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ABSTRACT. In this paper we present a versatile construction of multiresolu-
tion analysis of two variables by means of eigenvalue problems of the integral
equation, for A = 2. As a consequence we show that if ¢(z) is the solution
of the equation ¢(z) = A [ h(2z — y)¢(y)dy with supph(w) = [—m, ], then
V; = span{$(27z1 — k1) ¢(27z2 — k2)|k1,k2 € Z} constructs a two-variable
multiresolution analysis.

1. INTRODUCTION

It is generally accepted that to research more efficiently adaptable basic wavelets
used to formulate the integral wavelet transform and to establish the decomposition
of elements in L?(R) in high resolution ratio requires further improvements.

In this regard, we have observed that drawing new attention to the construc-
tion of a multiresolution analysis contributed decisively to the construction of the
wavelet decomposition and reconstruction in L?(R). A new and more efficient ap-
proach to making a distinction from the already established [1I Bl [7} 13] can be
devoted to carrying out this procedure of improvements.

In this paper, along with our main results, we will construct the existence
and solution devices of two-variable wavelet functions in L?(R) by means of an
eigenvalue problem, for A = 2, of the archetypical integral equations ¢(x) =
A [z h(2x — y)¢(y)dy. Some advantages are that in contrast to the previous meth-
ods [3, 51 [7] the requirements are not as restrictive as the ones using the traditional
algorithmic approach in solving wavelets in L?(R), and they allow us to uniformly
describe the various earlier solution processes of one- or multivariable wavelet anal-
ysis.

2. PRELIMINARIES

Throughout the paper, L?(R) will denote the Hilbert space of all Lebesgue square

integrable functions on R with inner product (f, g) = [ f(x)g(x)dz and norm
1/l = {Jg | f(@)Pda}z, f,g€ L*(R).
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The signs A and V denote Fourier transform and the inversion, respectively.
Operators mean bounded and linear.
We recall that a multiresolution analysis is a sequence (V;),ez of norm-closed
subspaces of L?(R) such that
i) Vi C Vi
ii) u(z) € V; if and only if u(2z) € Vj11.
iii) u(z) € V, if and only if u(x — k) € V.
iv) Ujez Vi = L*(R).
)
)

u
u

V) Njez Vi = {0}

vi) There exists a function ¢ € V,, called a scaling function, such that the system

{¢(x — k)}rez is a Riesz basis of V,. That is, for all u(x) € Vp, u(z) have
unique representation as follows: there exists Cj, such that

u(z) = Z Crop(z — k).

keZ

Moreover, there exist constants A and B such that

O AllullZs < 321G < Bljulls.
kez

As a result of [10], a sequence {hy} exists such that the scaling function satisfies

keZ
By (2), the Fourier transform of the scaling function must satisfy
- W, w
) By = HEWHD)
where H(w) = \% ez hwe ",
Since ¢(0) = ﬁ [6], we can apply (3) recursively. This yields, at least formally,

2
the product formula

w

() ofw) = [T i)
k=1

3. THE EXISTENCE OF WAVELETS BY INTEGRAL EQUATION

We will now construct the existence and solution devices of two-variable wavelets
in L2(R) by means of an eigenvalue problem, for A = 2, of the archetypical integral
equation

(5) b(z) = A / W2 — y)b(y)dy.

In the following, we will construct the solution of (5) in L?(R) by giving an
appropriate restriction for A (). Furthermore, we will describe two-variable wavelets
#(z) (= ¢(z1,72)) from (5) by substituting z = (z1,22)7,y = (y1,92)7 for the
solution of the equation utilizing the existence of some real scalar A (# 0).

In the sequel, ¢(z) and h(2z — y) will denote ¢(z) = ¢(x1,x2) and h(2z —y) =
h(2z1 — 31,272 — ¥y2), respectively, for each x = (z1,22)7,y = (y1,92)T

First, we begin by giving the following theorem, clarifying the existence of the
solution of (5) for the case of A = 2 by taking a suitable function h(x) in L?(R?):
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Theorem 3.1. In the case X = 2, there exists a solution of
o(a) = [ 2z = potu)dy
R

for some h(-) € L*(R?).

Proof. The Fourier transform of the above equation is

/ {hiz2(e — D)y o(y)dy

(6) = 22 >/R —i% g(y)dy

- Ah<°">¢<‘;>

where w = (w1, w2)? and

. 1 .
(7) h(w) = %//h($1,xz)eﬂ(wﬂﬁ“’zxz)d:ﬂldxz
RJR

We have the following:

(8) ]Az(w) = 5[]((4})(: H(w)a A= 2), w e [—7'(', 71-]27
0, w ¢ [—m, 72

From the fact that the solution of the identity (2) in Section 2 exists, the identities
(2) and (5) are equivalent, which completes the proof. O

The following theorem clarifies that the solution ¢(x) belongs to L*(R?):

Theorem 3. 2 If the solution of ¢(x) = X [ h(2x — y)o(y)dy exists, for X = 2,
and if [The (Q—k) converges in LQ(RQ), then we have ¢(z) € L?(R?).

Proof. By substituting A = 2 in (8) and replacing h(w) instead of H(w) in the
identity (3), we obtain the following:

On the other hand, since by assumption gZA)(w) converges in L?(R?), we have the
desired assertion. |

Now we are ready to describe that the solution of the equation

= A/Rh(% —y)o(y)dy

constructs the two-variable wavelet analysis.

Theorem 3.3. Let ¢(x) be the solution of (5), supph(w) = [—m, )2, and ¢p(w) #
0,w € [—m,7|%. Then V; = span{p(Ajz — k) |kT € Z*} constitutes a multiresolu-
27 0

tion analysis, where A; = ( o o
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Proof. i) From (5), we immediately have
(9) ox) = A | bz =y)oy)dy.

The Fourier transform of (9)
Y / (h(Avz — )Y dly)dy
SR MUCHCER )1} b (y)dy
(10) ~ ) /R AT AT ) A g ) dy

—Aeta| A ) [ o)y
]R2
= MA;| 7 h(AT  w)d(AT L w).

If ﬁ(w) = ren hke_ikT“, w € [-m, %, k € Z?, substituting in (10), we have

By =23 he AT A ),

keZ?
By carrying out the Fourier transform of
(11) dx) =AY hid(Arw — k),
kez?

we find that (10) and (11) are equivalent.
Thus, for any [ € Z2,

G(Ajz—1) =X hep(AAjz — Ayl — k)
kez?
=AY Az — Al — k) € Vi,
kez?

Hence, we obtain V; C Vj41.
i) If u(z) € Vj and u(x) = ), cp2 Cro(Ajx — k), then

u(Arz) = Y Crp(A;Arz — k)
kez?

= > Cro(Ajnz —k).
kez?

Thus u(Ai1z) € Via.
iii) Suppose that u(x) € V,. Then u(z) = ), 4> Crp(z — k) and

uw—1)=> Cpd(z—1—k)

keZ?

= Z Cr_19(x —n) (because l + k = n).

keZ?

Hence, u(x —1) € V.
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iv) We prove this in two steps: first, from (11),
(12) G(Ajz— A7) =AY hpd(Ajz—1— k).
kez?
That is, ¢p(Ajx — A7) is represented by the basis of
d(Aj1z — k), k € 72

Thus,

{6(Ajz — AT'R) |G,k € 2% C {$(Aj 1z — K)|j, k € 2%}
Conversely, since {¢(A; 17 — k)|j, k € Z2} C {p(Ajx — AT E)|j, k € Z%} is clearly
satisfied, we consequently have the following:

{6(Aj1x = k)|j k€ 2%} = {¢(Ajz — AT'E)|j, k € 2%}

Second, we show that {¢(A;x — A7 k)|j,k € Z?} is complete on L?*(R?). For
any u € L%(R?), suppose that

(u(z), p(Ajz — AT'E)) p2(r2) = 0,

that is, assume that

(6w). {3(Ajz — AT'E)}) L2z = 0.

Accordingly, we have

[ lotr = ATR o = [ )65 e A
R2 R2

Now, we put t = A;lw
/ (AP0 AT gt — 0,
Then, by (6), since suppd;(w) = [-2m,27)? holds, we have

[ i) o0 = AR

(13) ~ 3T p—1 4—1
:/ W(Ajw)p(w)e™ A A wdy =0, §,k = 72
[—27,27]?
Thus
(14) W(A;w)d(w) =0, w e [~2m, 272,

Also, by (6) and the continuity of zi)(w), we have
dw) #0, we[-2m 2%
Consequently, 4(A;w) =0, w € [—2m, 27]%,
(15) ie, a(w) =0, we[-20Tr 27 q)2
On the other hand, since j is arbitrary, we conclude that
a(w) =0, w € R? ie., u(r) =0, x € R%

Therefore, J;cz: Vj = L?(R?).
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v) We now show that (.52 V; = {0}. For all A(z) € ;22 Vj, we let
(16) o) = 3 Ciud(Ajz— k),

kez?
and applying the Fourier transform, then
AW) = 145171 Y Cnd(A tw)em* AT
(17) kez?
= |45 oA w) f(A] ),

where f(Aj_lw) =D keze Cjke_ikTAflw.

In this case, if we take j a sufficiently large negative integer, then é(Aj_lw) =0
is satisfied, so we have ;\(w) = 0, which implies A(z) = 0.

vi) Finally, we need to prove only that ¢(x — k), k € R?, forms a Riesz basis.

Let u(z) = > ,cz2 Crd(x — k), for all u(z) € V,. We construct the Fourier
transform

where H(w) = >, cp0 Cre %",
On the other hand, we consider

lalP =P = [ |l
— [ 1P
Rz

(18) 20kt )m p2(ka 1) b
-y / / I (@)]2](w) 2w

k‘eZz k‘lﬂ' kgﬂ'

/ |H (t + Dk)|?|(t + Dk)|?dt,
kezz /10,272

where w — Dk =t, D = (%7 ).
Since
H(t+ Dk) = 3 Cpe "+
kez?
_ Z CkefithefikTDk
kez?
= Z Cre "1 (because e~k Dk 1)
kez?
= H(),
(18) implies that

3 / H(0)2(6(t + DE)[2dt

kc7.2 [0,27]2

= [, IHOF S 6+ Do

kez?

N ~ T 2
where Y7, p2 |6(t + DE)|? = Y2, cpe |6 (D20 |7,

(19)
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Since suppp(w) = [—2m,27]2, the k must be chosen by the following value:
0 1 0 1
k= (o) k=) k= (), k= ()-
Then
- st |2 st 27 |2
> 1ot +Dr)* = qs(;) + ¢<1t )I
2 2
keZ2
4 t1 2 ~(t1 4 21\ |2
™ ¢(t2+27‘(’> | +‘¢ (t2+2ﬂ'> |

=[p(t)]> + 16t + (Der)")[?
+ 16t + (Dea) ") + [d(t + (De)T)|2,

where e = (1, )T, e = (1,07, e=(0,1)T.
Hence (19) means that

/[0 . HOPISOP +16+ (D))

ot + (Dea)T)? + |6t + (De)™)[* .

(20)

We now denote the parenthetical part of the integrand in equation (20) by Q =
B2+ [(t + (De))T)? + |b(t + (Dea)™)|? + [d(t + (De)T)[2. Since the Fourier
transform é(w) is continuous and suppqg(w) = [-27,27)%, Q clearly has the Riesz
positive bounds % and %.

Therefore, we can write

1 1
= = Q — < inf {Q}.
A~ te[sol,lzpirp{ b B~ te[lor,l27r}2{ }

Thus we have

3 HePa= [ H@P@
(21) A [0,27]2 [0,27]2
[ Ja(w)Pdw = |l
[0,27]2
1
5| m@ras [ E@PE
(22) B Jio,2x [0,2]2

- / () P = [[u] .
(0,272

By combining (21) and (22), we have

B*l/ |H(t)|2dt§/ | (w)|dw
[0,27]2 R2

(23)
§A*1/ |H (t)|?dt.
[0,27]2
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Evaluating the inequalities of (23) yields

2 > |Cyl? :/

kc7.2 [0,27]

2 > |Cyl? :/

kez? [0,27

and thus we have A|[ul|72 g2y < Ypeze [Crl* < Bllull72 g2
Hence, we obtain that ¢(z — k), k € Z2, is a Riesz basis of Vj, which completes
the proof. O

MH@OPd = 4 [ i) = A,

H(t)Pdt < B / ji(uw) [Pduw = Bllul

]2 R2

Now, by using the same vein of the one-variable wavelet analysis, the two-variable
wavelet functions can be described efficiently akin to the version of the tensor
product L?(R) ® L3(R).

Let us set
(24) h(2x —y) = h1 (221 — y1)hi1 (222 — y2).
If we let supphAl(w) = [—7, 7], then

/R/R{hl@ﬂ?l — y1)h1 (232 — y2) P dy1dy:
= /{hl(% — 1) di /{hl(%z — y2)}dya
R R

where hi (271 — y1)h1 (222 — y2) € L?(R) @ L?(R) (C L?(R?)).
From these descriptions we readily obtain the following theorem constructing
two-variable multiresolution analysis:

Theorem 3.4. If ¢(x) is the solution of the equation ¢(x) = )\fR h(2z— y)o(y)dy
and supph(w) = [—m, 7], then Vi = span{¢(2ix1 — k1) ¢(2xe — ko)lk1, ke € Z}
constructs a two-variable multiresolution analysis.
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