)}
(ii) A(G)1®A(G)1 = AnxnyeaxyerxDaxl) = span{u, Ixv,vx1,1x1:u €
A(GxG) andv € A(G)}.
These are implemented by algebra isomorphisms.
Proof. (i) We have A(G)7 = VNyg1 and A(G)* = VN(G) = VN,. Thus, using
(C3), (CI) and the lemma above, we obtain
(A(G)1®A(G))* = VNyg1&VNy = (VN) @ VN;)®VN),
= (VNA®VN)) @ (VN1®VN,)
= VNJxA @0 VN1xA = VNOon@axn)
where the last space is the dual of A(xxx)g(1x2). The latter equality in the state-
ment (i) is a straightforward identification of Axxxy@1xx) in B(GxG). That the

identifications are implemented by algebra isomorphisms is clear.
The proof of (ii) is similar. O
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Theorem 3.3. If G is a locally compact group, then A(G) is operator weakly
amenable.

Proof. If G is compact, then A(G) is operator amenable by [8] 16.2.3] (or Theorem
B2, infra) and hence operator weakly amenable. Hence we are left to consider
non-compact G. Let m = (1x1) ® (1xA) ® (Ax1) @& (AxA) so that A, is the sub-
algebra of B(GxG) indicated in Proposition B2(ii) above. In the identification
A(G)1®A(G); = A, the multiplication map m : A(G);®A(G); — A(G); cor-
responds to the map R : Ay — Ajxg1, which restricts functions to the diagonal
subgroup Gp = {(s,s) : s € G} 2 G, i.e. Ru(s) = u(s,s) for sin G. Letting Ky
and Koy be as in ([Z2), we obtain identifications
K1 = ker R =span{u — I1xR(u),u — R(u)x1:u € Az}

and

Ko = ker RNA(GxG) = 1(Gp).

Here, I(Gp) denotes the ideal in A(GxG) with hull Gp: since Gp is a subgroup,
it is a set of spectral synthesis by [14] (or see [17]). From spectral synthesis we

obtain that I(Gp)? =I(Gp) so

(3.1) K2 = K.

Since A(Gx@G) is an ideal in A, we get

(3.2)  (A(G)BA(G))-K; = A(GxG)ker R C A(GxG) NkerR=1(Gp) = Ko.

On the other hand, again using that Gp is a set of spectral synthesis for A(GxG),

(3.3)  Ko=I(Gp)=A(GxG)I(Gp) C A(GxG)ker R = (A(G)DA(G))-K;.

We thus have, assembling (B1]) and the inclusions (32)) and (B3),
(A(G)2A(G))-K1 = K3.

Hence condition (v) of Theorem 2:2]is satisfied, since A(G)? = A(G) by the Taube-
rian Theorem for A(G). O

If A is a completely contractive Banach algebra and ¢ is a character of A, then
C can be made into an A-module via a-z = ¢(a)z = z-a for a in A and z in C. If ¢
is continuous, it is automatically completely bounded, and hence C is a completely
contractive A-module. A point derivation is a derivation D : A — C. If A admits
continuous non-zero point derivations, then it is not (operator) weakly amenable.

Corollary 3.4. A(G) has no continuous point derivations.

In contrast to the case for A(G), if G is Abelian and non-compact, then B(G) =
M(G) (the measure algebra of the non-discrete Abelian group G) admits continuous
point derivations by [5], and hence is not (operator) weakly amenable. If G is
a locally compact group containing a closed non-compact Abelian subgroup H
such that the restriction map Ry : B(G) — B(H) is surjective, then B(G) is not
(operator) weakly amenable. Note that if Ry is surjective, then R} : W*(H) —
W*(G) (enveloping von Neumann algebras) is a *-homomorphism, and hence a

complete contraction. See [I1] for further results on the weak amenability of B(G).

f Note added in proof: The spectral synthesis result, in full generality, can be found in [24].
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It has been recently announced by H. G. Dales, F. Ghahramani and A. Ya.
Helemskii that the measure algebra M(G) has continuous point derivations when-
ever G is not discrete. Hence we deduce that M(G) is weakly amenable if and only
if G is discrete. The reasonable dual conjecture to this is: B(G) is operator weakly
amenable if and only if G is compact.

4. OPERATOR AMENABILITY OF THE FOURIER ALGEBRA

In this section we give a quick proof that A(G) is operator amenable when G is
an amenable [SIN]-group. This proof uses elements of both [8, Sec. 16] (i.e. of [23]
3.5]) and [17, 5.3].

We say that G has the small invariant neighbourhood property, or that G is
a [SIN]-group, if there is a neighbourhood base V of the identity in G such that
sVs™l = V for VinV and sin G, i.e. each V in V is invariant under inner
automorphisms. Any compact, Abelian or discrete group is a [SIN]-group. [SIN]-
groups are all unimodular. See [21] for more information.

We let I(Gp) be as in the proof of Theorem B.3] If we let I(Gp) denote the set
of functions in A(GxG) which are compactly supported with support disjoint from
Gp, then Iy(Gp) = I(Gp), since Gp is a set of spectral synthesis for A(GxG).
Lemma 4.1. If G is a [SIN]-group, then there is a bounded net {uy}vey in
B(GxG) such that uy(s,s) =1 for s in G and uyv — 0 for v in I(Gp).

Proof. Let V be a neighbourhood base of the identity in G consisting of relatively
compact neighbourhoods, each of which is invariant under inner automorphisms.
Let 7 : GXxG — U(L?(G)) be given by (s, t)f = A(s)p(t)f for f in L2(G), where A
and p are the left and right regular representations of G, respectively. Then 7 is a
continuous unitary representation of GxG. For v in V, let uy = ﬁ<7‘((-)XV|Xv>,
where yy is the indicator function of V' and p is the Haar measure. Then for
(s,t) in GXG,
1 —1
wls.) =~ [l ) - 2000

Clearly uy (s,s) =1 for s in G. Hence, since each uy is positive definite, we have
luv] = uy(e,e) = 1. If v € Io(Gp), then there is V' in V such that uyv = 0. Hence
uyv — 0 for v in I(Gp), where V runs through decreasing elements of V. |

We remark that if G is discrete, we can use the positive definite function xqa,
in place of the net above.

Theorem 4.2. If G is an amenable [SIN]-group, then A(G) is operator amenable.

By [8l, 16.1.4] (i.e. [23]), it suffices to show that A(G) has an operator bounded
approximate diagonal, i.e. a bounded net {ws}gep in A(GxG) = A(G)RA(G)
such that

(i) {Rwg}sep is a bounded approximate identity for A(G), and

(ii) |jux1wg —wg Ixu| — 0 for all u in A(G).

Recall that R : A(GxG) — A(G) is the map Ru(s) = u(s,s) for sin G. Let
{ta}aeca be a bounded approximate identity for A(G) (which we can obtain since
G is amenable; see [19]), and {uy }vey be as in the lemma above. Let B = AxVA
be the product directed set. For each 8 = (o, (Var)area) in B let

wg = Uy, UaXUq-



3616 NICO SPRONK

Then Rws = u2, so (i) is satisfied. To see (ii), let v € A(G), 80 ug Xun(vx1—=1xv) €
I(Gp) for each «, and hence

1ién||u><1 wg —wg I1xul| = [|uy, waXua(vx1l —1xv)]

lim
B=(e,(Vor)area)

(1) zlimli‘r/nHuV U XU (VX1 — 1X0)]]
=1lim0 = 0.
[e3
The equality of limits at () is from [I8, p. 69]. O
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